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Chapter 1

Introduction

1.1 Posing

The purpose of this thesis is to contribute to the development of the mathematical
theory of evolving large population. In view of its numerous applications — in life and
social sciences in particular — this theory has become popular within the last decades.
Due to the intrinsic character of the processes that take place therein, as well as
due to the large size, the evolution of such populations is naturally considered as
stochastic. This feature predetermines the ways and the means of the mathematical
modeling of such objects. In the present thesis, we work in the Markov approach in
which the population states are probability measures defined on appropriate phase
spaces, the evolution of which is obtained by solving (in one or another way) the
corresponding Kolmogorov-Fokker-Planck equations [6]. The first key aspect of the
thesis is that the age of the population members (time of their presence in the
population) is explicitly taken into account. The second aspect is that the studied
populations are infinite, which opens the possibility to clearly distinguish between
the local and the global aspects of the theory, see [25]. The latter peculiarity of the
theory leads, however, to essential technical complications as compared to the case
of finite populations.

In view of the complexity of the evolution of large populations, its description is
conducted in different spatio-temporal scales, cf. [2, 5]. At the macroscopic scale, the
population is characterized by aggregated parameters, like density, mobility, etc. For
such parameters, one derives — rather heuristically deduces — corresponding evolution
equations intended to describe the population dynamics. The particular form of
such equations corresponds to the model being considered. Below in this section, we
outline some of them with the focus on the models containing the age parameter.
The microscopic description is characterized by the use of the so-called individual
based models in which each single population member is assigned its individual
traits. In our case, such traits include also the member age. The most comprehensive
description here amounts to constructing stochastic Markov processes. In certain
sense, we work in the space between these two approaches.



Most of the material of this thesis was published in my articles [18, 19, 20]. In
view of this, certain parts of the present text are direct quotations of the correspond-
ing parts of these articles, supplied sometimes with suitable comments. For the sake
of reader’s convenience, some important formulas may be repeated. The majority of
the proofs follow directly after the corresponding statements. The present thesis has
the following structure. In the remaining part of this section we provide introduc-
tory material and then outline the aims of the thesis and its main results. The next
chapter is dedicated to providing necessary technicalities including the Markovian
terminology as well as our way of describing member’s ages as marks. In Chapter 3
based on the results of [18], we describe the evolution of a model introduced herein
in terms of correlation functions. This might be considered as an intermediate ap-
proach connecting the macro- and the microscopic theories. In Chapters 4 and 5
based on [19, 20], we provide the microscopic description of the evolution of another
model of this kind introduced by us. This model is somewhat simpler than that
studied in Chapter 3. In this case, we directly construct the Markov evolution of
states. In Chapter 4, we consider the case where the population habitat is X = R,
which allows us to introduce a special class of the states — in fact, it is the same
class as in Chapter 3, consisting of states possessing correlation functions — and then
to show that the evolution leaves this class invariant. This can be considered as an
additional information concerning the properties of the Markov evolution of this
model. In Chapter 5, we study the case where X is just a locally compact Polish
space. Here we prove the existence of a Markov process corresponding to this model.
This is performed in the framework of the martingale approach [11, 13] combined
with the theory of the Fokker-Planck equation [6] in the spirit of [26].

1.2 Age-structured population models

The use of population models traces back to 1798 when one of the most known
model of this kind was proposed by Thomas Robert Malthus. The author con-
sidered a homogeneous population living isolated in an unchanging habitat with
unlimited resources, in which the speeds of both procreation and mortality are pro-
portional to the population size. This model predicts either an unlimited growth or
an inevitable asymptotic extinction of the population. Due to these far from realistic
assumptions and predictions it received rather restricted applications to real-world
objects. Afterwards, a number of improvements and refinements were invented and
implemented. Among such improvements we remark those which take into account
the age structure of the populations being studied. Let us mention some motivations
for this. In populations of living beings, individuals with different ages may have
different survival capacities, mortality and reproduction rates. Many models of the
infectious disease initiation and transmission include structuring the host population
by the disease state dependent on the time since the disease initiation. Along with
biological, biomedical and ecological applications, the age aspects are being taken



into account also in many sociological and financial models, see [1, 4, 7, 21, 25, 29].
In particular, this kind of modeling is used to handling network security problems.
W. Murray was the first who suggested to link modeling the ecology of the computer
viruses to its counterpart dealing with the biological ones [29]. J. Kephart and S.
White proposed to employ the SIS-kind models for studying the spread of computer
viruses [21].

As mentioned above, the age structured populations can be studied at both
microscopic or macroscopic scales. Below we outline some typical models of this
kind representing each of these types.

1.2.1 Macroscopic phenomenology
The Lotka—McKendrick’s model

The Lotka—McKendrick’s model is a direct analogue of the Malthus model. The
population dwells in an invariant habitat and its members differ in age, see [15].
The fertility 5(a) and mortality p(a) rates are intrinsic parameters. In the simplest
case, they do not depend on time. The evolution of the age-dependent population
density p(a,t) is described by the following equation

Ipla,t) + Zpla,t) = —p(a)p(a,t)
p(0,t) = [ B(<)p(s, t)ds (1.1)
p(a,O) = po(a)

where %p(a, t) is to capture aging — a uniform drift with unit speed along the age
axes [0,a,] C R;. The basic and detailed analysis of this model can be found in
[15]. This model laid the foundations for the forthcoming works in this field based
in part on the theory of Volterra integral equations, for more details see [14].

Tannelli in [15] considered also some modifications of the Lotka-McKendrick’s
model, obtained by adding a time dependence of the vital rates 5(a,t) and u(a,t).
He studied the asymptotic behavior of these models, including strong and weak
ergodicity, see Definition 3.1, page 37 and Definition 3.4 page 39 ibid. In Theorem
5.4.4 below, we will also consider ergodicity problem for the Markov process in one
of our models.

The SIR model with aging

In this version of the SIR model (Susceptible, Infectious, Recovered) of infection
spread an isolated population dwells in an invariant habitat, structured by age.
Similarly as in (1.1) p(a,t) is an age-density function at time ¢ with age a € [0, a, ),
with possible a, = +o00. The population is divided into three groups: suscepti-
ble, infected and removed, which are described by their respective age-dependent
densities s(a, t), i(a,t), r(a,t) at time ¢, i.e.,

pla,t) = s(a,t) +i(a,t) + r(a,t).



The evolution equation now reads
( Gs(a,t) + &s(a,t) = —(u(a) + Na, t))s(a, ),
2ia,t) + Zi(a,t) = Aa,t)s(at) — (u(a) + o(a) + 6(a))i(a, ),

%r(a,t) + %r(a,t) = —pla)r(a,t) +o(a)i(a,t).

\

A detailed description of this model is provided in section 9.5 of [8], assuming that
coefficients describe HIV infection and named it by analogy the SIA model from
susceptible individuals, infective individuals, and AIDS cases. Then it was addi-
tionally assumed that there is a minimum age of interaction between the members
of the population. In Section 9.5.3 of [8], this model was studied by Cp-semigroup
methods. We will also use to these methods in the Theorem 5.3.8 below.

The COVID modeling

The very recent examples of the age-structured modeling are devoted to the world-
wide spread of the COVID-19. Unfortunately, we have the opportunity to see this in
the real life. During the COVID-19 pandemic, researchers were using and formulat-
ing mathematical models as a technique in gaining insight into the mode of spread
of the virus, e.g. [1, 33]. The authors of [1] investigated the situation where vac-
cines and drugs could not be applied. Furthermore, they considered three different
response strategies: total lock-down, partial lock-down, aiming at achieving herd
immunity. They enriched the model SIR with economic components capturing the
outbreak of the pandemic. This led them to the SIR model with wealth dynamics.
The population was divided into two groups under and over the age of 65, assuming
that members of the elderly group are more susceptible to infection. This model
is very accurate and requires familiarization with many parameters, if the reader
would like to delve into this topic, we recommend reading the entire article [1].

1.2.2 Microscopic individual-based theory: finite systems
The Jagers-Klebaner model

The authors of [17] proposed a modification of the known Bellman-Harris branching
process model [3]. Therein, the particles are born and die at random. In the event
of death of an individual, there arises a random number of independent offsprings.
The birth parameters might depend on the population size and age structure. The



generator G of the process is given by the formula:

GE((f,A) = F((f, A A) + Z bala){F(f(0) + (f, A) = F((f, A)}

z

+ D halag{BA[F (Y (a))f(0) + (f, A) = f(ay))] (1.2)
i=1
- F((f, A}
where F'((f,)) is a test function on the space of measures y, f is a function defined
on R, A = (aj,as,...,a,) is the finite collection of individuals ages, h4(a) is the

hazard rate, b4(a) is the intensity of birth, Y (a) the number of offspring distributed
depending on the age structure of the whole collection A and on the age of the
particle which died, E4 the expectation number of individuals depending on the
initial collection. The states of the model are finite positive Borel measures on
R, equipped with the weak topology. In [17], the authors used some martingale’s
techniques to establish the asymptotic properties of this model.

The Méléard-Tran model

In [28], Méléard and Tran introduced an age-structured individual-based model,
similar to (1.2). They considered a finite population in continuous time ¢ where the
individuals reproduce and die with rates depending on a quantitative trait z € R and
on their age a € R,. The trait = is a special feature that characterizes individuals,
it can mean body size, rate of food intake, etc. The model is described by the
generator L having the form

LE ) = (u 0uf () F's(00) + /

XX]R+

[(d(x, a)

+ U, 0)) (Fr(n = ) = Fr(i)
T+ b(@,a)(1 = p)(Fy( + 8o) — Fr()

by | (P Senn) = Foo)) ko )i (d. da)

where X is a closed subset of R?, 4 is a finite measure on X, f is a continuous
bounded real-valued function with bounded continuous derivatives with respect to
a, d(x,a) is the natural death rate, F' is a cylindrical function. A large and finite
population is considered and the population size is represented by the parameter
n. Furthermore the birth and death rates are taken of order n. In this model, the
trait can change depending on the occurrence of mutations with probability p. The
individual compete with each other, which is captured in the rate U(zx,a).



1.2.3 Microscopic individual-based theory: infinite systems

The necessity of using individual-based models of infinite systems for modeling large
real-world objects of this kind was realized in the first half of the XX-th century. It
was then materialized in the concept of the ‘infinite-volume limit’ used in the statis-
tical mechanics of physical particle system. In the present context, it was recognized
and discussed in, e.g., [22, 25]. Briefly, the basic idea of this approach consist in
getting the possibility to clearly distinguish between local and global aspects of the
theory. As a finite system occupies a compact subset of the habitat (assuming the
latter be locally compact), its description is always local rather than global. In deal-
ing with infinite systems, one employs probability measures on an appropriate phase
space to model system’s states. Such models of states are quite abstract objects,
not appropriate for a direct investigation. In view of this, it is convenient to restrict
the theory to a class of states that possess correlation functions [24, 27], and then to
describe the evolution of such states as the evolution of these correlation functions.
The corresponding approach was realized in [5, 22, 25], see also the works quoted
in these publications. Its additional advantage is that it is suitable for connecting
micro-and macroscopic descriptions, as well as to find out intermediate versions of
such theories. The only disadvantage is that the habitat should have some additional
properties, e.g., it should be R¢.

1.3 The aims and overview

In this work, we introduce and study two individual-based models, described by their
Kolmogorov operators, similarly as in (1.2), of an infinite population the members
of which are characterized by their age - time since appearance in the population. In
Chapters 3 and 4, as the habitat we take R? and use probability measures possessing
correlation functions, see Definition 3.1.1. In this case, we describe these states with
the help of such functions. In Chapter 3, based on [18], we introduce and study
the model (3.1), where new members are born by the existing population members.
This model turns to be quite hard to study. In view of this, we restrict ourselves to
solving the evolution equation for the first two correlation functions in subsect. 3.3.1
and 3.3.2, which are usually studied in various macroscopic theories. However, in
our approach the evolution equations are directly deduced from an individual-based
model. These results are formulated in Proposition 3.2.1.

In Chapter 4, we introduce another model, see (4.1), in which particles arrive
to and depart from X independently of each other. Their traits are (z,«a), z € X
and a > 0 being time since appearance. In this chapter, we take X = RY and
use the same class of states as in Chapter 3. Due to the fact that the model is
now simpler, we managed to prove in Theorem 4.2.2 that the corresponding Fokker-
Planck equation has a global in time solution ¢ +— p; which describes the evolution
of states of this model. Additionally I found a stationary state for this evolution.
This chapter is based on [19].



In Chapter 5, based on [20], I consider the same model as in (4.1) with the habitat
X being just a locally compact Polish space. In this case, one cannot use methods
based on correlation functions. Therefore, the very construction of the theory needs
to be modified, including introducing special metrics on the corresponding configu-
ration spaces. The latter proved to be quite technical. The main result is contained
in Theorem 5.4.4, where the existence of a unique Markov process describing the
evolution of this model was proved by showing that the corresponding martingale
problem is well-posed. Additionally, assuming that the departure rate is separated
away from zero I proved that this evolution is temporarily ergodic.

To summarize: the main results of this thesis are

1. Proposition 3.2.1 and the solutions obtained in subsects. 3.3.1 and 3.3.2.
2. Theorem 4.2.2 and its proof.

3. Theorem 5.4.4 and its proof.



Chapter 2

Preliminaries

2.1 The Markov evolution

2.1.1 Generalities

Throughout this work we use the following notations: N = {1,2,...}, Nyo = NU{0};
R?, d € N, is a standard Euclidean space. By a Polish space we mean a separable
topological space the topology of which is consistent with a complete metric. Mostly,
such a space is locally compact, which means that each of its points has a compact
neighborhood. For a suitable A C F, by 15 we denote the indicator of A, i.e., the

functions such that
1 if z€eA
1 = ’ 2.1
a(@) {o it s d A (2.1)

For a Polish space E, by B(FE) we denote the corresponding Borel o-field; Cy(E)
(resp. Bp(FE)) stands for the set of all bounded and continuous (resp. bounded
and measurable) functions f : E — R. By C;f(E) and B, (E) we denote the set
of positive elements of Cy(F) and By(E), respectively. Finally, Cos(E) C Cy(E)
consists of all continuous compactly supported functions.

Definition 2.1.1. A family of functions, I, is said to separate the points of a Polish
space E if for each distinct x,y € E, one finds f € F such that f(x) # f(y).

By oF we denote the smallest sub-field of B(FE) such that each f € F is o.F-
measurable; by P(FE) we mean the set of all probability Borel measures on (E, B(E)).
For x € F, the Dirac measure d, with center at this = is defined by its values

5.(A) = 1a(x), A€ B(E), (2.2)

see (2.1). For a given measure £ and a suitable function f, we write u(f) = [ fdu.
Then 0,(f) = f(x). For a sequence {p,}neny C P(E), by writing p, = p € P(E)
we mean its weak convergence, i.e., u,(f) — p(f) for all f € Cy(E).



Definition 2.1.2. A family of functions F is said to be separating if 1 (f) = p2(f)
holding for all f € F implies 1 = ps for any ui, ps € P(E).

If F separates the points of E and its linear span is an algebra with respect to
pointwise operations, then it is separating, see Ethier and Kurtz (1986), Theorem
4.5 on page 113, [13].

Proposition 2.1.3 (Ethier and Kurtz). Let V' and F be a complete and separable
metric spaces and a family of functions F' : V — R, respectively. Assume that:

(a) each F' € F is bounded and continuous;
(b) Fi, Fy € F, their pointwise product is in F;
(c) for each distinct vi,vo € V| there exists F' € F such that F(vy) # F(ve);
(d) F contains F = 1.
Then F 1is separating.

Definition 2.1.4. A family of functions F' is said to be convergence determining if
tn(f) — p(f) holding for all f € F implies p, = p as n — +00.

2.1.2 The Kolmogorov-Fokker-Planck formalism

Let E be a Polish space. Broadly speaking, a dynamical system on F is defined by a
family of maps {71} }+>0, Tt : E — E, such that T; o Ty = Ti4 holding for all ¢,s > 0,
and Ty = I. Here o and I denote composition and the identity map, respectively.
The points x € E are then treated as states of the system; i.e., x; := Txg is its
state at time ¢. In the stochastic (Markov) version, states are probability measures
p € P(E), and thus p; = Tyup. Then the ‘point’ states © € E appear here as
0, € P(E), see (2.2). That is, the evolution of the system is said to be deterministic
if the family {7;}+>0 preserves the set of point states, which means that 7;d, = o,
forallt >0and x € E.

In the Kolmogorov-Fokker-Planck formalism, see [6, 22, 23|, the construction of
the evolution u +— p; is performed by solving the Fokker-Planck equation

wlF) = iolF)+ [ m(LFys, o € POD) (2.3)

where L is the so called Kolmogorov operator specific for the model being consid-
ered. It acts on the test functions, also called observables, usually taken from a
suitable subset of Cy(F). In fact, the choice of the domain of L predetermines the
quality of the description of the stochastic evolution of a given model. Sometimes,
one approaches to constructing the evolution in question indirectly by solving the
Kolmogorov equation

d
g fv =1L Filimo = Fo, (2.4)
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which might be considered and ‘dual’ to (2.3). Then solutions of (2.3) are obtained
from the solutions of (2.4) by setting p;(F) = u(F;), where u and F are taken as
the initial conditions of (2.3) and (2.4), respectively. Finally, a Markov process,
X, with state space F is obtained by constructing a probability measure, P, on a
space of paths with values in E such that the corresponding probability of the event
X(t) € A, A € B(E), is given by u(A), where p; is a solution of (2.3). This most
comprehensive description will be obtained in Chapter 5 below by solving the so
called martingale problem for L.

2.2 Measures on configuration spaces

2.2.1 The configuration spaces

In the description of the stochastic evolution of infinite populations they are viewed
as random ‘clouds’ of point ‘particles’ placed in a suitable habitat. In our case,
the latter is a locally compact Polish space X. In Chapters 3 and 4, we take
X = RY, whereas in Chapter 5 it is just a general locally compact Polish space. Each
mentioned cloud is supposed to be locally finite, which means that its intersection
with a compact A C X is supposed finite. The mathematical model of such a cloud
is a configuration — a counting Radon measure on X. The set of all such measures I'
is then defined by the property that v(A) € Ny for each compact A C X. This can
also be given the following geometric interpretation. Let 6 be a complete metric of
X consistent with its topology. Then for each r > 0, one finds " € (0,7) such that
the ball BS(x) = {y € X : §(x,y) < r'} has compact closure. Therefore, for a given
v €T and x € X, there exists r > 0 such that y(B%(z)) < oco. Then we define

p(7) = {z € X : inf 4(B)(x)) := n,(x) € N}.

Each « is fully characterized by the pair (p(7y),n,), in which p(y) is the ground
configuration for ~. It is convenient to extend n., to the whole X by setting n,(z) =0
whenever = ¢ p(vy). The mentioned geometric interpretation of 7 is the collection
of the points x € p(y) such that at this x there is located n.(z) indistinguishable
‘particles’ - population members. We refer the reader to [9, 10, 16, 27, 34] for more
detail on this issue.

Our aim now is to define a suitable topology on TI'. Tt is the weak-hash (vague)
topology. By definition, it is the weakest topology that makes continuous all the
maps

oo [ fan) = 3 m@fe =Y @, feCu), (29
X z€p(7y) TEY

where the latter equality is the definition of }° . see [27] for more detail. It is
know, see [34], that I" equipped with this topology is a Polish space. Next, we define

I'={yel:n,(z)=1forall z €py)} (2.6)
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That is, v is in [ if ~v = p(7) as sets. Such configurations are called simple. The set
[isa Gs-subset of ', and hence is a Polish space in the subspace topology, see [34].

Along with infinite configurations, I contains also finite ones. Let I'y stand for
the set of all such configurations. It can be viewed as a subset of the set of all finite
Borel measures on X, closed in the weak topology. Note that the subspace topology
induced on 'y be the weak-hash topology introduced in (2.5) coincides with the
latter. At the same time, each v € Ty can be interpreted as the element of X™ /X,
where m = |v| is its cardinality and X, is the corresponding symmetric group. We
repeatedly exploit this interpretation below.

In the sequel, we will need the following extension of the last equality in (2.5).
For v € T' and = € p(y), by 7 \ ¢ we understand the configuration 4" such that
n,(y) = n,(y) for all y # x and: (a) p(7') = p(v) and n, () =n, — 1 if n,(x) > 1;
(b) p(7') = p(y) \ = is ny(z) = 1. Similarly we define v/ = v Uy by setting: (a)
p(Y) =p(y) Uy}, ny(y) = 1ify & p(v); (b) p(v') = p(7) and ny (y) = n,(y) + 1
if y € p(y). Thereafter, we have

;y;xfﬂfy //f:cy (dz)y(dy) — /fxa: (dx), (2.7)

that can also be generalized to all m € N

Z Z Z flze,. .. o) (2.8)

T1€Y z2€7\T1 TmEY\{@1, Tm—1}

=Y (0 ey ne)V(dyn) Y (dyng)

GeKp, xna
= Z (_1)ZG Z e Z fG(yla s 7yng)7
GeKm Yy1€Y Yng €y
where K, is the collection of all graphs with vertices {1,2,...,m}, lg and ng are
the number of edges and the connected components of G, respectively, whereas
fe(yrs .., Yne) is obtained from f(zy,...,x,,) by setting the arguments z;,, .. &y,

of the latter equal y; where [y, ... [, are the vertices of the j-th connected component
of G. Note that the summations in the left-hand sides of (2.7) and (2.8) have the
direct meaning if y € I, see (2.6), where ~ can be considered as just a locally finite
subset of X.

Now for 7 € T" and m € N, by means of (2.8) we define the following counting
measure on X™ equipped with the usual product topology. For a compact subset
A C X™, we set

Q(m Z Z Z 1a(Z1, .o T (2.9)

T1€Y x2€7\ 11 Tm €Y\{ZT1, s Tm—1}
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That is Q™ (A) is the number of ordered strings (z1, ..., 2,) contained in A. It

is know, see [27], that the map v Qg,m)(A) is measurable for each compact A.
However, it may be unbounded.

2.2.2 Measures on [

Let B(I') be the Borel o-field of subsets of I' relative to the weak-hash topology
defined in (2.5). Recall that P(I") denotes the set of all probability measures on I'.

Remark 2.2.1. As a G;-subset, I is in B(T). Hence, each i € P(T) with the property
(') =1 can be redefined as a probability measure on the Polish space I

As mentioned above the maps v +— Q(vm)(A) need not be bounded hence pu-
integrable for a given u € P(I'). Following [27] we will say that p has correlations
of order m if

o(8) = [ @@l < . (2.10)

holding for all compact A C X™. Then the Radon measure wLm) on X™ is called the
m-th order correlation measure corresponding to p. It is clear that the existence of a
(m) ")

given w, ~ implies the existence of all w&m , m' < m. We say that u has correlation

functions of all orders if it has all corresponding w&m).
Let us now consider the case of X = R? For m € N, let A" be the Lebesgue

measure on X™, i.e.,

AN (dxy, ... day) = day - - - dap,.

Assume that a given p € P(T") has wﬁm) for this m, which is A(™-absolutely contin-
uous and the corresponding Radon-Nikodym derivative kﬁm) is A(™-almost every-
where bounded. That is, k:,(fn) is a symmetric element of L>(X™) := L(X™, \(M),
Then we call k:,([n) the m-th order correlation function of p. By the very definition,
it follows that

k’lgm)(l'l, C ,Qfm) Z 0.

The first two correlation functions have a special meaning characterizing the cor-
responding state u. For a given compact A C X, let us consider Q,(})(A), which
counts the points of v contained in A, see (2.9) and (2.10). Then w4’ (A) is just the
p-expected value of the number of points contained in A. At the same time,

wﬂm=Ahm=Awmm;

which means that k‘f}) is just the particle density in state . In a similar way, by
(2.7) one shows that

cula,y) = k2 (,y) — kD (@)D (y) (2.11)
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is the truncated spatial correlation function in state p. These two functions kf}) and
c, are usually employed in describing population dynamics at macro-level by kinetic
equations. Similarly as in Lemma 2.10 of [26], one proves the following statement,
in which I stands for the set of simple configurations defined in (2.6).

Proposition 2.2.2. Let X = R? and p € P(T") have k,(f). Then w(T) = 1, i.e., the
configurations in state p are almost surely simple.

The importance of this statement can be seen in the light of Remark 2.2.1. Let
us outline the arguments yielding its proof. For € € (0, 1), one defines

H) =33 hwy),  hiwy) = —

=
€Y yey\z |ZL' y|€

It is clear that H(y) = +oo for each v € I'\ I". At the same time, by (2.9), (2.10)
we have

() = [ QP ) = [ Kb, y)dady < o

The latter holds true as k:f) € L>(X?) and h is absolutely integrable. It implies
p(D'\T') = 0. By similar arguments one can also extend Proposition 2.2.2 to the

case where X is just a Polish space. That is, u(I') = 1 if u possesses the second
order correlation measure verifying waQ)(D) =0 where D = {(z,y) € X? : z = y}.
Finally, let us mention a probability measure on I' which plays a special role in
this work. Let p be a positive Radon measure on X. The latter is just a general
locally compact Polish space. The Poison measure 7, with intensity measure g is

defined by its correlation measures
w(™ = &M (2.12)
which in particular means that for A = Ay x A,,, all A; C X compact, one has

W™ (A) = o(A1) -+ o(A).

4

That is, in state m, the points choose their positions in X independently of each
other. If X = R? and o(dz) = p(x)dz, p € L>®(X), then all kT(rZL) exist. By (2.11)
and (2.12), it follows that

Cxy(2,y) =0,

i.e., the spatial correlations are absent in this state.
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2.2.3 Configuration spaces with marks

As mentioned above, our principal aim is to take into account also particles ages
— the time of their presence in the population. To this end, we pass to the traits
T = (r,a), v € X and a € R} = [0,400). It is then naturally to consider
configurations 4 as collections of such compound traits in which o appears as a
mark. More on the general theory of marked configuration spaces can be found in
[10]. According to this, a marked configuration 4 is a counting Radon measure on
X = X x R, such that, for each compact A C X, the set A = A x R, verifies
A(A) € Ny. That is, every compact A contains only a finite number of the elements
of 4 of different ages.

In Chapter 5, we deal with the general case where X is just a locally compact
Polish space, without assuming a priori properties of the states. This means that
the corresponding marked configurations may be multiple, and thus each z € X is
characterized by a finite (possibly empty) configuration of ages a = {ay,...,a,}. In
Chapters 3 and 4, we deal with populations dwelling in X = R% and with the states
possessing all correlation functions. According to Proposition 2.2.2, such states are
supported on simple configurations, which means that only those will be taken into
account, see also Remark 2.2.1. In this case each age nonempty configuration a is
a singleton. In view of this, we will denote there the age variable by a. In view of
the mentioned differences in the properties of the marked configurations spaces, we
make a more detailed presentation of them an the beginnings of the corresponding
Chapters.
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Chapter 3

The birth-and-death dynamics

In this chapter based on [18], we introduce a model and study the stochastic dynam-
ics of an infinite population of point particles dwelling in X = R¢, which amounts to
the following. The particle having trait & = (z,a) at time ¢ = 0: (a) can die at time
t with probability 1 —e™™@? where the death rate m is a suitable function; (b) can
give birth to a new particle located in a compact A with probability 1 — e=#(Mt
where v is a positive measure kernel on (B(X), X). As mentioned above, we restrict
our consideration to states possessing all correlation functions and hence satisfying
the conditions of Proposition 2.2.2. In view of this and for the further simplicity, in
this chapter we denote by I' the space of all simple configurations defined in (2.6).
Then the space of marked configurations [ consists of the pairs ¥ = (v, a), where
a v — Ry is the age map that assigns a, to each x € v. Its topology will be made
precise below.

The Kolmogorov operator corresponding to the model studied herein has the
following form

(LE)(A) = ) 8?% F()+ Y m(@) [F(3\ &) = F(3)] (3.1)

xrey ey

n /X F(3 U (2,0)) - F3)] S vy(da).

yeY

Here the first term on the right-hand side corresponds to aging, whereas the remain-
ing ones describe the death and the birth of new particles as mentioned above. The
model corresponding to (3.1) can also be used to describe the infection spread in an
infinite population. In this interpretation, the population of healthy individuals is
present as a vacuum, whereas 4 corresponds to the population of infected individu-
als. The recovery depends only on the time since infection and is described by the
function m(z). The spread of infection from the infected population is captured by
the kernel v.

For this model, assuming that the evolution preserves the set of states possessing
all correlation functions from the Kolmogorov equation (2.4) we derive the evolution
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equations for the correlation functions and solve them for k() and k®), which yields
the result usually obtained from phenomenological kinetic-like equations. However,
in our case we obtained it directly from the individual-based model described in

(3.1).

3.1 The technicalities

As mentioned above, in this chapter the configuration space I defined as the set of
pairs (7, a) where v is a simple configuration on X = R? and a : v — R,. The value
of a at a given x is denoted by a,. The space X =X x R, is equipped with the
usual product topology and the Lebesgue measure dz = dxda.

The configuration space I is equipped with the following topology. Let F be the
set of all bounded and continuous maps f : X x Ry — R such that each f vanishes
for x € A°:= X \ A for an f-specific compact A C X. Then [ is equipped with the
weakest topology that makes continuous all the maps

f‘B&HZf(x,ax), feF.

rey
With this topology [ is a Polish state.

Definition 3.1.1. By P. we denote the subset ofP(f) consisting of those u that have
all correlation measures w&m), each of which is absolutely continuous with respect to
the corresponding Lebesgue measure \™ (dzy - - - dZy,) = diy - - - dZy, such that their
Radon-Nikodym derivatives k:Lm) have the properties: for all m € N the following

holds
(i) k™ s a symmetric element of L®(X™) = Lo(X™, \m)

(ii) kT (21, a1) ..., (2, am)) — 0 as max; a; — +00;
(111) for almost all xq,..., 2z, € X and a4, ...a, € Ry, the map

(0,400) 3 t = kT (21, a1) . .., (T, am + 1)),

15 continuously differentiable;

(iv) the following holds

/R kLm)((xl’al)""(xm7am))da1“‘dam c LOO(Xm),

m
+

(v) there exists a p-dependent € > 0 such that, for each § € LY(X) := L'(X, d#),
|0|| = 1, the series

00 om o ) A ) A A
1—1—2%/%% Wiy, oo dm)0(81) - - - O )dTy - - - iy,
m=1

18 absolutely convergent.



17

Now we introduce the following function
F'3) =] +0@), Fel. (3:2)
yey

Definition 3.1.2. By ©gy we will denote the set of continuous functions 6 : X X
Ry — (—1,0] having the following properties: (a) each 0(x,a) vanishes for x €
A€ for some 0-specific compact A C X; (b) for each x, the map a — 0(x,a) is
continuously differentiable.

For § € Oy, is measurable and F? satisfies
0<F'(3) < 1.

Hence, it is p-integrable for all p € P(f) By employing Proposition 2.1.3, it can be
proved that the set of functions {F? : § € ©y} is separating. According to item (v)
of Definition 3.1.1, for 1 € P, this function can be p-integrable also for § € L'(X)
for sufficiently small ||6]|. Indeed, by (2.8) and (2.10) it follows that

uF) = 1+ | Z X e | (33

yorZm FCH

-1+ (ZH@(@) ()

n€y z€n

o9 1 o A A A A A
= 1—}—2%/%]{/& Wiy, 2)0(8y) - 0(Z)dEy - - ddy,
m=1

= o (ILoe)

xTEeEN

Here n € 7 means that 7 is a finite and nonempty subset of ¥, I is the subset of
[ consisting of finite configurations, k,(7) = kU™ (i, ..., &p) for 1= {&1, ..., Zm},
and ) is the Lebesgue-Poisson measure on 'y defined by the formula

\/f‘OG(ﬁ)Aﬁ +Zm‘/m a'%m)dila?m7

where G and G are defined analogously as k and k(™ above. In the sequel, we
repeatedly use the following statement known as Minlos’ lemma [30].

Lemma 3.1.3. Let n € N,n > 2, then for all measurable functions G : Iy — R, A :
Iy = R it is true that:

/FOZW F\BAd) = /F 0 /X h(#)G(3)dEN(dA). (3.4)
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We also use the following evident formula
S CA@) Y B(h) =)_> A@)B>H\ ), (3.5)
TEY ney\z ney rEN

holding for suitable functions h and G.

3.2 The model

To be able to guarantee that the evolution preserves the states possessing corre-
lation functions with the properties as in Definition 3.1.1 we impose the following
conditions on the kernel v that appears in (3.1). Recall that by a measure kernel we
mean a map B(X) x X 3 (A,§) — vy(A), which is a finite positive Borel measure v
for each § € X and a measurable function § — v4(A) for each A € B(X). Namely,
we assume that, for each g, the measure v, is such that

vy(dw) = b(g|v)dz, (3.6)

where the map (g, z) — b(y|z) € R, is measurable and satisfies

Va € Ry by, alz) < Bz —y), /X/B(x)dx =: § < o0, (3.7)

Vz e X / b(y|z)djy < b < 0. (3.8)
X

The condition in (3.7) is to control the procreation of the new members uniformly as
to the age of the parental particles. The second condition controls the procreation
from all age groups to given compact subset of A C X i.e.,

/ ( / b(zﬂx)d@) di < BlA

where |A| is the Euclidean volume of A.
Concerning the function (z,a) — m(z,a) we assume that  — m(x,a) is mea-
surable for each fixed a and a — m(z, a) continuous for each z. For 7 € I'y, we then

set
) =Y m(d).

xen

Our first aim is to pass from the Fokker-Planck equation (2.3) to the evolution

equation for the correlation functions. Here one may follow the way elaborated in
[26]. For k: 'y — R, we then define

(LAR)) =~ o 5 k(i) = M0k (7).

ren
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In order to use this operator on a regular basis, one would have to introduce an
appropriate Sobolev-like Banach space of such functions keeping in mind that they
satisfy the conditions mentioned in Definition 3.1.1. In this chapter, however, we
restrict ourselves to deriving only equations for & and k®, which are usually
‘deduced’ by employing heuristic arguments. Keeping this in mind, we prove the
following statement.

Proposition 3.2.1. Assume that ;1 € P, is such that its correlation function k,
satisfies the renewal condition, cf. [15],

i\ U (,0) = [ a0\ 3 U9+ (\ ) Y Wike). (39
X yen\z

Assume further that both integrals
1,(0) = p(LF?% (3.10)
J.(0) = / (LAk,) <He )
Lo TEN

absolutely converge for all § € ©. Then 1,(0) = J,(0).

Proof. Define

(LAk) () = (LPk)@) + > 0(aq) (3.11)

xe

| k(i) + /X b3kl \ 3 U )G + ku(7\ 3) 3 b(3la) |

yeEN\z

where d(a,) is Dirac’s é-function, which means that the right-hand side of (3.11) is
a distribution. Note however, that L2k = L2k if k satisfies (3.9). The Kolmogorov
operator (3.1) with v as in (3.6) acts on F? (3.2) as follows

wrr) = 3B T a+06) + Xmi@) - 0 +o@) T a+0)

z€Y yeY\z €Y yeY\z

/Zb:dy (a,)(1+0(3) — 1) T(1 +6(2))ds.

ey zEy
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Now we split LF? into three parts. The first one is

[rraua) = [SEE T ava

x€Y yey\z

:/Z

TEY nCy\z YEN

_/ZZ%

nCy z€n yen\z

= [ r X G2 TT i

= [ ([ mtaon®

TEy yeEn\z

= // (MU )d(az)
To

This is obtained using (3.5) with A(z) = ae(:;:n) , B

The second part is

[ BaF Gt

:/Z

xrey

_ /29

rey

_ /sz

nCy x€en

_ Lzm

xen

) p(dy)

ZHMWM

>H9

yen

AGISEAL, dxH@

yen

aa daz) H 0(y

yen

(1) = I1,e, 0(9) and Lemma 3.1.3.

(1+6())pu(d7)

yew\w

2> [[0@m@r)

nCy\z Y€n

) [T 0@

yen

() T ] 0(9)A(d)

yen



Finally, the third part

/f Ly F'(H)u(dy) = / / 3 b(#1§)6(a,)0

By

nCy x€n

21

77C7\$ z€n

)(1+6(z H 0(2)dgu(dy)

z€n\zUy

— /FO/X Zb:c|y (ay) H 0(2)dgA(dn)

z€n\zUy

N / 0 /X k() S b(@19)0(a,) T 0(2)dgA(d)

= [ f Zwi

yen

+/F/Zk

yen

zenUy

9)b(2(9)5(ay) | | 0(2)diA(dn)

zZEn

)b(2|9)d(ay) HQ Ydy(d

zen

Putting everything together and taking into account (3.9) we get

[t Lo L) Guta)

which yields the proof, see (3.10).

3.3 The result

/FOLAk: (1}79 >
/FOLAk: (He )

xren

As in [26], by Proposition 3.2.1 one may obtain solutions of the Fokker-Planck

equation (2.3) by solving the Cauchy problem

0
(i) =

(L) (1),

kt|t:0 = k,uoa (3~12)
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where k,, is the correlation function of the initial condition of (2.3). As mentioned
above, a regular theory of this equation should be based on the use of appropriate
Banach spaces. After developing such a theory, one should also prove that k; is
indeed the correlation function for a certain state, which is usually a hard technical
problem, see [25]. Here we obtain from (3.12) the equations for kY and k2| which
can be viewed as the usual PDE of transport type.

For 7 > 0, set

¢T(ﬁ) = kt—T(ﬁT)? (313)
where
Ny = {(z,a, — 7) : (x,a,) €N}, 7 < min{a,, t}.

To get a classical solution of (3.12) we have to assume that k; is continuously differ-
entiable with respect to each a, and therefore it is continuously differentiable with
respect to t. By taking the derivative in (3.13) by (3.12) we get

L) = M (i) (0)

which can be solved
02(7) = to() exp ( / M(ﬁﬁ)dﬂ) |
0

By (3.13) this yields, where a; = min a,:

xren

ko(1;) exp ( fo (M d29> t < aj

kt—a; (Ta, eXp( fo ()9 dz?) t> ap,

ki) = (3.14)

which is a functional equation. Below we study this equation in the two particular
cases mentioned above.

3.3.1 The evolution of densities

By setting 77 = {z} in (3.14), we get the following formula describing the evolution
of the first correlation function

k(l)(x a—t) exp( fo d9>, t<a

Y (2,a) = (3.15)

k()erXp( Jo m(z,a —0)do), t>a,

subject to the following renewal condition obtained from (3.9)

KD (2, 0) = / b)) ds
X
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By (3.15) we have

kt(l)(xa 0) = /d (/ b(y,ay|x)k:t(1)(y, ay)day) dy
R
_ /R

+oo
+ / / b(y,ay|:1:)kél)(y,ay—t)e’fotm(y’“y’a)dedaydy.
R4 Jt

0
t
/ b(y, ay|x)k§£)ay (y,0)e Jo” my.ay=0)d0 gq, dy (3.16)
0

By (3.7), the second term in (3.16) is bounded uniformly with respect to ¢t and x by

3 - esssup ‘/ k(()l)(y,a)da ,
0

yeRd
see also item (iv) of Definition 3.1.1. Set
Y (2,0) = w ().
Now (3.16) can be written in the following form:
u= Au+ v, (3.17)

where

t
(Auj(z) = / / b(ys @yl ura, (y)e " 000 gq gy,
R2 JO

+o0 .
v(z) = /d/ b(y,ay|x)k(()1)(y,ay—t)e_fo mway =04 qq, dy.
R Jt

Both u and v are positive elements of the Banach space U, of functions Ry x R¢ — R,
which are C* (R ) for almost all fixed z and L*°(R%) for all a, equipped with the
norm

|ulla = Stl>l%)) e™ ||| oo (. a> 0. (3.18)

By (3.7), the operator norm of A satisfies
[Alla < Bess Sup/ e el O g —: Bq(a).
yeRd Jo

If the mortality rate m(y, a) is separated away from zero, i.e., satisfies m(y, a) > m.,
then
q(a) < 1/(a+m,). (3.19)

For fq(a)) < 1, we can solve (3.17) in the form

u=(I—- Ao,
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where v is determined by the initial condition of (3.12). By item (i) of Definition
3.1.1 and (3.8), it follows that

ol < oo < Bl o s (3.20)

Now (3.16) in the space U,, takes the form:

ki (2,0) = w(x) = (B), (x) ==Y (A™), (2). (3.21)

n=0

Finally, the evolution of the particle density is described by the formula

koM (z,a — t)e~ Jo m@a=6)dd, t<a
(1) - e a 22
Ky (xa a) Z (Anv)tfa (x)e* Iy m(m,afé))de, > a. (3 )
n=0

The solution (3.22) may increase in time. By (3.18), (3.20) and (3.21), for ¢ > a it
satisfies

N b
bule,a) < Aot < oy oo

~1-pgle) 71— Pqla)
For m, > f, by (3.19) we have ¢(0) < 1, which means that kt(l)(:c,a) remains

bounded in this case.

3.3.2 The evolution of the second correlation function

In this case, we take 1 = {(z, a,), (y, a,)} with a, < a,. By (3.14) we then get

k(()g) (A)e~ fg(m(y,ay—9)+m(x,az—9))d97 t < ay,
kiz)(ya Ay, T, a:c) = (323)
kt(z)az (ya ay — Uy, T, 0)6_ foaz(m(y,ay—9)+m(x,ax—9)d6’ t> Qy.

To find kﬁ)% (y,ay — az,z,0), we use (3.9) which yields

+oo
k2 (y, a,2,0) = / / b(z, az|2)k (y, a; 2, a)da.dz (3.24)
R2 JO

+ My, a)b(y, alz).
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For ¢t < a, by (3.22) for k" (y,a) and (3.23) for k®(y,a;z,a.) we bring (3.24) to
the following

@ y,a,x,0) = by, alr Q) y,a—t e~ Jo m(y.a—6)do (3.25
t 0

t
+(/‘/b@ﬂ4@@ix%a—aaam
R2 JO

X exp ( - / m(z,a,) +m(y,a, — 9)]d0> da,dz
0
“+00
+ / / b(z, az\x)k(()Q)(y, a—t;z,a, —t)
R4 Jt

X exp ( - /Ot m(y,a —0) +m(z,a, —0)] dG) da,dz.

On the other hand, for ¢ > a, we rewrite (3.24) as follows:

kP (y,a,2,0) = b(y,alz) (Bv),_, (y)e Jo mwa=01d (3.26)

t—a
+ / / b(z, az|x)kﬁ)az (y,a —a.; z,0)
R? Jo
X exp (—/ Z[m(za a, —0))+m(y,a — 9)]619) da,dz
0
¢
+ / / b(Z,az|ZE)kf§3)a(y,O;Z,az —CL)
R4 Ja
X exp (—/ m(y,a —6)+m(z,a, — 0)]d9) da,dz
0
+o0
+ / / b(z, az|x)k‘t(3)a(y, 0;z,a, — a)
Rd Jt

X exp (— /O "y, a—0) + m(za. — 9)]d9) da.dz.

Now we would like to solve (3.25) and (3.26) as a single equations in the space of
continuously differentiable functions Ry 3 t — w; € CY(R,)® L°((RY)?) @ LY (R.,).
Let:

wy(y, a, ) == kP (y,a,z,0),

then we have:

wt<y7&> .1') = (AQw)t(y>a?x) + ft(y,CL, $) (327)
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For t < q define:
t
(AZw)t(ya a, $) = / / b(z7 az|x)wtfaz (Za y,a— az)
Rd Jo

X exp (— /Oa(m(y,a —0) +m(z,as — 9)>de) dadz,

+o00
ft(yaaﬂx) = / / b(Z,CLZ|x)k'(()2)(y,CL —t,Z,CLZ - t) (328)
R4 Jt

t
X exp <—/ m(y,a — ) +m(z,a, — 19)d19) dady
0

+ kt(l)(yu a)b(x, Y, a’)a

and for t > a:

(AQW)t(y,&, $) = / / b(z>az|$)wt—az(zvy7a - az)
R4 JO

X exp (— /Oaz (m(y,a—0)) +m(z,a, — 9))0[0) da.dz

t
+ / /b(z,az\x)wta(y,z,az—a)
Re Ja

X exp ( - /a(m(y, a—0))+m(z,a, — 0))d9) da,dz

0
+ / / b(z,a,|x)w_o(y, z,a, — a)
R4 Jt

X exp ( - /Oa(m(y, a—0))+m(z,a, — 9))d9> da.dz,

fily,a,x) = k:t(l)(y, a)b(y, a, ). (3.29)

Let W, be a space with the norm:

o0
[w]|o = supe™ esssup/ lwi(y, a, z)|da.
t20 (@y)e(®R)? JO

It is clear that:

/OOO(Azw)t(y,a,x)da:/Ot(Agw)t(y,a,x)daJr/too(Azw)t(%a’x)da‘
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Therefore

o0 t a
/ (Asw)(y,a,x)da = / / / b(z,a,|x)wi_a.(2,y,a — a,)
0 0 JRrJo

X exp (-/ z m(y,a —0)) —m(z,a; — 0))d9) dadzda
0

t t
+ / / / b<Z7 az|x>wt—a(y7 Z, 0y — (l)
Rd Ja

X exp( / m(y,a — m(z,a, — 9))d9> da,dzda

+ / / / b(Zaaz|x)wt—a(y)Zuaz - CL)
Re Jt

X exp < / m(y,a — m(z,a, — 0))d9> da,dzda

+ / / / b(z, a.|v)wi_o.(2,y,a — a,)
R Jo
X exp ( / m(y,a m(z,a, — 0))d9> da.dzda.

To estimate the previous integral we use (3.8) and the fact that e=* < 1, where
a>0. Let a = §, for some fixed ¢ < 1 therefore:

[Azwll, < gllwll,

We can write the solution for (3.27) as

o0

kt<x707y7 >_wt x,y,a Z I Y, Q@ )

n=0

The solution for k?(x, a,,y,a,) takes the form:

( /4:(()2) (x,a, —t;y,ay — 1)

X exp ( — Jo(m(z,a; — 0) +m(y, a, — 9))d9>, for t < ay;
k(2)($7 a:}:; y7 ay) = <Z (Aan)t—az (y’ ay _ a:(;7 Qf) + kllgi)ax <y, a)b(y, CLy’.Z'))
n=0

X exp ( — [57(m(z, ap — 0) + m(y, ay — 9))d9>, for a, < t.

\



For a, <t < a, with the appropriate formula for f; (3.28):

afptmaa) = [ [ bealnfinGma—a)

X exp (— /0 “tnly, a — 0)) + m(z, a. — 0)]d0) da.dz.

For a, < a, <t, f; like in (3.29):
efulwas) = [ [ bealofintpa-a)
R Jo
X exp (—/ Z[m(y, a—0))+m(z,a, — 0)]d0) da,dz
0

+ /R / b(z, a.|z) fi-a(y, 2,0 — a)

X exp (— /Oa[m(y, a—0)) +m(za, — 9))d0]) da.dz

n / / bz, aul) fialy, 2, as — a)
R Jt

X exp (- / m(y, a — 6)) + m(z, a, — 0)]d0> dadz.

0
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Chapter 4

The independent appearance
model: evolution in a spacial class
of states

In this and the next chapters we introduce and study the following modification of
the model defined in (3.1). The corresponding Kolmogorov operator is taken in the
form

(LF)#) = > 0 F(A)+ ) m(@)[F(3\ &) — F(%)] (4.1)

where the first two terms have the same meaning as the corresponding terms of L
given in (3.1), whereas the third one described an independent appearance of new
particles in the habitat governed by the measure y. In this chapter, we take X = R?
and

x(dy) = b(y)dy, (4.2)

with an appropriate positive density b and the Lebesgue measure dy. In the next
chapter, we consider the case of a general locally compact Polish space X and hence
a general arriving measure y. Our present choice of X and yx (4.2) will allow us to
solve the Fokker-Planck equation (2.3) and thus to construct the evolution of states
o — py which preserves a special class of them. We begin describing this class by
introducing ‘tempered configurations’.

4.1 Tempered configurations and measures

In this section, we select a subset of f* C T such that the measures in question have

A

the property p(I's) = 1, and thus forget of the remaining configurations.
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4.1.1 Tempered configurations
Let ¢ : X — R, be:
(a) continuous, bounded and strictly positive;
(b) integrable, i.e., satisfy [, ¢(z)dzr < co.
One can take 9)(x) = e as an example of such a function. Then we set
V(E) =) d@), el (4.3)
z€q
which can take infinite values for some 4. Thereby, the set of tempered configurations
is defined as R A
I,={yel:¥(%) < oo},

where T is the set of all (possibly multiple) configurations. Similarly as in [26],
subsect. 2.3, we equip this set with the following metric

v.(3,7) = sup | Y g(@la) = Y g@)(a)| (44)
9 " zeq ed!
where the supremum is taken over the subset of the set of bounded Lipschitz-
continuous functions CPL(X) consisting of those g : X — R for which

_ /
sup |g(2)| + sup l9(z, @) g(y,a,)| <1
peX ipgex 1T — Y|+ |a— |

It is possible to prove, [26], Proposition 2.7, that the metric space (X , Uy ) is complete
and separable. Let B(f‘*) be the corresponding Borel o-field of such subsets of r,.
By Kuratowski’s theorem (Theorem 3.9 in [31]), one then proves that I', € B(T')
and B(T',) coincides with the Borel o—field related to the topology on I, induced
by the vague topology of I'. This allows one to redefine each y € P(I') with the
property p(I,) = 1 as a measure on (I',, B(T',)), see [26], Corollary 2.8 for further
details.

Let P, € P(T') be as in Definition 3.1.1. By Proposition 2.2.2, we know that
each p € P, is supported on the set of simple configurations, which allows us to
assume — in this chapter also — that I' and I, consist of single configurations only.
It turns out that the set of measures has another useful property.

~

Proposition 4.1.1. For each p € P, it follows that p(I'y) = 1.

Proof. Similarly as in Proposition 2.2.2, the proof consist in showing that u(V) < oo,
which readily follows by (2.9) and (2.10)

(W) = /X kD (&) (z)di < / Y(x)da (Sup /R ) kg1>(x,a)da> < o0, (4.5)

X reX

see item (iv) of Definition 3.1.1. O
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~ As mentioned above, each u € P, can be redefined as a probability measure on
(', B(I'y)) with single configurations, which we assume from now on. Recall that
the functions F are defined in (3.2).

Definition 4.1.2. For a given measurable ¢ : X — (0,1) and pn € P(I'), the measure
pd defined by the relation pd(F°) = p(F%) is called an independent q—thinning of
p. Here 0,(2) = 0(2)q(Z) and § € Oy, see Definition 3.1.2.

For yi € P,, its ¢-thinning amounts to multiplying k(%) by [],e, ¢(%). An im-
portant subclass of P, constitute Poisson measures m, with intensity measures such
that

o(d?) = pla)d, (4.6

with p satisfying the conditions of Definition 3.1.1 in the part related to /{:,(Ll). For
such measures, one has, cf. (2.12),

b, () = [ [ (). (47)
Then by (3.3) it follows that
7, (F?) = exp ( /X p(A)e(ge)dge). (4.8)

Note that each p € P(f) can have a correlation function understood as a distribu-
tion. To see this, let us first define

) , P& = Te), i | =€l =
5(&;7) = {()Z €, H]_l (@5 — o)) 7l =[]

otherwise.

In the first line, & = {Z1,...,2.}, 7={01,---,0n}, 2, is the symmetric group,
and 6(Z — 9) is the usual Dirac —function on R? x R, . The correlation function ks
of the d—measure d5; € P(I') is then

k(€)= ) a(&:). (4.9)
nCp(€)
By (4.9) we then have
Mm:£m©ﬂmwmzﬂuwm»
0 icé e

By means of k5 one can define the correlation function for any ;o by the formula

m@zfm@mm. (4.10)

r
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4.1.2 Convolution of measures

For iy, po € P(f), their convolution is defined as

(2 % ) (F) = / / F(An U Ao () (o). (4.11)

As mentioned above, the class F?, see (3.2), we § € © is separating hence measure-
defining. Thus, it is enough to define p; * iy for such F?. By (3.2) it readily follows
that

(% 12) (F®) = pa (F) o (F?). (4.12)
Then for uq, p2 € Py, one readily gets that

) (F) = [ 3 bl O @) TT0@M @), (413)
Lo £Cp(h TEN
Proposition 4.1.3. It follows that py * o € Py, whenever iy, pig € Pi.

Proof. We begin by slightly formalizing Definition 3.1.1. According to its item (iv),
it follows that each

%&”)(xl,...,xn) = / ki”)((xl,al),...,(xn,an))dal---dan, neN,
(Ry)™

is essentially bounded. Let %ﬂ ) be this bound. Then item (v) of Definition 3.1.1 is
equivalent to the following

%EL") < nle ™, n € N,

holding for some € > 0. At the same time, by (4.13) it follows that

MI*N2 Z kul 77\5 ,u2( )

£Cp(n

which then yields

(n) - n (m) _n—m E —-n
Hprpy = . (m>%“1 7, S (n+1)le™ <n! < n!<2) ’

where ¢ = min{e,, ;e,,}. This yields the validity of item (v) of the mentioned
definition. ]

4.2 The result

In this section, we formulate and prove a statement describing the evolution of our
model introduced in (4.1), (4.2). It is determined by the model parameters m and b
which are supposed nonnegative, measurable and bounded. Additionally, we assume
that the map R, 3 a+— m(z, «) is continuous for each fixed z.
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4.2.1 The statement

Along with the class of functions © introduced in Definition 3.1.2, we will use the
following class.

Definition 4.2.1. By © we mean the collection of all 0 : X — R that have the

following form
0(x, ) = ﬁ(x)e—wuw(a) 4 eTTv@ole) 1 (4.14)

where ¥ : X — (—1,0] is a continuous functions with compact support, 1 is as in
(4.3), >0 and ¢p(a) = =

14+a”

Then we define F = {F?: § € ©} with F having the form

FO(3) = exp (D log(1+ 0(x)) = 7> wl)p(a)).

Tey zey

Our aim is to solve the corresponding Fokker-Planck equation (2.3) for F? with
6 € ©. Note that 0 < FY(4) < 1 for each 4 € ', and u(F?) < 1forall ueP,. Itis
possible to show, cf. [12], Theorem 18, that each F? is v,-continuous (see (4.4)). The
pointwise product of F¥ and F? is %" with " corresponding to ¢ (x) = ¥(x)*¥'(x)
defined in (5.23) below and 77 = 74 7/. Assume that 4, # 42, both are in I',. Then
one finds £ which belongs to exactly one of these configurations, say 4;. If there
is no § € 4 with p(g) = p(z), one takes 7 = 0 and ¢ such that J(p(z)) # 0 and
Y(p(y)) = 0 for all § € A,. Otherwise, one takes 7 > 0 and ¥(p(z)) = d(p(g)) # 0
and ¥(p(2)) = 0 for all 2 € 41 U 45 such that ¥(p(2)) # ¥(p(2)). In both cases, the
corresponding FY separates 41 and 4, see property (c) of Proposition 2.1.3. Clearly,
F? =1 for 7 = 0 and ¥ = 0. Then by Proposition 2.1.3 F = {F? : § € O} is
separating.
Let us prove now that LF? is u—integrable for each u € P,. By (4.1) we have

(LF*)(3) = Z(%wm—m(x,a>9<x,a>)F9m@ (4.15)

+ F@) /X ()0, 0 = Hy(3) + Ha(3).

Since b is bounded, Hj is also bounded. Since ¢ is continuous and compactly sup-
ported, it is ¢-bounded. Hence, by (4.14) one concludes that, for all £ € X, the
following holds

. a ., .
0@)] < dov(@), | 5-0()| < T0(@), (4.16)
where dy depends only on the choice of ¥ and 7. By (4.16) we then have

[H(%)] < Dp¥(H), (4.17)
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holding with an appropriate Dy. By (4.5) this yields the property in question. Now
for 6 € © and m as in (4.1), we set

a+t

0,(x,a) = 0(z,a+t)exp ( _ /

[0}

m(z, a)da), t>0, (4.18)

and then define a map P, 2 u — p* € P,,t > 0 by the following relation
p(F%) = pu(F%),  6co. (4.19)

Since the family {F? : § € ©} is separating, each u' is uniquely determined by
(4.18), (4.19). Note that the correlation function of u' can be expressed through
that of p as follows

ke (1) = Te(0)kuae) exp Z/ m(x, a) da (4.20)

where 7' = {(z,a —t) : x € p(n},

\715(5) = H Jt<x>a)> Jt(xﬁa) =1- 1[0,15)(@)7

By Definition 3.1.1, the map p — pu' preserves P, and is a combination of a thinning
and an age shift. Now we are at a position to formulate our result.

Theorem 4.2.2. For each py € P., the Fokker-Planck equation (2.3) has a solution
of the following form

e = b * Ty, (4.21)

where pf is obtained from pg according to (4.19) and 7,, is the Poisson measure,
see (4.6), (4.7) and (4.8), with the intensity measure

oi(dz, da) = bz, @)1y (a)drda == b(x) exp ( - / m(z, g)dg) 14 (a)dxda,
0

(4.22)
where 1oy () is defined in (2.1). If m(Z) > m. for some m, > 0, the evolution
giwen in (4.21) has a stationary state 7, with o(dz, da) = b(z, a)dzda, see (4.22).

4.2.2 Comments

Let us make some comments to this statement. According to (4.12), (4.8) and (4.21)
it follows that

e (F?) = exp (/X /[Ot) b(z, )0(x, oz)da:da)uo(Fet). (4.23)
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Hence, the solution satisfies the initial condition pu|i—o = o, see (4.18). If (@) = 1,
i.e., the initial state is an empty habitat, by (4.23) it follows that u; = m,, with g
given in (4.22). Let us show that this i, satisfies (2.3). For 7, by the following easy
to prove formula, cf. (3.4),

/F(];Cv‘in\ﬁ (d€) = // (& MAEN ().

we have that

m,(Hy) = /ﬁ)(H@(ﬁ:))Z[a%—ma:a} ) T 0@Mdn)  (4.24)

TEN TEN yen\z
zéo(gp<f>)/p<A>[a%—mxa} @ IToonan

o /X p(x,0)0(z,0)dx ), (F)

- (/ 0(2) [%+m($ a)}p(f)d@%(F@)-

And also
woli) = ( / b(a)0(ar 0)de ), (). (4.25)
X
In the sense of distributions, we have that
0 0
gl[o,t)(@) = —alot ().

Then for p,(z, a) = b(z, a)lp(a), see (4.22), one obtains

0 0
[8_04 + m(z, a)}pt(x, a) = —apt(m, Q). (4.26)
By (4.24), (4.25) and the latter equality it follows that

ma(LF’) = e ( [ p@p@) g [ p@owas @

= Do | ),

by which one readily concludes that u; = m,, satisfies (2.3).
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4.2.3 The proof
The proof of Theorem 4.2.2 is divided into the following steps

(i) proving that for each § € ©, the map ¢ — u;(F?) has a continuous derivative
at each t > 0 (by Lebesgue’s dominated convergence theorem);

(ii) proving that this derivative satisfies (4.28), see below;
iii) showing that 7, is a stationary state;
0
iv) proving the weak convergence of probability measures on f‘*
p g g p Yy
)

(v

The proof of the first part will be done by showing that:

showing that the family (4):>0 is tight (by Prohorov’s theorem).

(a) for each § € ©, the map t — 1, (F?) has a continuous derivative at each ¢ > 0;

(b) this derivative satisfies, cf. (4.27),

Cm(F?) = m(LF) (428)

By (4.11), (4.12), (4.21), (4.22) and (4.23) we have

pa(F) = po(F*)mg, (F7) = o (F") Qo (t)- (4.29)

In view of (4.27), the continuous differentiability in question will thus follow by the
same property of ¢ — o(F%). By (4.18) we have

TR = Y (@) PG — 3 mla)() (3 2)
z€p(¥) z€p()
= Y a(@)F*(y &) = Si(9). (4.30)
z€pP(Y)

Similarly as in (4.17) we then conclude that ’%F %(4)| < D (¥), with a certain

Dj > 0. By Lebesgue’s dominated convergence theorem this yields

D) = oS F) = o(S) (4.31)

dt
_ / ko) 3 (o) T 6:0) A,

zep(n) yEp(A\2)



37

as well as the continuity of the map t — po(2F%). Here k,, is the correlation
function of o understood in the sense of (4.10). Now let us turn to proving (4.28).
By (4.29) and (4.31) we have

LHS(4.28) = po(S;)Qe(t) + M(F(’)/ b(x)0(x,t) exp ( - /Otm(x,g)dg) dr. (4.32)

X

At the same time, by (4.15) it follows that
Hy (51 UAe) = Hi(51)F°(32) + Hi(32) F* (),

which by (4.11) and (4.21) yields

RHS(3.17) = b (Hy) 7, (F”) + pb(F'),, (L) + o (F) / b(a)d(x)dr,  (4.33)

Note that

ra(F7) = exp ( /X p(@)0(@)d) = Qo). (4.34)

see (4.8), (4.22) and (4.29). By (4.15) we have that

Hy(7) =Y ho(&)FO(4\ £),

ey

he(z, o) 1= 8—a9(x,oz) —m(z,a)f(x, ).

By (4.20) one then gets

it = [ @) (X hata) TT @) Ala) (4.35)

Qy

X

m(y, g)dg) ho(y, a)dxda)

70) [ 60wy exo (- [

yEN ay—t

= | K@) [ [%:@An).

yen
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Here 7' and J; are as in (4.20) and 6, is defined in (4.18), whereas

Ki() = /X/:ookﬂo(ﬁtu(x,oz—t))hg(x,oz)exp(—/a:m(x,g)dg)dxda

[0}

o+t

m(z, g)dg) dxdo

By (4.18) and (4.30) we have

- m(z, g)dg) = oz, a).

hg(ac,a—i—t)exp(—/

a

We use this in the latter expression and then in (4.35); thus, we arrive at the
following

et = [ i) ([Tou@) T 60N =S, (430
see (4.31). Now similarly as in (4.24) we obtain

X

= (/X/Otb(m)exp<—/oam(x,§)d§>
0

X [8_a —m(z, a)] 0(z, a)dxda) 7o, (F?)

ma(l) = / ho(#)er(di) ), (F°) (4.37)

= ([ s e (= [ mie.ae)ota.0) o6z, 0)] ) (),

Finally, we use (4.36) and (4.37) in (4.33), take into account (4.34) and (4.32), and
conclude that (4.28) holds true.

To prove that 7, is a stationary solution of (2.3) we again use (4.15) and (4.24).
For

b(z, @) = b(z) exp ( — /Oa m(z, 19)d19>,
we have, cf. (4.26),

[% + m(z, a)] b(z,a) =0,

which by (4.24) yields m,(LEF?) = 0, and hence the property in question.
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Chapter 5

The independent appearance
model: a Markov process

In this chapter we study the model defined in (4.1) with X being just a locally
compact Polish space. In this case, we do not have the property as in Proposition
2.2.2. That is why, we will deal with spaces of multiple configurations and then
understand the corresponding sums as in (2.8). Here we also will not use tempered
configurations and thus special classes of measures. The presentation of the material
is close to our paper [20] and the notations used here are mostly independent of the
previous part of the thesis.

Since the configurations here are multiple, we take this into account and instead
of (4.1) we write the following formula for the corresponding Kolmogorov operator

LRE = Y TPE+ Y ma) [P\ @a) - FG] (51)

(z,0)€5 (z,0)€¥
+ /X [F(3U (2,0)) — F(%)] x(da).

The model parameters are subject to the following assumptions:

(i) The departure rate X x Ry 3 (z,a) — m(x,a) € R, is continuous and
bounded, i.e., such that m(x,«) < m, for some m, > 0 and all (z,a). More-
over, there exits x : [0, 1] — R, such that x(e) — 0 as € — 0 and the following
holds

Veex|m(z,a) — m(x, )| < k(ja — '), la — o'l € (0,1). (5.2)

(ii) The arriving measure y is just a positive Radon measure.

The result of the present chapter can be outlined as follows. We introduce a Banach
space C of bounded continuous functions F' : I' — R, in which we define L as a
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closed and densely defined linear operator that satisfies the conditions of the Hille-
Yosida theorem, and hence is the generator of a Ch—semigroup {S(¢)}+>o. Then
the solution of (2.4) is obtained in the form F; = S(t)Fy. For a class of functions
Fo, F; corresponding to Fy € Fg is obtained in an explicit way. This allows us
to explicitly construct the corresponding Markov transition function pj and obtain
finite-dimensional laws of a Markov process X with values in f‘, which describes
the stochastic evolution of our model. Possible objects of this kind are specified as
stochastic processes that solve the martingale problem for L. Then we show that this
problem is well-posed, i.e., uniqueness holds. The main ingredient of the proof here is
showing that the corresponding Fokker-Planck equation for L. has a unique solution,
which we do by employing the resolvent of L. Assuming that m(z,a) > mgy > 0, we
also show that the process X has a unique stationary state, explicitly constructed
in the paper, such that the laws of X'(t) weakly converge to this state as t — +o0.

5.1 The space of marks and the metric

The space X is equipped with the product topology assuming that the topology of
R, be defined by the metric which we introduce now.

For a > 0, we set
(@) { 1}
w(@) = min § a; —
’O{’

and then
r(a,0) = w(a), (5.3)
r(a,ag) = min {la — aol;w(e@) +wla)l},
where |3] is the usual absolute value of g € R.

Proposition 5.1.1. The above introduced r is a metric such that (Ry,r) be a com-
pact metric space.

Proof. To prove the first part we just have to check the validity of the triangle
inequality
r(ar, as) < r(ag, as) + r(ag, as). (5.4)

This technical exercise is made in Appendix. To prove the compactness, we have to
show that:

(a) ris complete;
(b) the space (R4, ) is totally bounded.

Let {ayn }nen C Ry be an r-Cauchy sequence.
Here one may have the following possibilities:

(i) there exists a < oo such that a,, < @, such that n € N;
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(ii) the considered sequence contains a subsequence that diverges in the usual
sense.

In case (i), {@y, }nen contains a subsequence, say {a, }nen, such that |a,, —ax| — 0
as k — 4oo for some o, < @. At the same time, for ¢ < %, r(a, @) < € implies
|, — o | < €, see (5.3), which means that r(a,, a.) — 0 as n — +o0.

In case (ii), the divergent subsequence converges in 7 to zero, which implies that
the whole sequence converges to zero in r. Hence, the latter metric is complete. To
prove (b), we set B.(a) = {o/ € R+ : 7(a, ) < €}. Fix e € (0,1) and take the least
k € N such that k + 1 > %. Then R, = (J{_, B.(je), which yields the property in
question. ]

Let us now compare r with the absolute-value metrics of R,. By C(R,7;) we
will mean the set of all bounded 7-continuous functions, whereas Cy,(R, 7} is going
to stand for the set of all bounded | - |-continuous functions.

Proposition 5.1.2. 7, is coarser than 7T, and hence the embedding (R, T) —
(Ry,7,) is continuous, whereas both latter topological spaces are Borel isomorphic.
Moreover,

CR4, Tr) ={u € C(Ry, Tpy) - Oél_i)r}rqoou(oz) = u(0)}. (5.5)
Proof. The validity of the first statement and (5.5) readily follows by the fact that
each | - |-convergent sequence is also r-convergent, and each r-convergent sequence
either converges in | - | to the same limit a # 0, or has two | - |-accumulation points:
0 and oco. Since the mentioned embedding is continuous and injective, it is also
Borel-measurable. By Kuratowski’s theorem, see Parthasarathy (1967), page 21,
[31], its inverse is also measurable and thus is the isomorphism in question. This,
in particular, means that the corresponding Borel o-fields coincide. O

Definition 5.1.3. For a suitable v € C(R,,7T,), we introduce the map o — u'(«),
meaning the usual derivative for a > 0 and the right-hand side one if o = 0.
A given u is said to be continuously differentiable on Ry if ' € C(Ry,T,).

Let us consider the following functions

2

aeR,, neN. (5.6)

4nl®) = Tna®

It is clear that:

(a) each u, is continuously differentiable, see Definition 5.1.3;
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2 /4
(b) w, is decreasing for o > {/ —. Moreover, u,(a) < \/_ and
n 3/ n2
200 — 4
(o) = e (el < 5 (57)

(14 na3)?’ In
the latter holding for some ¢ > 0 and all o > 0.
Now let {0} ey =: £ C [0, +00) be countable and such that:
(i) o1 =0;
(i) Veen Ok < Opt1; Op — 0 < 00 as N — +00.
Next, for k,n € N, we set
Wy, (@) = e~orunl@), (5.8)

Then wy,, is continuously differentiable and the following holds
ac

W), (@) = %wn,k(a)v (5.9)

where C is the same as in (5.7).

Next, let a be a finite collection of points a; € R. That is, a = {ay }1<i<m, v < auypq
for all . For a € a, by n,(a) € N we will denote the multiplicity of « in a, i.e., the
number of elements of a coinciding with this a. We extend it to all & > 0 by setting
nqe(a) = 0 whenever « is not in a. Two such a and o’ are equal if they consist of
exactly the same elements, with the same multiplicities.

Proposition 5.1.4. Let a and o’ be as just described. Then they are equal if

> wenla) = was(a), (5.10)

aca a€a’

holding for all k,n € N.

Proof. For a as above and ¢ € C, consider
fra(C) = Ze—Cun(a)7n e N.
aca

Each such f is an exponential type entire function. By (5.8) and (5.10) we have

that (fna — foe)|s = 0, holding for all n € N. Since ¥ has a limiting point, this

implies f,, 4(¢) = fn«(¢) for all ¢ € R and n € N. Obviously, Clil}rl fra(Q) = ny(0),
—400

where n,(0) > 0 is the multiplicity of & = 0 in a. Then the just mentioned equality
yields 1,(0) = ny(0) and also

d et = Y e, (5.11)

aca\{0} aca’\{0}
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Let a, and o, be the least positive elements of a and a’, respectively. Take n > %,
a_ := min{a,;a.}. Then, for such n and all @ > a_, one has u,(a_) > u,(a). Now
we multiply both sides of (5.11) by e¢*“»(®-) and pass to the limit ¢ — —oo. This yields
that o, = o and ng(a.) = ne(al). Thereafter, we subtract the coinciding terms
from both sides of (5.11) and proceed to comparing the remaining least elements of

a and a'. This eventually yields the equality to be proved. O]
Let A be the set of all @ = {a;}1<i<m, m € Ng, 0 < oy < g < .oy
Define i (0.
2” _npkn a, a
pla,a’) = Z ’ : (5.12)
k,neN 1+ prnla, d)
prn(a,a’) = ) Zw’“"(a) - Z wk,n(a)‘~
aca aca’

By Proposition 5.1.4 it follows that p is a metric on A. Each a € A can be
considered as a finite counting measure defined on the compact space (R, r), for
which a(A) = > ., 1a(a) = |a U Al, holding for all Borel subsets A. The weak
topology of A is defined as the coarsest topology that makes continuous all the maps
a— Y peow(a),w € C(Ry, 7). In the weak topology, A is a closed subset of the
space of all finite positive measures on C'(R4, 7).

Proposition 5.1.5. (A, p) is a complete metric space. The corresponding metric
topology coincides with the weak topology that turns A into a locally compact Polish
space.

Proof. As each wy,, is in C(R4, 7;), the weak convergence of a sequence {a, }men C
A to a certain a € A yields p(a, a,,) — 0,m — +o0. Assume now that {a,, }men is
a p-Cauchy sequence. By taking o = 0 we then get from the latter that, for some
m, € N, the cardinalities of all a,,, m > m,, coincide. By Prohorov’s theorem this
yields that {a,, }men contains a subsequence that weakly converges to some a. Hence,
the whole sequence converges in p to this a. Then the metric is complete and the
corresponding metric topology is exactly the weak topology of A. The separability
and local compactness follow by the fact that C'(R,,7,) is compact. n

Let T" be the set of all locally finite simple configurations on X. That is, each
v € I' is a subset of X such that each compact A C X contains a finite number of
the elements of v. Let now % be the pair (y,n),y € I" and n : v — N. The value
of n at a given € v can be considered as the multiplicity of x € 5. That is, ¥
is a configuration with multiple locations, for which ~ is the ground configuration.
Sometimes, we will write ny(x) to explicitly indicate that we mean the multiplicity
of x in the mentioned . By ' we denote the set of all such multiple configurations.
For ¥ = (v,n), we write v = p(¥). The weak-hash, vague, topology of [ is defined
as the coarsest topology that makes continuous all the maps

5o Y n@)gla), g€ CulX).

zep(y)



44

It is well-known, see [34], Lemma 1.2, that with this topology [ is a Polish space,
whereas T is a Gy subset of T, by which it is also Polish. Following Lenard [27] we
will also consider 7 as configurations of point particles, in which distinct particles
may have the same location. Such particles can be enumerated, which allows one to

write
> n(z)g(z) => gl), (5.13)
z€p(¥) T€Y

where in the second sum we mean a certain enumeration of this sort. In the same
sense, we will write

ZZ Z g(x1, ..., x), meN,

€Y zeY\11 zeY\{z1,22,.. ;. Zm—1}

where in expressions like 7 \ = we treat x the singleton {z}, whereas ¥ \ x is the
measure such that ns,(z) = ny(z) — 1 and ns\,(y) = ny(y) for y # .

It is known, see, e.g., Zessin (1983), page 397, that there exists a collection
{vs}seny =1 V CC CL(X) of suitable functions such that the metric

IR S v OIS D O BEXC NCATS

beN zey zey

is complete and consistent with the weak-hash topology of . In the sequel, we will
always mean this topology of I'. Obviously, we can and will assume that V contains
also the following functions.

Let 4 be a complete metric of X and X’ a countable dense subset of X. Each
x’ € X' has a countable base of compact neighborhoods, which we denote by D(z').
Each A € D(2') contains balls

B,(2")={z € X : i(x,2") < ¢}

with compact closures, where q is a rational number satisfying ¢ < ¢ for a d-specific
¢ €Q.Forax' € X',0e D(),q<q and s € (0,1)NQ, let v € CL(X) be such
that:

(a) v(z) =< for z € By(2');

(b) v(z) =0 for x € X \ A.
The countable set of all such functions is supposed to be a part of V, and hence
they are taken into account in (5.14). Since each vs has compact support, for each
compact A C X and any two configurations, ds(y N A,%5 N A) > 0 only for finitely

many s. Here ¥ N A := (p(§) N A, n).
For v € T, let a : v — A be a map, for which we denote

la(z)| = Z Na(z) (V). (5.15)

aca(x)
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Then the pair 4 = (v, a) is a marked configuration whose ground configuration is
~ and the mark map is a. By writing & = (z,a) € 4 we will mean that x € v and
a € a(x). The configuration of marks a(x) = {0, ... @)} vields the ages of the
particles located at « € «, whereas |a(x)| is the total number of such particles. In
some cases, we write as to indicate that a is defined on a given 4. Let ' denote
the set of all marked configurations 4. Let also 5 : I’ — I’ be the map such that
p(v,a) = (7, |al), where |a|(x) = |a(z)| see (5.15). Then p o p maps ¥ = (7, a) into
its ground configuration . For brevity, by writing p(¥) we will mean (pop)(¥). Our
alm now is to equip [ with a complete metric. Define

27(s+k+n) (,3/ ,3/ )
w(1,9) = eyt (5.16)
,;LGN 1+f~€skn(v )
Rs kn ’S/ ﬁ/ = ‘ Z Z wk,n(a) - Us(x) Z wk,n(a)"
( O‘Ga‘y(x) xE ( ) acas 5/ (x)
Note that the latter can also be written as, cf. (5.13),
H,s,k,n(:}/y ’A}//) fry ‘ ngkn ngk’n (517)

TEY zey’

gs,k,n(xa a) = US(I)wk,n(a)’

For a compact A C X, we write YN A = (p(¥) N A, a), where a is the restriction
of a from p(¥) to p(¥) NA.

Proposition 5.1.6. For each € > 0, one may find a compact A, C X such that, for
any two configurations, the following holds

(5, 4) — k(AN AL A N A < e (5.18)

Proof. Fix € > 0 and then pick s, € N such that 2% > % Now let A, be covered by
the supports of vy with s < s,. For such s and all k,n € N, we have ks, ,(7,7) =
Ksgem(Y N A, ¥ MAL), see (5.16). This clearly yields (5.18). O

Since 0 = 0 is in X, by (5.8) and (5.14) we have that

d(p(9), (7)) < £(%,7) (5.19)
Proposition 5.1.7. The metric space (f, K) is complete.
Proof. We begin by pointing out the following evident fact

9—(s+k+n) . (,3/ ,3//)
7e(3,) = bl DL < k(3,4 5.20
ROY)i= DL T sy <R, 20




46

holding for all s € N and 4,4". Let now {4m = (Yim, @m) }men C I’ be a x-Cauchy
sequence. By (5.19) the sequence {#(m)}men C I' converges to some 5. Take now
z € p(7) and then pick a compact A C X such that AN p(§) = {x}. For this A,
we then set

N () = Z nsna(Y), m € N.

yEP(Ym)NA

From the convergence of {p(%)}men to ¥, it follows that n,,(z) — n(z); hence,
there exists m, € N such that n,,(x) = n(x) for all m > m.. Now we pick 2/ € X’
and g € @ such that z € Bs(2') and the closure of By(z') lies in A. Let now v; € V/
be such that vs(y) = ¢ € (O 1)NQ, y € Ba(z'), and vs(y) = 0 for y € X \ By(a').
For these m, and s, {Jm }m>m.+1 is also a Rg-Cauchy sequence, see (5.20), for which
we have

fotnCimdms) =s| >0 Y waal@) = 3N waala),

YEP(Ym)NA a€as,, () YEP(m+1)NA a€as, ()

holding for all k,n € N, m > m, and [ € N.

Let us enumerate £ = (z,a) € 4, N A in such a way that a, ., < a,i1,, for all
p. This yields 4, N A = {(Z1m:01m)s - - -5 (Tms @nm) } With n = np,(2) = n(z).
Similarly, we have

:)/erl NA= {(xl,m+lv al,m+l)7 ceey (xn,erl; an,erl)}

with the same n. Then {1 m,...Qnm} = am € A, and also {ay mii, - Qnmir} =:
amy; € A, and the latter equality can be rewritten as follows

n n
'%S7k7nﬁ/m7 Amt1) = g‘ Z wakm(ap,m) - Z wak,n(ap,m-i-l) = gpk,n(amv A1)
p=1 p=1

see (5.12). By (5.20) and (5.12) we then get

9s
p(am, (lm_H) < ?HS (f)/ma ’Ym—i-l)

By Proposition 5.1.5 this yields the convergence of {a,,}msm, to some a(x) € A,
which holds for each x € . This defines the map a : p(y) — A, and hence
the configuration 4 = (p(¥),a). Our aim now is to prove that x(9,,7) — 0 as
m — +00.

Fix ¢ > 0 and then pick a compact A. C X such that (5.18) holds with £ in
the right-hand side. Let A? be its interior. Then pick compact mutually disjoint
A, C AN,z ep(y)NA° such that p(7) N A, = {x}. As A. is compact, p(¥) N A° is
finite. Let {xj }j<s be an enumeration of it. For brevity, we will write A; in place
of Ay, j = ,J. Similarly as above, by the convergence of {ﬁ(&m)}meN to ¥,
one finds M such that p(y) NA; is a singleton and |p(¥m,) NA;| =: ny(z;) = n(z;),
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holding for all m > m, and 7 < J. Now we repeat the construction just made in
each of A;. That is, we enumerate

’S/m N Aj = {(x]l,rm Oéim), SRR (le(xj),ma ail(xj)7m)}v

and then set o/ = {a{’m, . >O‘i(:cj),m}' Then we set Yum = (Yim, Gsm), Where
Yen = P(F) NA2 = {z1,...,2,} and a.,,(x;) = a,. In other words, the ground
configuration of 4, ,, is the part of the limiting configurations p(%) contained in A?,
whereas the marks are taken from the corresponding part of 4,,. By the triangle
inequality we then have

o s . o . o ~ €
(Y, Am) < KA NVAL Aam) + 2¢(Fm VAL, Aam) + 3 (5.21)

By (5.16), for each s, k,n € N, we have

J

K g (Y NVAZ Am) = ‘sz x; [ Z W n(@) — Z wak,n(a)”

J=1 acal, aca(z;)

< .
Jmax prn(al,, a(z;)).

Likewise,
J n(z;)
R0 AL Aem) = [0 (X @) D won(e)

j=1 p=1 acal,
J

— sz ;) Z Wey n( ’
J=1 acal,

< d(Fm NAZ, YN A2).

Both latter estimates yield

k(Y N AL Awm) < JmaXp( ya(w;))

E(m NAZ, Fim) < d(Fm, 7)-

By the aforementioned convergence %, — ¥ and a/, — a(z;), one can find m. > m.
such that the first two commands in (5.21) are smaller than ¢ for m > m., which

completes the proof.
O
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5.2 Measures and functions on configuration spaces
For v, and wy, as in (5.16) we set
Os,kn (2, @) = exp(—vs(z)wpn(@)) — 1 = exp(—gspn(z, @) — 1,

see (5.17). Then 0, (2, ) € CCS(X) and 0y 5, (x, o) € (—1,0]. Let © be the subset
of Cs(X) consisting of

() = e 9@ — 1, Zv T) W, i, (@), (5.22)

where the latter sum runs over a finite subset of N3. That is, each such g is a finite
sum of g, defined in (5.17). Note that © is countable and closed under the map
(0,0") — (0% 0"), where

(0«0 (2)=0(2)+ 60 (2)+0(2)0"(z) = =1+ (1 4+ 60(x))(1 + 6'(x)). (5.23)
Moreover, by (5.6), (5.8) and (5.22) it follows that
g(z, ) < g(,0), (5.24)

holding for all @« > 0 and x € X. Now for § € O, we set

F'(3) = +6@) =exp ( ) 4el (5.25)

TEY TEY

Then F?(3) € (0,1] for all 4 € T, and hence F? € Cy(I'). The set of all such
functions will be denoted by F’. For u € P(I'), we then have

u(F) = [ Pt <1

The Poisson measure m, with intensity measure p satisfies

o F%) = exp p0) = e [

i 9(@)/)(@)). (5.26)

For ju1, jis € P(T) , their convolution is defined by the expression
(iw)(F) = [ PGy U A @0n(dia) (5.27)
P

that ought to hold for all ' € By(I'). For F? as in (5.25), it takes the form

(1% 1) (F) = pua (F)pa(F°). (5.28)
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Recall that a set F C Cy(I) is called convergence determining if 11, (F) — u(F),
n — 400, implies 1, = p, holding for each {, bnen € P(I). Tt is known, see Ethier
and Kurtz (1986), [13], Theorem 4.5, page 113, that such F' enjoys this property
if it is closed under pointwise multiplication and is strongly separating. The latter
means that, for each 4 € T' and € > 0, there exists a finite family {F;} C F such
that

inf max|F(3) — Fy(3)| >0, C.i= D\ B(3). (5.20)

yeC. I
Here
B(y) =¥ 6(3:4) < e},
see (5.16). Note that taking ¢ > 1 does not make sense as x(%,9") < 1 for all
configurations.

Proposition 5.2.1. The set F is strongly separating and thus convergence deter-
mining.

Proof. By the very definition of ©, cf. (5.23), Y is closed under pointwise multipli-
cation. To prove (5.29), we note that, see (5.25) and (5.17),

[Pt (3) = P ()] 2 min (P (3); P4 () ka5 7) (530

holding for all 4,4’ € I. Now we fix 4 and € € (0,1) and then take m such that
27™ < 5. For this m and any 4 € C¢, by (5.16) we readily conclude that

Y
max K.k >0
(s,k,n):s+k+n<m S ('Y; " ) ’

which by (5.30) yields the proof. O

The important properties of the family F? are summarized in the following state-
ment.

Proposition 5.2.2. The following is true:

(i) B(I) = o{F’};

(ii) By(T) is the bp-closure of the linear span of F?;
(iii) F° is separating;

(iv) F? is convergence determining.

The proof of (i) and (ii) is standard, see Dawson (1993), Lemma 3.2.5 and
Theorem 3.2.6, page 43, [11]. The proof of (iv) was done above, whereas (iii) is a
direct consequence of (iv), cf. Ethier and Kurtz (1986), [13].

Proposition 5.2.3. The Kolmogorov operator introduced in (5.1) has the property
L:F?— CyI).
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Proof. We consider each of the summands in (5.1) — denoted by L;,i = 1,2, 3 sepa-
rately. Thus,

(LaF)(3) = F(3) [ 0. 0x(d) (531
X
i.e., it is just the multiplication operator by a #-dependent constant. Next,
(LaFO)(3) = =D m(2)0(2) F* (5 \ &) = F*(9)a(4), (5.32)
TEX
where )
Us(§) = D wha(d) = Y m(#)(e!™ —1). (5.33)
2es 2ei

Let us consider the following function
(&) = g(&) — Tm(&)(e"? —1),7 > 0.

Since each gskn(%) < 1, see (5.17), it follows that ¢g(2) < Jp where Jp is just the
number of summands in the sum in (5.22). At the same time, m(z) < m. < oo.
Taking this into account, we set

Ty = m*eJe (534)
Then X
7 (T) > zeX.
Now by the simple inequality Be~ ™ < 2 —, 7,8 >0, we have, see (5.32) and (5.33),
(LoF®)(5) < 7L exp ( 1Y 6,.(2) ) < mye’l, (5.35)
TEY

which yields the boundedness in question. The continuity of LQ}T" follows by the
continuity of Wy, which in turn follows by the fact that 1y € Ces(X). Finally,

which yields the continuity of ¥;. At the same time, by (5.9) we have

Q? o | < ZUS ’wk M )| S 5'09(],‘, Oé)? (536)

which yields
|9/ (z, )| < aedy, (5.37)
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and also

(L)@ < 2
This completes the proof. n

We summarize the estimates obtained above in the following

Sup (LE)A)] < x(10C,0)]) +me”™ + %c (5.38)
.
Note that

(0.0l i= [ oG lx(da) = [ (=) < [ gl 0)x(da). (539
see (5.24).
5.3 The Kolmogorov equation
5.3.1 Notions and useful estimates
For f € ©, see (5.22), we set

0z, ) = B(z, @ + 1) exp (M@, Q) — M(z,a + zs)), (5.40)

M(z,a) = /Oam(x,ﬁ)dﬁ.

Let 2 € X , then & — 6,(Z) is continuous and compactly supported for all ¢ > 0.
Moreover, both maps t — 6,(2) and o« — 6,(x, ) are continuously differentiable and
the following holds

0 0
a@(w, a) = %Qt(z, a) —m(z,a)f(x, a) (5.41)
Note that
(01)s(2) = Op15(2). (5.42)

Next, we define, cf. (5.22),
9:(3) = —log (1 + 6,(2)). (5.43)
By (5.40) it follows that
0,(z,0)] < [0(z, a4+ 1)| =1 — e 9@t <1 _ g0,
where Jy is the same as in (5.34). By (5.43) this yields

g(2) < Jp, t>0, i€X. (5.44)
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By (5.40) we also have
0, (2, )| < 2my + 0" (z, 0 + t)| < 2my + Jp,
where m, is as in (5.34) and the estimate
16" (2, )| < [g'(x, )] < Jo

was used, see (5.22) and (5.37).
Now we define

F?(3) = exp [/Ot (/XQ(x,a)e_M(x’a)X(deda] Fo (4, (5.45)

with 6, as in (5.40). Clearly, F¥ € Cy(T) for all t > 0 and 6 € ©, and
0<F'(4)<1, 4el. (5.46)
Furthermore, for all ¢,s > 0, the following holds, see (5.42),

FY  =exp (/08 /X Ou(z, O)X(dx)du> FPs. (5.47)

Let us prove that £ € Cy(T") for all § € © and ¢t > 0. As in the proof of Proposition
5.2.3 we divide L into three parts. Similarly as in (5.31) we have

(LsF) (%) < x(10C. D)) < x(9(-,0)),
see (5.39) and (5.46). Since ¢;(%) satisfies (5.44) for all ¢ > 0, it follows that
(Lo F)) ()] < mee” 7,
holding for all ¢ > 0, see (5.35). The estimate of |(L; FY)(%)] is obtained as follows.

Denote ot
awa)=esp (= [ miz,5)a5).
Then by (5.40) we have )
d(gi(r, ) = qo(x,0)P(g(z,a + 1)), ®Ob):=1—e" b>0, (5.48)

by which we get that g;(z, @) < g(x,a +t). Let us prove that
gi(x, @)e @Y > gz, a)g(x, a + t)e I@H, (5.49)

By (5.48) this is equivalent to the fact that the function b — ﬁ is decreasing,
which is obviously the case. Now we take the a-derivative from both sides of (5.48)
and obtain

g(x,a) = qlz,a)d (z,a+1t)exp (gt(:v, a) — gz, o+ t))

+ m(z,a+t)(exp (g:(z, @) = 1) = m(z, @) (exp (g:(, @) = 1),
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that can be estimated as follows
gi(x,0)] = oea(, @)/ (v, a+ 1) exp (q(z,0) — gl a+1) (550

4+ 2m.(exp (g:(z, @) — 1) < gi(x, a)e” (Gc + 2m,),
where we used (5.36), (5.44) and (5.49). Now we proceed as in obtaining (5.38),
which eventually yields
(LF)(A)] < x(g(-,0)) + mue”™ + (G4 2m.)e” =: . (5.51)

The key property of the latter estimate is that it is uniform in t. However, it does
depend on 6. Along with the estimates derived above, we will use also the following.
For 0§ € O, the corresponding g has the form as in (5.22). By (5.7) and (5.8) we
have that

_ 3 4
exp (- "{)wk,nm) < Wi (@) < wyn(0),
which means that, cf. (5.24),
_ 3 4
cg(x,0) < g(z,a) < g(z,0), C:= exp < — U;/—>. (5.52)

For ® as in (5.48), we have
b2
bz@(b)>b—5 b>0,

which we use together with 5.52) to obtain the following

ald) > a0 > exp (mp( L) (5.53)

> exp (—myt)

) (i)

> exp (—mut)cag(z,0),

where, ¢y := and we have used the fact that g(z,0) < Jy, see (5.44).

2J’

5.3.2 The operator
We fix 4 € T" and calculate the ¢-derivative of (5.41). This yields

SwrE = [ e o) PG

= /etxo (dz) F9 +Z—F9

TEeY

+ Y m(@) [F/(G\ @) - F/(3)] = (LF))(3).

xey

\ Z) (5.54)
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This means that we have found a solution of the Kolmogorov equation for (5.1) in
the following sense. It is amap t — F}; € Cb(f‘) , which is pointwise in 4 continuously
t-differentiable and such that the equality in (2.4) holds. Our aim now is to solve
(2.4) in a suitable Banach space. Recall that the paths t — 6, have the flow property
(5.42), see also (5.47). Below, by saying of a property of 5, s > 0, holding for all 6,
we attribute this property to all 65 given in (5.40) with 6 taken from ©.

Proposition 5.3.1; For each 0 € © and s > 0, it follows that ths — F% ast —0
in the norm of Cy(T).

Proof. For each 4,s > 0 and 6 € O, by (5.54) it follows that

Fra) = 6) = e (= [ [ o) [7L6) - FG) 6.55)

- exp(— /0 s /X Gu(a:,O)X(dx)du> + / " LE (),

which by (5.51) yields

sup [P (3) — F(3)| < thyexp (- / / 0,(e, 0)x(dr)du).  (5.56)
yel 0 Jx
This completes the proof. O

The next statement is a refinement of the one just proved.

Proposition 5.3.2. For each 0 € ©, s > 0 it follows that LFY — LF% ast — 0
in the norm of Cy(I').

Proof. First of all we note that the equality in the first line of (5.55) allows one to
obtain the property in question by showing that LFY  — LF? in the same sense.
As in the proof of Proposition 5.2.3, we split L into three parts and consider each
of them separately.

Fix 6 € © and then denote

i = [ ouontdn. a0 = [t (557
Then
(LoF8)(5) — (LFOG) < [t + s)en® — i(s)en®)
b (3) - FG)
= L(t) + (1),

see (5.46). Then I,(t) — 0 as t — 0 since 7(t)e”® is a continuous function of t. At
the same time, I5(t) can be estimated as in (5.56). This yields the proof for Ls.
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Now we proceed to Lo, for which it follows that

(LaFP) () — (LaF™)(3) = Ji(3) + Ki(4), (5.58)
13) = ¥ D ) - P )

e m()(0(3) — Ora(2)
K = F"0) 2 (5, ()T + 6,(0)

By (5.45) and (5.57) we have
FP@) = F*() = ("7 = )LL) (5.59)
+ F(§) = F(3) = Ta(t,9) + Talt,9).
By (5.39) and (5.40), (5.57) it follows that
M=) 1] < tx(g(-,0)),

which then yields

Ty(819) < g, 0)) exp (= 3 girs(8)) (5.60)

TEY
To estimate Yo we write
hi(2) = min {ge45(2); 9s(2) }-

Then by (5.50) and (5.53) we get

Tot. ) < exp (=D k@) 3 lgrssl@) - 9,(8) (5.61)

ded ded
< exp(Jg)((?c—l—Zm*)exp( ic Z/ du
TEeY TeY
< exp (Jp)(ac+ 2m.) exp ( — e e, Z g(x, O)) Z tg(z,0)

=) i€

—. tcaefée(t)‘l’o(’?)\yo(ﬁ/),



At the same time,

_ 0, (7
0< Z M < m,e’ ZQHS _. m*eJ‘g\Ifl(t,’y).

ped Lt Or1(2) peq

Thereafter, we have
B < tmee®x (gl 0) Wy (t,A)e 1D
+ tCymaLe” W (8, 4) Ty (7)e T
= IL(t,9) + ILa(,9),
where Cy, ¢9(t) and Wy are as in (5.61). Then
I, (t,4) < tm.e” x(g(-,0)) = 0, t — 400.

Let tp > 0 be the (unique) solution of

Mt

e Cp = 2%.

Then for ty, we have

a(t,7) < tComae”s [Wo(F)]2ee0®¥o()
< ViCym.e" 2 exp (= (@(t) — 2VD)Wo(4))
< VtCym,el 72,

which yields the convergence

sup |Ji(¥)| — 0, t — 0.
4el

Now we turn to K;(7). First, by (5.41) we have

104(2) — O,4(3 ‘ / La) — m<x,a)9u(x,a)>du).
Next, by (5.43) and (5.40) it follows that
— —gu(z,a)|
L puw0)] = eIy (a,0)
< e’ (Gc+2m,)gu(r, a)

< ¢M(ae+ 2m.)g(x,0),

and also
Im(x, @), (z,a)| < meg,(z,a) < meg(z,0).

26

(5.62)

(5.63)
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The latter two estimates yield

LHR(5.63) < e’ (¢ + 3m,)g(x,0).

By (5.52) this yields

Ki(5) < tm.(d + 3m,)e>ewy(7)e 0@

3Jg—1
— 0, = +o00.

< tm, (0 + 3m,)

By (5.58) this completes the proof for Lo. Next, we write
(LiFP)(3) = (LaF™0:)(7) = Qu(H) + Re(9), (5.64)
= D0 (@) | (3 ) = P (3 2)].

Ri(3) = 3 (@) = 0,(0) | F(3\ &)
Then '
Q) = =D g | () - F*(3)]

TEY

b P Yt ]

TEY
= Qt ( )+Qt ( )-
By (5.50) and then by (5.59), (5.60), (5.61) we get
QA < e (oot 2m)(Ta(t,A) + Yat:4)) Y givs()

TEY

Ex(g(, 0)e™ (@ +2m.) (Y ges(@) exp (= D guss(@))

Tey ey

IN

+ tChe” (Ge + 2m,)e” DT [P, (4)]
= ZMF) +=PH).

Then
=V(3) < tx(g(0))e" (ae+2m.) =0,  t—0,

and also, cf. (5.62),
=P(3) < ViCye 2 (oe+ 2m.)exp (= (eo(t) — 200 0o(3))

< VtCym.e’ 2Gc + 2m.,),



o8

for t < tg. The latter two estimates yield

sup |QV(A) =0,  t—0. (5.65)

4el
Next, by (5.44), (5.50) and (5.52) we have

QP < " F"(30) D gt o (@)lgss(2) — g5(2))] (5.66)

TEY
t+s
< &% (ac+ 2m,)2F% (7)) Z Gers(T) / 9u(2)du
&eqy s
<ty (Ge + 2m.) 2o () exp (—eWo (7))

(Gc+ 2m.)?

— — 0, t— 0,
C

< tJpedle

which together with (5.65) yields
sup |Q:(¥)| — 0, t — 0. (5.67)

Fel

Now we turn to estimating R;. By (5.40) we have

1615 (z, ) = Oz, )| < |0'(2, 0+t + 5)l|gres (2, @) — gs(, @) (5.68)
+ 0 (z,a+t+s)—0(x,a+s)
+ |z, a+t+s) —m(z,a+s)| - [0s(, @)
+ |Im(z,a+s) —m(z,a)||bs(z, )]
=: 01(t, &) + 2(t, &) + 3(t, &) + da(t, T).
By (5.50) we have
0 (t,2) < e 9@t (g o 4t + 5)| /a+t+s m(z, B)dS (5.69)

< tm.e’(Gc+2m,)g(x,0).
To estimate dq, by (5.43) we first get

0'(2) = —g'(&)e ),
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by which we then obtain

S(t,2) < |g(z,a+t+s)— g (x,a+ s)|ed@attts)
+ | (z, o+ 5)|[e79@attts) _ pmg(zats))
< g (zr,a+t+s)—g(z,a+ s)|
+ g (z,a+ s)||g(z,a+t+s) — g(z,a+ s)|

= (52,1<t, i’) + 52,2(@ JAI)

Now we recall that g(z,a) is as in (5.22) with wy, defined in (5.8). Thus, we
can write

t+s
92.1(t,7) < E vsj(x)/ |w"k;,nj(a + u)|du. (5.70)
j s

For each k& and n, we have

4

win(@)] = | = oxu,(@)e @ + o, (o) Peomn )|
< Glu, (@) + |ou, (@) < C,

holding for some C' > 0 that is independent of k,n and a. The latter conclusion
follows by (5.9) and the fact that |u, ()| < 24(ne?) with

e

Then by (5.70) we get )

At the same time, by (5.36) and (5.37) it follows that

t+s
boalt.d) < lgw.a 9] [ 19w+ u)ldu < to0) g, 0),

which together with (5.3.2) yields
So(t, 2) < t[C + (5¢)*Js)g(x,0). (5.68)
Finally, (5.2) and (5.43), (3.13) we have
(1, 2) < (D)au(d) < (1)g(,0).

The same estimate holds true also for d4(¢, ). Then by (5.68) and (5.69), (5.3.2) we
have that

0, (2, ) — 0'(x,0)| <w(t)g(z,0), w(t)—0, t—0.
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holding for some continuous function w and all & € X. Now we use this in (5.64)
and obtain, cf.(5.66)

o t)ele
R3] < w(b)e F(3)B(3) < w(t)e wo()e o < L7 (5 65
¢
which together with (5.67) yields
sup |(L F)(3) — (L1 F?)(3)] — 0,t — 0.
4el
This completes the whole proof. O

5.3.3 The domain

We recall that © consists of the functions as in (5.22) and the countable collection
F? ¢ Cy(I) consists of the functions introduced in (5.25). It has a number of useful
properties established in Propositions 5.2.1 and 5.2.2. Let Cy be the linear span with
rational coefficients of the set F% : s € Q,,0 € ©, i.e., each F € C; is a finite linear
combination of F% with positive rational s and 6, given in (5.40) with all possible
choices of 6 € ©.

Remark 5.3.3. The set Cy is countable. It enjoys all the properties mentioned in
Proposition 5.2.2.

Now we set
C =y, (5.69)

i.e., C is the closure of Cy in the norm of Cy(T'), which we denote || - ||. With this
norm it is then a separable Banach space.
For A > 0 and 0 € © and s > 0, we define, cf. (5.45),

i) = [ MR (5.70)
0

_ /D " exp [—)\t+ /0 t( /X es(x,a)e—M<w>X(dx>)da]F%@)dt.

Since 0,(z, o) < 0 and F{* satisfies (5.46), the above integral converges for each 4.
By the dominated convergence theorem and the boundedness F?* (%) < 1 it follows
that Fyg, € Cy(I'). Moreover, it can also be understood as the Bochner integral
in the latter Banach space. Therefore, F)y can be approximated in || - || by the
Riemann integral sums centered at rational ¢, which means that

Frp, €C, forall s >0 and X\ > 0. (5.71)

At the same time, we also have

i
2>
m
=

0 < Fyg,(¥) < (5.72)
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Let a € (0, +00). The continuous differentiability of the map
a— Fp,(Y\2U(z,a)) €R
for each 4 and z € ¥ follows from the dominated convergence theorem.
Lemma 5.3.4. For each A > 0,s > 0 and 0 € O, the following holds
LFyg, = AFyg, — F* (5.73)
Proof. By (5.45) and (5.70) we have

+o0 +00
LFyo, = L / e MFfdt = / e MLEpdt (5.74)
0 0
+o00 o
= / e M Flsdt = —F% 4+ \Fyy,,
0 ot :

where we have taken into account the upper bound in (5.72). The commutation
L [ = [ L can be justified by means of the Lebesgue dominated convergence theo-
rem. 0

Lemma 5.3.5. For each § € © and s > 0, it follows that ||\Fyg, — F
INLEy g, — LF%| — 0 as A\ — +o0.

Proof. In view of (5.72), {\Fyg, : A > 0} is bounded. By (5.70) we have
—+o00 et
Ay, (F) = / exp ( —t+ / (/ Oots(, O)X(dx)>da) Fl=t+=(3)dt,
0 0 X

where € := A\ — 1.
Then by (5.56) it follows that

— 0 and

. . oo . . lo

AR (3) = 0 < [ R — P ()l < .
0

which yields that |[AFyg, — F%| — 0 as A — +o00. In the same way, by Proposition

5.3.2 we have, cf. (5.3.2), that

1
INLEy g, — LF*| < w<x> — 0, \ — +00,

holding for an appropriate continuous @ such that w(e) — 0 as ¢ — 0. O

Let Dy(L) denote the linear span of the set {Fyy, : A > 0,5 > 0,0 € O}.
By Lemma 5.3.5 and (5.69) it follows that

Co C Dy(L), (5.75)

i.e., Co is contained in the closure of Dy(L) in the norm of Cy(T).
Hence, Dy(L) is a dense subset of the Banach space C, see (5.69). Define

[ENe = 1FI[+[[LF],  F € Do(L), (5.76)

where as above || - || is the norm of Cy(I") .
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Definition 5.3.6. By the domain of the Kolmogorov operator L, denoted by D(L),
we mean the closure of Dy(L) in the graph-norm introduced in (5.76).

Lemma 5.3.7. The operator (L, D(L)) is closed and densely defined in C. Its re-
solvent set contains (0,400) and Cy C D(L).

Proof. In view of (5.71) and (5.75), the || - || —closure of D(L) is C. The closedness
of (L,D(L)) is immediate, and the inclusion Cy C D(L) follows by the second part

of Lemma 5.3.5. By (5.73) it follows that the resolvent of L, denoted Ry(L), has
the property
RA(L)F% = Frg,, A>0, s>0, 0¢€0,

by which and (5.72) we also have that the operator norm of Ry(L) satisfies

1
AT

as F% form a dense subset of C. This completes the whole proof. n

5.3.4 Solving the Kolmogorov equation.

The result obtained in Lemma 5.3.7 allows one to solve the Kolmogorov equation
(2.4) in the following sense.

Theorem 5.3.8. Let (L, D(L)) and C be as in Lemma 5.3.7. Then, for each F €
D(L), there exists a unique continuously differentiable map

[0,400) >t — F, € D(L) C C,

which solves (2.4) with Fy = F. In particular, for F' = F%, with F% as in (5.40),
s >0 and 0 € O, the solution has the following explicit form, cf. (5.45)

R = (| | [ i) o) £ ). (5.77)

Proof. By the celebrated Hille-Yosida theorem, see, e.g, Pazy (1983), page 8, [32],
(L,D(L)) is the generator of a Cy—semigroup of bounded linear operators S(t) : C —
C such that ||S(¢)|| = 1 and the solution in question is F; = S(¢)F, the uniqueness
of which is also a standard fact, see Pazy (1983), Theorem 1.3, page 102, [32]. The
validity of (5.77) follows by the calculations as in (5.54). O

5.4 The result

5.4.1 The martingale problem

We begin by recalling, see Proposition 5.2.2, that the class of functions Fg, see
(5.25), is separating, i.e., if py (F) = uo(F) for all F' € Fg, then uy = po, that holds
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for each pair ju, pp € P(['). Next, for t > 0,0 € P(I') and § € O, we determine
pt € P(I') like in definition 4.1.2 by the relation

pH(E?) = p(F™). (5.78)

Recall that, for a positive Radon measure o on X , the Poisson measure 7 with
intensity measure p is defined in (5.26). For ¢ > 0, we then introduce the Poisson
measure 7, = 7, by defining its intensity measure

o(di) = 1o, (@) exp (=M (2))x(dx)da, (5.79)

where y is the same as in (5.1), da is the Lebesgue measure on R, M is as in (5.40),
and 1j94(+) in (2.1). Note that mo({@}) = 1 since m(F?) = 1 for all §. Then we set,
see (5.27),

e = Ty % i, t > 0. (5.80)

Let 05 be the Dirac measure centered at a given ¥ € I'. Then

Pl = * 0% (5.81)
is a transition function, cf. Ethier and Kurtz (1986), page 156, [13]. Indeed, pj €
P(T), pi = 65 and the measurability of the map (t,5) — p; (B) € R, B e B(I'
, follows by the measurability of (t,4) — 05(B) € R and the continuity of ¢ —

m(B) € R. In view of the separating property of F? see Proposition 5.2.2, item
(iii), the flow property of {p; };>0 can be obtained by showing that

Pl (F%) = / p (FO5(d), ts>0, 0eo. (5.82)
T

By (5.27) we have

pl(F) = eXp(/X/OtQQ(x,O)dax(dx)>5§/,(F9)

= o ([ [ 0u(e0pdaxi@n) )

see also (5.78) and (5.40). By the latter formula and (5.79), (5.81) we then get
RHS(5.82) = exp / / (x,0)dax(dz) + / / O ra(z,0 dozx(dx))és (Fo)

= exp / / (x,0) dax(daz))FGt“(ﬁ) = LHS(5.82).
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As is known, cf. Ethier and Kurtz (1986), Theorem 1.2, page 157 [13], the tran-
sition function (5.81) determines a Markov process X with values in I, the finite-
dimensional distributions of which are given by the following formula

P(X(s1) € Br,.... X(s, // / P (B (dee)
Bi Bn_1

X P, (d2)pd (dAn) p(dA), (5.83)

holding for all n € N,0 < 51 < 55 < ... < s, and B; € B(I'). Here yu € P(I) is the
initial distribution of X. Our aim is to show that such a process is unique up to
modifications.

5.4.2 The statement

The process determined by (5.83) describes the stochastic evolution of the population
which we consider. To verify whether it is the only one, we have to specify which
processes of this kind can be associated to the model defined by the Kolmogorov
operator (5.1). As is standard, the corresponding specification is made by their
martingale property, see Ethier and Kurtz (1986), Chapt. 4, [13].

Definition 5.4.1. Let X' be a measurable process on some probability space (Q,5,P)
with values in T'. Let also {§:}i>0 be a filtration such that X (t) and

¢
/G(Xu du
0

are §;—measurable for all t and G € B(f) We say that X is a solution of the
martingale problem for (L, D(L)) if for each F € D(L),

Mty = F(x) - [ (LF) (X (w)du

is a §r—martingale. If there exists a solution of the martingale problem for (L, D(L))
and uniqueness holds, we say that the problem is well-posed. In the same way, we
define the martingale problem for (L, D(L), p) if the initial distribution p € P(L) is
specified.

The process related to the transition function (5.81) solves the martingale prob-
lem for (L, D(L)). Its uniqueness will be shown by proving that all other solutions
have the same finite-dimensional marginals, i.e., they coincide with those defined in
(5.83). We are going also to show that the solution is temporarily ergodic.

Definition 5.4.2. Let the martingale problem for (L, D(L), i) be well-posed. Then
e P(f) 1s said to be a stationary distribution if for each n and 0 < 57 < 59 <
. < Sp, the n—dimensional marginals introduced in (5.83) corresponding to t +

., t+ s, are independent of t > 0.
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Definition 5.4.3. By a solution of (2.3) we understand a map Ry >t — py € P(I)
possessing the following properties:

(a) for each F € Cy(T', the map Ry 5t — j(F) € R is measurable;
(b) the equality in (2.3) holds for all F' € D(L).

If Pis asin (5.83), then p is stationary if and only if
p= / pIu(d),
I

holding for all ¢ > 0. Now we can formulate our result.

Theorem 5.4.4. The martingale problem for (L, D(L)) is well-posed in the sense of
Definition 5.4.1. Its solution is defined by finite-dimensional marginals, see (5.83),
with the transition function defined in (5.81). If the departure function satisfies
m(z) > mg > 0, holding for all & and some my, then there exists a unique stationary
distribution = m,, which is the Poisson measure with intensity measure

o(dz) = exp (=M (z))x(dx)dor. (5.84)

Moreover, in this case the solution X of the martingale problem for (L, D(L), 1) is
temporarily ergodic in the following sense. Let puy € P(I') be the law of X(t), t > 0.
Then p, = 7, as t — +o0.

Proof. The proof of Theorem 5.4.4 is divided into the following steps:
(a) Proving uniqueness.
(b) Showing the stationarity and ergodicity if m(z) > m, > 0.

The realization of (a) is based on the Fokker-Planck equation (2.3) for this for L. It
turns out that its solutions can be obtained explicitly. We are going to do this now.

Lemma 5.4.5. For each py € P(L), the map t — p; defined in (5.80) is a unique
solution of (2.3).

Proof. For each § € ©, the map t — u;(F?) = puo(F?%) is continuous by the domi-
nated convergence theorem and hence measurable. By (5.28) we then have

p(F°) = m(F*)p(F°) = m(F) po(F™")
= exp (/Ot [/XG(az,a)eM(I’a)X(dw)] da)uo(Fet).

Thus, the map t — u(F?) is continuous and hence measurable. Then the measura-
bility of t — u(F) for all F' € Cy(T") follows by claim (ii) of Proposition 5.2.2. Now
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we turn to proving the equality in (2.3) for F' = F) 4,0 € O, see Definition5.3.6. By
(5.80) and (5.45) for s,t > 0 and 6 € ©, we have

u(P's) = e ([ ([ balo 0t do )P (P
= o ([ ([ 0o
- | [ Busalir 00t o) o ()
= e ([ (] e 00t@n)do)o () = o L)

Then by Fubini’s theorem and the latter fact we get

+0o0o
plFra) = io(Fr) = [ € [lF) — P ] ds
0
+00
= e Muo( FY, — F%)ds
/0 0( t+ )
+00 t o
— —As _ 0
= /0 e /0 auM0<Fs+u>dsdu
+oo \ t a 0
= e | —pu(F,)dsdu
/0 /0 0s )

' 69 '
= /O/Lu</0 e @Fsds>dU:/0 fu(LFy p)du,

where we have used also (5.74). Now we prove uniqueness by applying arguments
similar to those used in Costantini and Kurtz (2015), Lemma 2.11. Assume that a
map t — p; satisfies condition (a) Definition 5.4.3 and F', G € C,(I") are such that

t

u(F) — po(F) = / 1a(G)ds,

holding for all ¢ > 0. Then the map ¢ — u(F') is almost everywhere differentiable
and
dp(F) = e (G)dt.

Then integrating by parts we get

t t
A [Nl F)s = ) -l F) = [ (G,
0 0
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which yields

o) = )+ [ ) = ()] s,

holding for all ¢£,\ > 0. Passing here to the limit ¢ — +oo, for F' = F\y and
G = LF)y, see (2.3), we arrive at

“+o00 “+o00
po(Fhg) = / e_’\sus()\F)\ﬂ — LF)p)ds = / e_’\sus(Fe)ds, (5.85)
0 0

see (5.73). Assume now that (2.3) has two solutions, u; and fi;, satisfying the same
initial condition p|,_q = fit|,_y = 0. By (5.85) the Laplace transforms of both maps
t — uy(F?) and t — fi,(F?) coincide, which yields u:(F?) = fi;(F?) holding for each
t and all F?. # € ©. Then the uniqueness in question follows by Proposition 5.2.2.
This completes the whole proof. O

The existence of a solution of the martingale problem for (L, D(L)) was shown
by the very construction of the finite-dimensional marginals of X" in (5.83). To prove
uniqueness we use the following fact, see Ethier and Kurtz (1986), Proposition 4.2,
page 184. Given p € P(f‘), let X and X’ be solutions of the martingale problem
for (L, D(L), 1) whose onedimensional marginals, p; and pu’, coincide for all t > 0.
Then all their finite-dimensional marginals coincide and hence the problem is well-
posed. Clearly, both p; and pu; solve the Fokker-Planck equation with the initial
condition p. Then they coincide by Lemma 5.4.5. This yields well-posedness.

Now we show the stated ergodicity. If m satisfies m(&) > mg > 0, then M (x, o) >
moa, see (5.40), which for 6 as in (5.40) yields

Viol0:(2)] < etmo.

By the continuity of the map t — p(F?%) we then get

w(F) = e ( [ *[bul ()] da ) (7% (5.86)

—  exp (/;OO [/XGQ(:C,O)X(dx)] da), t — +oo.

By claim (iv) of Proposition 5.2.2 this yields u; = m,, see (5.84), holding for each
initial p € P(f) Clearly, uy = m, it © = m,, which means that 7, is a stationary
state. If there exists another stationary state, say u/, then (5.86) fails to hold for
= g, which contradicts the convergence just established. This completes the proof
of Theorem 5.4.4.

O
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Chapter 6
Appendix

Here we prove that 7 introduced in (5.3) satisfies (5.4). During the whole proof, we
deal with the function I(a) = o + é, for & > 0. In case g = 0, and aq,an < 1 we
have w(ay) = ay, w(as) = ag, r(ag,a3z) = |ag — ay|. The triangle inequality turns
into true statement:

aq S ’Oég — 041’ + as.

For a3 > 1 we can have:

a3 —op <o+ —

Qs

or
a3 — o > o)+ —.

Qg

For the first one we get:
w(ay) =g <ag—ar + P 7, a3) + w(az).
3
Then
201 < ().

The equality holds only for vy = a3 = 1. In the second case we have true inequality
(&5} S oy + 0%3'
For a; > 1, ag < 1, we have two possibilities:

ap —az < agz+ —
07]

or

a1 — Qg > g+ —.
aq

In the first case we have

wlog) =— < a3 =wo —az+ as,
o
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which yields (5.4). In the second case we have:

1 1
w(al):a—§a3+a—+a3.
1 1

It remained to consider the situation when a3 > a3 > 1 and 1 < oy < as.
When a1 > a3 > 1 for a; — a3 < a%—i-a%we have:

1
wla)=—< — <o —az+ —,
(03] Q3 Q3
which proves (5.4) for this case.
When a3 > az > 1 for oy — ag > ail+ailwehave:
1 1 1 1
wla) =—< —<ar+—+ —,
(651 Q3 Qa3 (%]

which yields (5.4).
When 1 < a1 < ag for a; — ag < 0%1 + 0%1 we have to prove :

1
— S ag—ap+ —,
(03] Qa3
which is equivalent to I(ay) < l(as). The latter follows by az > a; > 1 as [ is
increasing. For ag — oy > a% + a%, the proof of (5.4) is immediate.
Now we consider the case 0 < a1 < . If ap <1 and a3 = 0, then

as —ag <w(ar) +wlag) = ag + as.

For a3 € (0, 1], it follows that 7(as, ;) = |az—a;|. Then (5.4) turns into the triangle
inequality for | - |.
The same is true also for ag > 1 such that ag — a% < 2q;. For

2000 < g — i < 2a,
a3
the right-hand side of (5.4) is ag — as + a1 + al—g Then ay — ay < RHS(5.4) turns
into 2(as — ) < Il(as), which holds since 2(ay — a;) < 2 < [(ag) for az > 1. For
2000 < a3 — ais, the right-hand side of (5.4) is oy + as + 2/as, which is bigger than
oy — Q.
Consider now 0 < a1 <1 < a9 and ap — aig < 2a;. The latter means that

7:(062,041> = (X9 — (/].

For a3 = 0, the right-hand side of (5.4) is oy + a%, and the latter turns into ap —

a% < 2aq, which holds in this case. The same is true for 2a3 < ag — a% For

oy — o% < 2a3 < 2ay, the right-hand side of (5.4) is ay — a3 + 3 — ag, which is
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bigger than as — a as az < .
For a; < a3 < 1, the right-hand side of (5.4) is

Qo — Qg + a3 — p = LHS(54),

Next, consider 1 < a3 < as, where

For ay — a% < (as3), the right-hand side of (5.4) is
Qg — (i3 + Qi3 — (\p = RHS(54)

The case of ag — aiz > [(a3) > 2 is impossible since ay — a% < 20 < 2. For ag >
such that asg — als < 20 and ag — ai3 < (o), we have 7(ag, 1) = a3 — a; and
7(ag, ag) = a3 — . Then the right-hand side of (5.4) is

063—061+063—062:2053—(062+061),

which is bigger than as — 4. The case of az — aig > () is impossible for az —
aig < 2ay. For ag > a4y such that as — ais > 20, and ag — aig < Il(ag), we have

r(as, 1) = a + ais and 7(as, ae) = a3 — ag. Then the right-hand side of (2.2) is
Z(QS) — a9+ Qq,

which yields (5.4) in the form 2(as — ) < (a3). By ag— a% < 2ai, ag > 1, we have
that 2(ag—ay) < 24/1+ af, whereas az— - > 20 yields [(a3) > () = 2¢/1 + aF,
which proves (5.4) in this case. Here a, is the positive solution of o — 1 = 2a;.
For a3 > «vy such that ozg—aig > 2a; and ozg,—o%3 > I(a), we have (g, 1) = oq—l-o%3
and 7(ag, ag) = a% + a%z Then (5.4) turns to

1
as—ay <o +2/az+ —,
%)

which holds as oy — a% < 2.

Consider now 0 < a1 < 1 < ag and ay — aig > 2aq. The latter means that
(o, ) = Oé1+c%2- For a3 € [0, a1], we have that 7(aq, a3) = ag —ag and 7(ag, a3) =
as + 0%2 Hence, (5.4) turns into equality.

For a3 € (ay, 1] such that ag — o% > 23, we have the right-hand side of (5.4) in the
following form

a3 — o + Qg + —,
&%)
which is bigger that 7(ay, ) since oy < as.
For a3 € (a1, 1] such that as — 0%2 < 2a3, we have that the right-hand side of (5.4)
1s

a3 — Q]+ Qg — Qg = Qg — Qp > ’l:(al,()éz).
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Consider now az > 1 such that az — 0%3 < 2y, which means that as < s
and 7(aq, a3) = as — ay. For 7(ag, a3) = ay — as, the right-hand side of (5.4) is
ag — az +agz — ay > 7(ag, ag). For 7(ag, a3) = a%, + a%’ the right-hand side of (5.4)
is .

a3 — oy + — + —;
Qa2 O3
hence, (5.4) turns into 2a; < I(a3), which holds since oy < 1 and [(a3) > 2. For
ag > 1 such that as — 0%3 > 2, we have that 7(aq, a3) = ag + 0%3 Then (5.4) turns
into
1 1 .
— < — 4+ F(ag, az), (6.1)

(6%) a3
which clearly holds for a3 < e, and also for az > g, where for 7(ag, ag) = ag — as
it turns into l(OdQ) < l(ag) — which is true as I(«) is increasing for a > 1. For

(g, a3) = — + — the validity (6.1) is immediate.
Let us COIlSldel“ now the case of 1 < a3 < ag and l(a;) < g — O%, where
T(ag,0q) = ail + a% For a3 < 1 such that 2a3 < a; — a%, we have 7(ag, ;) =

a3+ =i =1,2. Then (5.4) obviously holds.

For a3 < 1 satisfying oy — o% < 203 < g — O%z, we have 7(az,a1) = a; — ag and
T(as, ag) = ag + (%2 Hence, (5.4) turns into equality in this case. The remaining
case ay — 0%2 < 2ai3 < 2 is impossible since oy — a% > (o) > 2.

For a3 > 1 such that 2a3 < oy — 1 , we have 7:(&3,052) = 1 -+2 1 si=1 2 Then (5.4)

obviously holds. For a3 € (1, al] satlsfymg o — — < 2a3 < oy — — (5 4) turns
into
1 1 1 1
_+_§061—043+_+_,
ap Qg Qo Qg
which holds for ag < o as the functlon a — = is increasing. For a3 € (aq, a2] such

that a3—— <) <l(as) < ag—-, the rlght hand side of (5.4) is az—a;+ - +—
and hence the latter turns into l(oq) < Il(a3). For az € (o, ay] satisfying ag — a—3 §
[(ay) and ag — O%Q < I(a3), we have (5.4) in the form 0%2 + a% <oy —az+az— oy,
which holds as l(a;) < ag — O% For a3 € (o, an] satistfying l(ay) < as — a% and
g — 0%2 < I(a3), the right-hand side of (5.4) is

1

— + — +ay— a3
(@51 Qs

which is bigger than 7(aq, az) as a—é is increasing. For a3 > ay such that az— a%, <

[(az), the right-hand side of (5.4) is
1
— + — 4+ a3 — as.
(65} (6%

Hence, (5.4) holds as l(as) < I(a3). For az — a% > (), (5.4) turns into
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Finally, let us consider the case of 1 < a3 < az and I(a;) > g — a%, where
7(ag, 1) = ag — aq. For a3 < 1 such that 2a3 < ag — ail, it follows that 7(ay, a3) =
ag+ £, =1,2. Then (5.4) turns into

1
Qg — — S Z(Ckl) + 2(13,

&%)
which evidently holds in this case. For a; — a% < 203 < ag — a%, we have that
(a1, a3) = a; — a3 and 7(ag, a3) = az + O%z Then (5.4) turns into

oy — — < 20aq,
(87

which is the case for 2c; > l(a1) > ag — aiz
For a3 < 1 satisfying 2as > as — a%, it follows that 7(a;, a3) = a; — as,i = 1,2.
Then (5.4) turns into

2003 < 2017.
which is obviously the case.
For a3 € (1, 4] such that I(a3) < oy — all, we have that 7(«a;, a3) = éﬂ— alg,i =1,2.
Then (5.4) amounts to o — a% <(a1) + 2/as, which obviously holds.
For o — ail <llaz) < ag — a%, we have that 7(ay, a3) = a; — ag and 7(ay, ag) =
L 4+ L Then (5.4) amounts to
a9 as

1

1
041—063+061+—2062——,
a3 &%)

which is the case for

1 1 1
041—063+061+—2041+—Zl<061>>042——.
a3 a3 &%)

For as — ong < l(a3), we have 7(a;, a3) = a; — az, i = 1,2. Then (5.4) is
Qg —ap < Qg — Qg + a1 — Qs,

which obviously holds as a3 < aj.

Now we consider ag € (o, as]. For ag — a% < (c), we have 7(ay, a3) = ag — oy
and 7(ag, ag) = g — arg, which yields equality in (5.4).
Recall that oy — a%, < l(oy); hence, az — ais > [(c) is impossible for a3 < as.

It remains to consider ag > ay. For az — 0%3 < Il(aq), we have that 7(a;, a3) =
a3 —a;, i = 1,2. Then (5.4) takes the form

ap — oy < 203 — a1 — Qg,

which obviously holds in this case. For I(ay) < a3 — C%S < l(az), (5.4) amounts to
20 < l(as3) + (), which holds as [(a1) > ay — a% (assumed) and I(ag) > g + a%
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1= 1,2. Then

for az > ay. For ag — a% > I(ay), we have that 7(ag, ;) = ai?) + 1.

(5.4) turns into
1 1
ag—ag <2/ag+ — 4+ —,
(67) aq
which holds since I(a;) > as — +.
This completes the whole proof of Proposition 5.1.1.
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