ANNALES
UNIVERSITATIS MARIAE CURIE-SKLODOWSKA

LUBLIN—POLONIA
VOL. XVIII, 15 SECTIO H 1984

Zaklad Zastosowan Matematyki
Wydzial Ekonomiczny UMCS

Wtadystaw TOMASZEWSKI

Heuristic Solving Linear Programming Problems
Heurystyczne rozwigzywanie probleméw programowania liniowego

OBpHucTHYeCcKOe pelueHyue NpobJeM JMHEHAHOTo MPOorpaMMUPOBaHUA

The exact solutions of linear programming problems are obtained
by means of simplex method and the electronic calculating machines.
The paper is aimed at showing that finding the approximate solutions
of certain important practically linear programming problems by means
of heuristic approach requires using neither the sophisticated algorithm
nor the electronic computer. Let us notice that the advisability of such
an approach to solving linear programming problems as well as the
practical usefulness of the approximate solutions had been first empha-
sized by L. V. Kantorowicz (1).

The paper is divided into two parts. The general exposition of the
heuristic approach is followed by several examples of its application.

1. Let us consider the following linear programming problem:
maximize the objective function

S = XTR n
subject to
AX+Y =P, (2)
X>=0 (3)
Y>0 (4)
where

X — the column vector (nX1) of the decision variables,
XT — the transposition of the vector X,
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— the column vector (mX1) of the slack variables,

Y

R — the column vector (nX1) of the objective function parameters,
A — the matrix (mXn) of the coefficients,

P, — the column vector (mX1) of the constants.

Assuming that some coefficients in the matrix A are equal to zero!
the approximate solution of the problem (1)——(4) can be found by means
of the following heuristic procedure:

a) Finding the first solution:

— chqosiﬂg the first sequence of the decision variables:

N XX Lo Xj
on the basis of
>g>.. . >
_ where
jeN
N — the set of the decision variables subscripts,

rj — the j-th element of the vector R.

— finding the maximum value, of the variable )I:i1 :

1 . ( bl b?. . l:’m )
max, x; =min, {—, — .......
ayy 2y Amy
where
aj — the element of the matrix A standing in the i-th row and the

j-th column,
b; — the i-th element of the vector P,.

— finding the vector P, of the constants:
P:;)l :Po_le P.l1

where
P; — the j-th column vector of the matrix A corresponding with the
variable x! '

1 Let us notice that it das not pay to use the heuristic approach when there
are all coefficients bigger than zero in the matrix A. -
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— finding the maximum value of the variable x?:

) b, b, b,
max. XJ- =, T .......
4 g bmJ

2

where

b; — the i-th element of the vector P,

— finding'the vector P, of the constants:
P;1 = P;l"sz sz
where

P? — the j-th column vector of the matrix A corresponding to the
variable x?

— finding the maximum value of the variable x ?

. ( b; b, b, )
max. x! =mwm. |— , —— , ...,
N Ay Ay Amy
where
b; -+ — the i-th element of the vector P -

— finding the vector P, of the constants:

ol

' T Pp” ... _ynpn
Py =Py, X' P;
where

P! — the j-th column vector of the matrix A corresponding to the
variable x?
— finding the values of the slack variables:

Y=P,

b) Finding the second solution:

— choosing the second sequence of the decision variables on the ba-
sis of the first sequence and the results of the first solution 2

2 The way of performing that operation will be further explained when solving
an example below.
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— performance of the operations shown above when looking for the
first solution.

(s) Finding the s-th solution 3 in the way shown above.
(s+1) Choosing the approximate solution of the problem (1)—(4):

— finding the approximate maximum value of the objective function
on the basis of
appr. max. S = makx. (!X7TR, 2XTR, ..., sXTR)
where
PXT (p =1,2,..,8) — the vector (1xn) of the values assigned
to the decision variables in the p-th solution
— defining the approximate solution:

assuming that the appr.max.S has been achieved in the p-th solution
then the approximate solution is given by the vectors: PXT and
Y = P, where P  is the vector of the constants obtained in the
p-th solution 3.

An example.
Maximize the objective function

i=1
subject to
a11Xg +asxst 314X4+Y1 =by
ag9Xy +ye =bh,
agaXo +-agxq + Ya =bs
41Xy + Ya - bd
+ a53x3+ asaXy + ys = bs

>0 (=1..4)
yj+k>0 (k= 1.. 5)

3 As our experience shows, at least two solutions are necessary for choosing an
approximate solution satisfactory practically.
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(a) Finding the first solution:

— assuming that z4 > z3 > z; > z,, then the first sequence of the
decision variables is as follows:
X4 X3 X3 Xp
— assuming also that

. ( b, by bs ) b,
max. x4 = min. |—, ——, ) =—
as 34 59 a4
-0 —_
b1 a4 b2 b
, b, 1 0 by—ay, 1
-_ then Pol = PO—X4P4 = b3 _——— 334 = al‘
by s o b,
bs 54 b,
bs—asy —
- 14 =
b,
. 0 b;—a;y —
— max. X3 = min. | —, a, | =0
a9
dpg
. ( 0 b, )
— max. X; = min.| —, —] =0
a a4y
b b
. . b, by—ag, -+ b3—ay, —
— assuming that max. x, = min. Py a4 | = a4
22
a2 age
-0 —
b
2 b, 0
L e
— then P(;l =Py —x,P, = ? a1 —— M a, | =
b4 a32 0
b 0
Lbs—au —
19 _|
0 Y1
by —agyX, Ya
=10 =1Ys
b, Ya
b —ag4X, L Ys

19 — Annales..,
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(b) Finding the second solution:
— as the second sequence of the decision variables we assume:
X3 X4 X1 Xa
because in the first solution x. >0 and xa—xl—O in spite of that
Z3 > Z3 > Za.

— assuming that

. [ b
max. X3 = min.|—,

a3 353 353

bt then P(;z == PO—XJP3 == bs _— b3
b4 A a3 b4
bs 0
. ( b, —a,5x, by 0 )
— max. X4 — min, |——, _ —] =0
14 a34 a4

— assuming next that

) max. X; = min. (b,_—al,x_a s -b—4) = E—
a4 aq aq
b, —ajgXs an bl"(alaxa +aux1)
. L b, by | © b,
— thenPy, =P,—x,P, | bs — 0 =| by
b, | a,, 0
0 0 0

— and assuming lastly that

. b, bs b,
max. X = min, |—, ——|=—
Y EY) P2
—(alaxa ‘!‘311’(1) 0
a
2 b, 22

— then P,, = P;,—x,P, = | b, "
0 2|0
0
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by —(a13%3+2;1Xy) Y1
0 Yo
= 1 bz—ageX, =] Vs
0 ' Ya
0 Ys

(¢) Choosing the approximate solution:
— assuming that

appr. max. S = max. ({X7TZ, 2X7TZ) = 2XTZ
— then the approximate solution is as follows:

by by . bs
X =— Xg=— Xg=— Y1 = by—(a;3X3+a;,xy)
aq1 agg CEY)

Ys = bg—agaX,

Let us notice that there are exactly five values larger than zero in
the approximate solution which signify that the solution is basic.

2. We shall now turn to the applications of the presented heuristic
approach. The nature of the first problem we are going to deal with is

as follows:

to find such production program XT = [Xy, Xa, ..., X5] which maximizes

approximately the objective function

n
2w

E = j:l
Z nX;

-

and fulfills the conditions
AX P,
X>0
where
wy, n; — the unit output, input, respectively

w

) . .
—— — the unit effectiveness
n

J

19*
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— the average effectiveness

les]

Il

‘ﬁ

|
.':lll £

where

w, n — the average output, input, respectively

Thus
\ 4 ’ Wy ”
— ) <BErg|l—
I f.‘%’»i:‘.ﬁ ¥ 3

where - S B, ;O T
E2 — the maximum value of the objective function,
w,\" {w,\" . . :
— )\ — the smallest, largest unit effectiveness, respectively
3 J
Let us now consider the following numerical example: .
maximize the objective function
37x; +28x5+30x5+25x44 1754 18x4
 148x;+122x4+140x3+136x4+ 100x5 +120x¢

subject to é'
Xy +yi = 8 000
Xz +Y3 = 25 000
90x; + 80x,+ 75x3+ 50%,+ 52x5+ 60x4 +vs = 2870000
30X1+20X2+20X3+ 18X4+ 46X5+ 34)(3 +Y4 = 775000

X (=1,2..6)>0
Vek=1,2..4>0

(a) Finding the first solution:
— the first sequence of the decision variables is

X; Xo X3 X4 X5 Xg
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because the unit effectiveness indicators r; are
j 1 2 3 4 5 6
ry 25 23 21 18 17 15
where

ry = [wy/ny] 100

" _ (8000 2870000 31 889 775000
—_ en max. X; — . ’ = ’ -
‘ n max. X; = min 1 90 30
= 25 833) = 8000
8000 | 0
) 25000 0 25000
— then Py =Po—x,Pr =1, ea0000 | ~2%%° | 90| = 2150000
775 000 30 535000
25000 2150000 535000
. : = 26875, — =
then max. x, = min. ( 1 80 20
= 26750) = 25000
. o _ o
. ) 250 00 1 0
— then P, = Py, —x,P, = 2 150 000 —25000 801 — |150000
535000 20 35000
150000 35000
— then max. xs =3 min_ ( 75 = 20000 » == 1750) = 1750

b then P(’)’l’ = P(;‘I—X3P3 =
35000

Y 0

ys| = | 18750

0
150000 —1750 7 = 118750
— then x4 =x;=%x4=0 an [
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As can be inferred from the foregoing discussion the solution. just
obtained can be already considered as the one looked for. The corres-
ponding value of the -objective function is the maximum value Ez,
assuming that the values of the slack variables are minimized.

The next problem to be considered here is given in Table 1. When
solving it, let us first notice and take advantage of its specific structure.
Namely, the set of 16 decision variables can be divided into two parts.
To the first part belong those variables values of which may be deter-
mined independently on the basis of only one appropriate constraint:

X5 . (2)
Xe, X7, Xg, Xi10, X11, X18 3"
X12 6)]

and to the second part those remaining, values of which cannot be found
in such a way:

(a) Finding the values of the decision variables ‘belonging to’ the first
category:

120 ’
— max.x5=w=2 and y3=0

322

— maxX. Xy = m =

10 and y;=0

— the sequence of the variables x4, X7, Xs, X190, X11, X1 is as follows:
§ 16 6 7 8 11 10
because the standardized parameters of the objective function are

i 6 7 8 10 11 16
e; 0,028 0,025 0,0224 0,016 0,0215 0,085

where ey = r,/agj

where r; — the j-th parameter in the objective function,
azy — the j-th coefficient in the second constraint.
2430
— hence max. x34= T 30

andxe=x7=x3=x10=xu=0

andy, =0

4 The reference number of the constraint,
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(b) Determining the values of the variables belonging to the second
category:

— to maximize
F' = 0,88}(1 + 1,94X2+ 3,8}(3 + 5,44X4+ 6,86){9 -+ 1,94X13+ 10,5X14+ 10,93X15
subject to

(1) 89,3X1+ 164X2+ 132,2X3+ 199,7X4+ 501Xg+67,6X13+ 603,6X14+469,3X15+

(4) - 49,93)(9 + 26,04X1‘+ 26,04){15'["
(6) 16,11x5+33,83x,
(7) 16x,+

+ y7 = 20

— the sequence of the decision variables is
X3 Xy3 Xg X35 X14 X X3 X
because the standardized parameters of the objective function are

il 2 3 4 9 13 14 15
£, 0,010 0,012 0,03 0,027 0014 0,028 0,017 0,023

where f; = r1j/ay;

where ay; — the j-th coefficient in the first constraint

= mi (3424 ~259, —2 —217)—217
— max. X3 = min. 322 2% e T2 =12,
3424 132,2 3137,13°
, 46 0 46
P =FxB=1 5[ 2T u|=| o

20 0 20
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LW z1=y 0Z%

’ Or 'z9=0 0<lx
0z =4 +'x91
e =%t © pvxeg'ee+rIToT
e =%+ ' nxg'ze
9% ="'t 35092 4- ' XH0'0Z . +9xe6'6h
021 =%L4 +9%09
083 =34 + PX1841'%X901 4 TXE1Z 4 +5%71'2e +4X6'23 + X' L1
yove =L+ +9xg'695 1" x9'609 - X9' L9+ +0x10¢ 4+ "%L'66 T+ X2 e T3 XF9T 4 "% '68

03} 3o9fqns
.ﬂx;.o+=x2§+:xm.ﬁ+=x§;+ESN+:é«.u.,_.:um.m+,xom.wtxﬁ.otém.o +o%8%'0+ IXZS € "XB'C - BXB'E -+ 3XP6 T4 'X88'0 = I

uo1dUNy 9A1302[qo 3y} SZIWIXew OJ,

‘1 "qeL

(@
t:)]
)
9
()
)
(©)
2
(D
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. 3137,13 — 46 41
-_ max. X13 — 67,6 = y
3137,13 67,5 0
. . 46 0 46
— P =PxPy = o | —ea] o [=1,
20 0 | |20

— hence x4 =X =X =X =Xt =X15=0

.y 1 0

Y 46
and =

Ye 0

Yz 20

Taking into account the shown specific structure of the problem and
the performed standardization of the objective function parameters we
shall assume as the approximate solution the one just obtained:

X3 — 2,17 X5 — 2 X19 = 10 X3 — 46,41 X1 =— 30

ya=46 y; =20

Let us notice moreover that the outlined here general idea of the
heuristic solving linear programming problems has — as our experience
proves — many applications of practical importance, e. g. in finding the
production assortment at the factory level.
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STRESZCZENIE

,Celem tego artykulu jest ukazanie, ze aby znaleZé przyblizone rozwiazania pew-
nych praktycznie istotnych probleméw programowania liniowego za pomoca po-
dejscia heurystycznego, nie jest konieczne stosowanie ani skomplikowanego algo-
rytmu, ani komputera elektronicznego.

Artykul dzieli sie¢ na dwie czeSci. Po ogélnym przedstawieniu proponowanej
procedury heurystycznej nastepuje kilka przykladéw jej zastosowania,

PE3IOME

Ileab cTaTbM — noKa3aThb, YTO AJIA TOTO, YTOGLI HaMTHM NpMUOIMKEHIIOe pelueHue
HEKOTODLIX CYLLECTBEHHBIX C NPaKTUYEeCKOM TOYKM 3peHMUA npebieM MMHENMHOro mnpo-
rPaMMMDOBAHMA € [IOMOLLBI0 SBPUCTUYECKOTO MOAX0AA, HeoBA3aTENbHO TPUMEHATL HM
CJAOXKHDBIN JorapudM, HM 9JeKTPOHHBINA KOMIbLIOTED.

CraTba cocToMT U3 ABYx uacTeit. Ilocse obuwiero npeacTaBlIeHUMA NpeAJaraeMoin
3BPMCTHMYECKOI NpOLeAypPbl NPUBOLATCA NPUMEPBI €e NMPUMEHEHHUA.



