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On lifting of 2-vector fields
to r-jet prolongation of the tangent bundle

ABSTRACT. If m > 3 and r > 1, we prove that any natural linear operator
A lifting 2-vector fields A € T(A*TM) (i.e., skew-symmetric tensor fields of
type (2,0)) on m-dimensional manifolds M into 2-vector fields A(A) on r-jet
prolongation J"T'M of the tangent bundle TM of M is the zero one.

Introduction. All manifolds considered in this paper are assumed to be
finite dimensional and smooth. Maps between manifolds are assumed to be
smooth (of C™).

Let M f,,, be the category of m-dimensional manifolds and their submer-
sions and VB be the category of vector bundles and their vector bundle
homomorphisms.

The r-jet prolongation of the tangent bundle over m-manifolds is the
(vector bundle) functor J"T : M f,,, — VB sending any m-manifold M into
the vector bundle J"T'M of r-jets 57X at points x € M of vector fields X
on M and every M f,-map ¢ : M — N into J"Tp : J'TM — J"TN given
by J'Tp(j5X) = (T o X o).

An M f,,-natural linear operator A : /\2T ~ /\2 T(J'T) is an M fp,-
invariant family of R-linear regular operators (functions)

A: F(;\TM> — F</2\T(J’”TM))
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for m-manifolds M, where D(A?TN) is the vector space of 2-vector fields
(i.e., skew-symmetric tensor fields of type (2,0)) on a manifold N. The
invariance of A means that if A € T(A>TM) and A, € T(A\>TM;) are
o-related (ie., A°Tpo A = Aj o) for a Mfm-map ¢ : M — M, then
A(A) and A(Aq) are J"T'p-related.

The main result of the present note can be written as follows.

Theorem 0.1. If m > 3 and r > 1, then any natural linear operator A
lifting 2-vector fields A € 1“(/\2 TM) on m-manifolds M into 2-vector fields
A(A) e D(N*T(J"TM)) on J'TM is the zero one.

The general concept of natural operators can be found in the fundamental
monograph [2]. Natural operators lifting 2-vector fields can be applied in
investigations of Poisson structures. That is why, they are studied in many
papers, see e.g. [1, 3].

From now on, the usual coordinates on R™ will be denoted by !, ...,z
The usual canonical vector fields on R™ will be denoted by d1, ..., 0.

m

1. Some lemmas. The proof of Theorem 0.1 will occupy the rest of the
note. We start with several lemmas.

Lemma 1.1. Let m > 3 and r > 1 be integers. Consider an M f,,-natural
linear operator A : N*T ~» N2 T(J'T). Assume that A((x')98y A 93) 7oy =
0 forq=0,1,2,.... Then A=0.

Proof. To prove that A = 0, it is sufficient to show that A(A);ry = 0 for
any m-manifold M, any z € M, any Y € X(M) and any A € D(A\>TM).

Of course, we may (without loss of generality) assume Y}, # 0. Then
by the invariance of A with respect to charts and the Frobenius theorem
we may assume M = R™, x = 0 and Y = 0;. Since A is linear, we
may assume that A = fZ; A Zs, where f : R™ — R and Z; and Z» are
constant vector fields on R™. Moreover, we may assume that 91, Z1, Zs are
R-linearly independent. Then, because of the invariance of A with respect
to linear isomorphisms, we may assume that Z; = 0y and Zs = J3. Then
by the multi-linear Peetre theorem (Theorem 19.9 in [2]) we may assume
that f = (21)* (22)*2(2®)?3 ... (2™)% is an arbitrary monomial.

Let ay, ..., an, be arbitrary non-negative integers. There exists a 0-pre-
serving M f,-map ¢ = (x!,p?(2?),23,...,2™) preserving z',23,..., 2™,
01, 03 and sending (the germ at 0 of) Jy into (the germ at 0 of) Jy +
(2)*20. Then by the invariance of A with respect to ¢, from the assump-
tion A((z1)*1 s A 33)|jra, = 0, we get

A((xl)alﬁg A Os + (a:l)al (xz)”ag A 83)U631 =0.

Then A((z!)®1(2%)2205 A 33)|jra, = 0. Furthermore, there exists an M fy,-

map ¢ = (zh, 2%, 323, ... 2™), ... ™ (23,...,2™)) preserving 0, z!,
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x?, 01, O and sending the germ at 0 of O3 into the germ at 0 of
03 + (x3)% ... (z™)®m 3. Then by the invariance of A with respect to 1,
from the equality A((z!)* (22)*20y A 93) 7o, = 0, we get

A((xh) (22)2209 A O3 + (21)21 ()22 (23)%3 . (2™)™ Dy A 93) 450, = 0.

Then A((x!)® (22)%2(23)% ... (2™)¥mdy A 33)j7, = 0. The lemma is com-
plete. O

Lemma 1.2. (Lemma 424 in [2]) Let N be a n-manifold and x, € N be
a point. Let X and Y be vector fields on a manifold N such that X|,, # 0
and j7 (X) = jo (Y). Then there exists an M f,-map ¢ such that 55 (o) =
’"“(1d) and (p).Y = X on some neighborhood of x,.

Lemma 1.3. Let m > 3 and r > 1 be integers. Consider an M f,,-natural
linear operator A: N*T ~ N> T(J'T). Assume that A((x')98y A 93) 7oy =
0 forq=0,1,2,...,r. Then A=0.

Proof. Let ¢ > r+1 be an integer. Since j5d2 = j5(d2 + (x1)?0s), then (by

Lemma 1.2) there exists an M f,,,-map

p= (cpl(xl,mQ),go2(x1,m2),x3, coo,x™)

preserving 03, sending the germ at 0 of J into the germ at 0 of d» +
(1)905 and such that j7Hlp = f“(ld) Then ¢ preserves jj01. Using the
invariance of A with respect to ¢, from assumption A(0z A 93)jrs, = 0,
we get A(02 A 03 + (x 1)‘182 A 83)|jr31 = 0. So, A((Z‘l)qaz A 83)|j531 = 0.
Then A((2')405 A 83)“7“61 =0 for any ¢ = 0,1,.... So, A = 0 because of
Lemma 1.1. The lemma is complete. O

Let J"(X%) be the flow lift of a vector field X on M to J"T'M and
J"(XV) be the vertical lift of X to J"T'M given by

T (XY )i (oY + tjiX) .

_4
Y_dt|t

Lemma 1.4. Let X be a vector field on a manifold M such that X, =0
for some point v, € M. Let p=j, Y € J'T, ,M. Then

T d -7 T
T X ==z o+ T (X YD) = =77 (X, Y],
where the bracket is the usual one on vector fields.

Proof. Let {¢;} be the flow of X. Then {J Ty} is the flow of J7(X%)
and ¢¢(z,) = x, for any sufficiently small ¢. Then

T X = G Tl 0) = 5 ())
e YD) == (i (X VD). D
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Lemma 1.5. For any A € R, the collection consisting of
vi(A) = jr((ai)c)\jg()\ﬁl) and Vi*(A) == jr((fﬂaaj)v)ug(wl)

foralli,j7 = 1,....m and a = (ai,...,0p,) € (NU{O})™ with |a] =

1+ ot o S 7is the basis in Tjrnp,)J"TR™. Of course, x* := (wl)o.
.

Proof. We have V*()) = %ltzo(jg(ml) + tj5(2%9;)). So, the lemma is

clear. g

Lemma 1.6. Let m > 3 and r > 1 be integers. Consider an M f,,-natural
linear operator A : N*T ~» N*T(J'T). Denote v; := v;(1) and V; =
V*(1). Then, given ¢ =0,1,...,r — 1, we have

A((zH705 A 33)jr(@r) = a' Doy A vg
for some (unique) real number al? . Moreover, we have
A((zh) 0 A 03)jr(ay) = av2 A vz + bug A V( 00 g A VQ(T’O""’O)
for some (unique) real numbers a and b.

Proof. Let g € {0,1,...,r}. Because of Lemma 1.5, we can write

A((z)902 N 83) jr (ray) = Z a7l (A)vi(A) Avj(X)
1<i<j<m
+ Z BN AV + Y L VEN AV
i,j,a (1,0)<(4,8)

for some (unique) real numbers a®J(\), ba? (), cifﬂ()\) smoothly depending
on A (and depending on ¢), where }, ; , is the sum over all 4, j € {1,...,m}
and all @ € (NU{0})™ with |a| < r, and }_; 4. is the sum over all
i,j € {1,...,m} and all o, € (NU{0})™ with |a] < r and |3| < r and
(i,a0) < (4,5). Here (NU{0}) x (N U{0})™ is ordered lexicographically,
e, (,a) < (j,B)iff i< jor (i=jand a; < f1) or (i = j, aq = 1 and

(65} </82) or... or (/L :j7 a1 :/Bla"'aaml :ﬁmpam S /Bm)
If ag + -+ + a; > 1, using the invariance of A with respect to
(z' ta?, ... ta™), we get t2bs’ (A) = t5ba’ () for some integer s < 2. Hence

bl (N) = Oifa2+~ cdagy > 1 fag+ - 4oy, = 0and (4,5) € {(2,3),(3,2)},
then (applying the invariance of A with respect to (xt ta? a3, 2%, ... 2™))
we get bl(gl 0...0)(A) = 0. By almost the same arguments, if oy + - - + am +

Bo+ -+ B > Lor (i,5) # (2,3), then ¢;75(A) = 0,
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Similarly, by the invariance of A with respect to (2!, t2?, 7o
if (4,7) # (2,3), then a"7(\) = 0. Hence

A((2")205 A 33) jr (ray) = (M) va(A) A vz(N)

7'%.7

+ 3 0i(Nwa(0) AV ) + 3 a(Wes () A V0 ()

- 11,0,...,0 12,0,...,0
+ 37 di WV () A VSO ()
l1,l2=0

for the (unique) real numbers a(X), by(X), ¢;(A), di; 1, (A) smoothly depending
on A\ (and depending on q).
Since [02 + 2203, 03] = 0, there exists an M f,,-map

o = (z, (2%, 23), o? (22, 23), 2, .. 2™)
preserving 0 and ! and 9; and (the germ at 0 of ) 3 and sending (the germ
at 0 of) O into (the germ at 0 of) 02 + 2203. One can easily see that such
¢ preserves (the germ at 0 of) (21)905 A 95 (as D2 A\ O3 = (D2 + 2203) A O3),
G5 (A1), va(N) (as J7((x205)¢ )ijsxay) = 0 because of Lemma 1.4), vs(A),
VPO D () and V3 %P (3), and it sends Va0 (A) into V300 (A) +

Vg(l’l’o""’o)()\) for { = 0,1,...,7r — 1. Then using the invariance of A with
respect to ¢, we get

ch /\V(lvl,ov 70)()\)
b3 Y O A0 ) 0.
11=012=0
Then ¢(A) = 0for { =0,...,7—1and dj, 3, = 0 for iy = 0,...,r —1
and lp = 0,...,7r. Quite similarly, replacing 2 by 3 and vice-versa, we get

by(A) =0forl =0,...,r —1 and dj, ;,(A\) =0 for I =0,...,7r —1 and
l1 =0,...,r. Moreover, b.(\) = —c¢,()\). Hence
A((@1)102 A 03) 5 ran) = a(Mv2(X) A vz(N)
+b(N)ua(N) A VD (0) = (A us(A) A VI ()
for the (unique) real numbers a(A), b(A), ¢(\) smoothly depending on A
(and depending on ¢). Then, using the invariance of A with respect to
(tzl, 2%, ..., 2™), we get Lb(t\) = =b(\) and —c(t)\) = t%c(/\). Then

c¢(A\)=0forg=0,...,7, and b(\) = 0 for ¢ = 0,. — 1. The lemma is
complete. 0
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Lemma 1.7. Let m > 3 and r > 1 be integers. Consider an M f,,-natural
linear operator A : N*T ~ N> T(J'T). Then A(8; A 93)jr(ay) =0 -

Proof. Since ji (02 + (x1)""10s) = j5(2), then (by Lemma 1.2) there exists
an M f,,-map

o = (p (2, 2?), * (2!, 2?), 23, ... 2™)
preserving 0 and 03 and sending the germ at 0 of 0y into the germ at 0 of

By + (x1)"19, and such that ji*'e = jo*'(id). Then ¢ preserves vs, j§(91)

and it sends vy into vy + (r + 1)V2(T’0""’0). Then by the invariance of A with

respect to ¢ and Lemma 1.6, we get
A((@Y) 10y A 83) jr(ay) = (r+ 1a@ V"D Ay,
Similarly, replacing 2 on 3 and vice-versa, we easily get
A((ml)TH@g A 33)|j5(61) _ (r + 1)a(0)v2 A V})(T’O"“’O) ‘
Then a(® = 0. The lemma is complete. O

Lemma 1.8. Let m > 3 and r > 1 be integers. Consider an M f,,-natural
linear operator A : N> T ~ N>T(J'T). Then A(f(z*,2%)0s A 33)jr @) =0
for any smooth map f : R* — R with j5(f) = 0.

Proof. Let f : R? — R be such that j5(f) = 0. Since j§(0o+f(z!, 22)02) =
J6(02), then (by Lemma 1.2) there exists an M f,,-map
w = (¢1(x17 x2)7 wQ(x17 x2)? $37 R 7xm)

preserving 0 and 03, and sending the germ at 0 of 0y into the germ at
0 of 0y + f(x',2%)0y and such that j5 () = j5™'(id) (then 1 preserves
J6(01)). Then using Lemma 1.7 and the invariance of A with respect to ¢
from A(ag A 63)“6(61) = 0, we get A(ag A O3 + f(xl,a:2)82 VAN 83)|j6(81) =0.
So, A(f(a:l,:vQ)GQ A 83)|j6(<91) =0. O

2. Proof of the main result.

Proof of Theorem 0.1. Let m > 3 and r > 1 be integers. Consider an
M fr-natural linear operator A : AT ~ A?T(J'T). We are going to
prove that A = 0. Because of Lemma 1.3 it is sufficient to prove that
A((xl)qﬁg A\ 83)|j6(31) =0forqg=0,...,r.

Let ¢ € {0,...,r}. By Lemma 1.7, we may assume that ¢ > 1. Since
35 (0o + (z1)™18y) = j5(02), then (by Lemma 1.2) there exists an M f,,-map

¢ = (p'(z",2?), % (a!,2%),2°, ... ™)

preserving 0 and 03, and sending the germ at 0 of 0y into the germ at 0 of
do + (21)"19y and such that jit'e = jo*1(id). Then ¢ preserves 93, vs,

J6(01), 2(7»,07...70), %)(T’O""O), and it sends vy into ve + (r + 1)V2(r’0""’0) (to see
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this we propose to use Lemma 1.4) and it sends the germ at 0 of (x1)?9s into
the germ at 0 of (x1)%0y + f(a!,2%)9y for some f: R? — R with ji(f) = 0.

If ¢ < r—1, then by the invariance of A with respect to ¢ and Lemma 1.6
and Lemma 1.8, we get

O — A(f(l'l, 1'2)82 AN 33)|]6(31) = (7" —+ 1)a(Q)‘/2(T’07“'70) A V3.

Then a(9 = 0, and then A((z')78; A 93) j7(01) = 0.
If ¢ = r, then by the invariance of A with respect to ¢ and Lemma 1.6
and Lemma 1.8, we get

0= A(f(z',2%)02 A 83) e (a1)

=(r+ 1)a‘/'2(T’0""’0) A w3+ b(r + 1)V2(T’0""’0) A V3(r’0""’0) .
Then a = 0 and b = 0, and then A((z!) 02 A 93)|j5(01) = 0
Hence A = 0 because of Lemma 1.3 and Theorem 0.1 is complete. O
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