doi: 10.17951/a.2021.75.1.1-14

ANNALES
UNIVERSITATIS MARIAE CURIE-SKEODOWSKA
LUBLIN-POLONTIA

VOL. LXXV, NO. 1, 2021 SECTIO A 1-14

DOROTA BROD, ANETTA SZYNAL-LIANA and IWONA WELOCH

On a new two-parameter generalization of
dual-hyperbolic Jacobsthal numbers

ABSTRACT. In this paper we introduce two-parameter generalization of dual-
hyperbolic Jacobsthal numbers: dual-hyperbolic (s, p)-Jacobsthal numbers.
We present some properties of them, among others the Binet formula, Cata-
lan, Cassini, d’Ocagne identities. Moreover, we give the generating function,
matrix generator and summation formula for these numbers.

1. Introduction. Hyperbolic and dual numbers are two dimensional num-
ber systems. A hyperbolic number is defined as h = x + yj, where z,y € R
and j is a unipotent (hyperbolic) imaginary unit such that j2 = 1 and
j # £1. Hence the set of hyperbolic numbers is defined as

H={z+yj: z,yeR, j>=1, j #=£1}.

Hyperbolic imaginary unit was introduced by Cockle ([7, 8, 9, 10]). Hy-
perbolic numbers are well studied in the literature, see [18]. Dual numbers
were introduced by Clifford ([6]). The set of dual numbers is defined in the
following way:

D={u+ve:u,v €R, 2 =0, £ #0}.

Dual-hyperbolic numbers are known generalization of hyperbolic and dual
numbers. The set of dual-hyperbolic numbers, denoted by DH, is defined
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as follows:
DH = {a1 + a2j + (a3 + aaj)e = a1 + azj + aze + asje: a1, a2,as3, a4 € R},

where the base elements (1, j, ¢, je) of dual-hyperbolic numbers correspond
to the following commutative multiplications:

(1)  j°=1, = (je)* =0, (je) = (je)e = 0, j(je) = (je)j =¢.

Let wy = a1 + asj + ase + aqje, wy = by + baj + bze + byje be any two
dual-hyperbolic numbers. Then the equality, the addition, the subtraction
and the multiplication by scalar are defined in the following way:

w1 = we only if a; = by, ag = b, az = b3, ag = by,
wi +wz = ay + by + (a2 + b2)j + (ag + bg)e + (as + ba)je,
wy —wz = a1 — by + (ag — b2)j + (a3 — b3)e + (as — ba)je,
for k€ R, kwy = kay + kasj + kase + kagje.
Moreover, by (1) we get
@ wy - wy = a1by + agbs + (a1be + agby)j + (a1bs + agby + agby + agbs)e
+ (a1by + agbs + asby + asby)je.

The dual hyperbolic numbers form a commutative ring (with identity
element 1 + 0j 4+ Oz + 0je), a real vector space and an algebra, but not
every nonzero dual-hyperbolic number has an inverse, hence (DH, +, ") is
not a field. For more information on the dual-hyperbolic numbers, see [1].

2. The (s, p)-Jacobsthal numbers. Let n > 0 be an integer. The Jacob-
sthal sequence {J,,} is defined by the second order linear recurrence

Jn = Jp—1 +2Jp—9 for n>2

with initial terms Jyg = 0, J; = 1. The direct formula, named the Binet
formula, for the Jacobsthal numbers has the following form:

There are many generalizations of this sequence in the literature, see [11, 12,
23]. In [2], a two-parameter generalization of the Jacobsthal numbers was
introduced. We recall this generalization and some important properties of
these numbers.

Let n > 0, s > 0, p > 0 be integers, sequence {J,(s,p)} was defined by
the following recurrence:

(3)  Ja(s,p) = 2P (s,p) + (2277 4+ 27 J_s(s,p) for n>2

with initial conditions Jy(s,p) = 1, Ji(s,p) = 25 + 2P + 25TP,
It is easily seen that for s = p = 0 we have J,,(0,0) = J,o.
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By (3) we obtain

Jo(s,p) =1

Ji(s,p) = 2° + 2P + 2577

Jo(s,p) = 2257+ | 9sH2pH1 | 92542

Ja(s,p) = 2320 | g2st3p 1 | o3stdp | gdstp

+ 225+2p—|—1 + 23s+2p + 225+3p + 25+3p‘

Theorem 1 (Binet formula, [2]). Letn >0, s > 0, p > 0 be integers. Then
the nth (s, p)-Jacobsthal number is given by

Jn(sap) = Cl’l"? + CQ’I”EL,

where
r = 2s+p71 4 %\/43—1—]) + 2s+p+2(28 + 2p)?
(@ :
o = 9s+p—1 _ 5\/45er + 25+p+2(23 + Qp)7
25 1 9p p 9stp _ 9stp—l | %\/454—;7 + 25+p+2(25 4 2p)
Cl1 =
1 \/4s+p + 25-|—p+2(25 4 2p) ’
(5)
—98 _9p _ 9stp + 28+p—1 4 %\/4s+p + 2$+p+2(25 + 2p)
Cy = .
2 \/4s+p + 25+p+2(25 + 2P)
Note that
(6) T 4 1o = 251P,
(7) riry = —(2%°1P 4 25F%)
(8) F1 — 1y = \/45TP 4 25FP+2(25 4 2p),
—(28 g 2
(9) C1Cy = ( + )

45+P 4 25FP+2(2s 4 2p)
Theorem 2 ([2]). The generating function of the sequence {Jn(s,p)} has
the following form.:

B 1+ (254 2P)x
1 25tpp — (225+p 4 25+2p)g2”

f(x)

Theorem 3 ([2]). Let n>1, s >0, p > 0 be integers. Then

ni Ts.p) = Tn(E:2) + (2P 4 2y (s,p) — 1 - 20— 2
o i\s;p) = 25+p(1+25+2p)_1 .
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Theorem 4 (Convolution identity, [2]). Let n, m, s, p be integers such that
m>2,n>1,s>0,p>0. Then

Jmin(8,0) = 2P T 1(5,p) (s, p) + (22T 42772 J_o(s,p)Jn-1(s,p).

Jacobsthal numbers and other numbers defined by the second order lin-
ear recurrence relations appear in many subjects of mathematics. These
numbers have applications also in the theory of complex numbers and the
theory of quaternions, see [22]. In [13]|, Horadam defined the Fibonacci and
Lucas quaternions. In [20], [21], the authors investigated Jacobsthal and
Pell quaternions. In [5], the dual-hyperbolic Fibonacci and Lucas numbers
were introduced. Some generalizations of dual-hyperbolic balancing num-
bers were considered in [4]. In [3], a new generalization of split Jacobsthal
numbers was introduced. In [19], the authors studied dual-hyperbolic Jacob-
sthal and Jacobsthal-Lucas numbers. Some interesting results concerning
quaternions, split quaternions and hypercomplex numbers with Fibonacci
coefficients were given in [14, 15, 16, 17]. Based on these ideas we define
and study dual-hyperbolic (s, p)-Jacobsthal numbers.

3. Dual-hyperbolic (s, p)-Jacobsthal numbers. For a nonnegative n,
s, p the nth dual-hyperbolic (s, p)-Jacobsthal number DH.J,,” is defined as

(10) DHJ;J) = Jn('S?p) + Jn+1 (Svp)j + Jn+2(8,p)€ + Jn+3(8,p)j6,

where J,(s,p) is given by (3).
Note that for s = p = 0 we obtain DHJ2’0 = DHJ,,+2, where DH.J,
denotes nth dual-hyperbolic Jacobsthal number defined in [19].

Theorem 5. Letn >0, s >0, p > 0 be integers. Then

DHJ. P, = 25TPDHJ; P, + (22°1P + 2572\ DHJS?,

where
DHJG? = 1+ (2° 4 2P + 25¥P)j 4 (22FPH1 4 95421 4 920420
+ (23s+2p+1 + 22$+3p+1 + 23s+3p + 23s+p
+ 225+2p+1 + 23s+2p + 22s+3p + 28+3p)j67
]D)HJls’p — 98 + 9P + 2s+p + (223+p+1 + 28+2p+1 + 22$+2p)j
+ (235+2p+1 + 22s+3p+1 + 23$+3p + 23s+p
+ 22s+2p+1 + 23s+2p + 225+3p + 25—1—3[))E

+ (24s+3p+1 + 235+4p+2 + 24s+4p + 245+3p+1

+ 3 . 225+4p + 3 . 24S+2p _|_ 3 . 238+3p+1)]€
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Proof. By formula (10) we have
2°tPDHLP, + (22577 + 25T2P)DHLJSP
= 2" (Jpy1(s,0) + Jnt2(5,0)7 + Jnt3(s, D)€ + Jnta(s, p)je)
+ (2254 4 25 (U (5,0) + Tns1 (5,0)] + Jnta(s, p)e + Tnss(s, p)je)
= Jnt2(5,0) + Jng3(s,0)j + Jnga(s, p)e + Jnys(s, p)je = DHJ, T, a
Theorem 6. Letn >0, s >0, p > 0 be integers. Then

DHJ,? — jDHJ, Y, — eDHJ, Yy + jeDHJ; Yy = Ju(s, p) — Jnta(s, p).

Proof. By simple calculations we get
DHJ;? — jDHJ; Y, — eDHJY, + jeDHJ; P,
= Jn(8,0) + Jnt1(8,)J + Jnt2(s,p)e + Jnts(s,p)je
— 3 (Jn+1(8,p) + Jn+2(8,p)J + Jnt3(8,p)e + Jnta(s,p)je)
— & (Jnt2(8:p) + Jn3(s,0)j + Jnta(s, p)e + Jnis(s, p)je)
+ je (Jn+3(8,p) + Jn+4(8,0)7 + Jnt5(s,p)e + Jnt6(s, p)je)
= Jn(8,0) + Jnt1(8,0)J + Jnt2(s,p)e + Jnt3(s,p)je
— Jnt1(8,0)J — Jnt2(s,p) — Jn+3(s,p)je — Jnta(s,p)e
— Jnt2(s,p)e — Jny3(s, p)je + Jny3(s,p)je + Jnta(s,p)e
= Ju(8,p) — Jnt2(s, ). O

Theorem 7 (Binet type formula). Let n > 0, s > 0, p > 0 be integers.
Then

(11) DHJP = c1ryr] + carary,

where
L =1+r7j+ric+rije, 1o=1+ryj+ric+rije
and 1, T2, c1, ca are giwven by (4), (5), respectively.
Proof. By Theorem 1 we get
DHJ? = Jn(s,p) + Jnt1(5,0)J + Jnr2(s, ) + Jnis(s, p)je
= e} + corl + (err? T + 02r”+1)j
+ (et + 02r"+2) e+ (ari™ + cord ™) je
=1 (1+rj + e + rije) + corf(1 + roj + rae + raje)
= 1] + carary. O

Corollary 8 (Binet type formula for dual-hyperbolic Jacobsthal numbers).
Let n > 0 be an integer. Then

|
DHJ, = 5 [2*(1+ 2 + 42 +8je) = (~1)"(1 - j +& - je)].
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Proof. By formula (11), for s = p = 0 we have ¢; = %, co = —%, r =2,
r9 = —1 and
1
DHJM = = . 2"(1 + 25 + 4e + 8je) — (=11 —j+e—je)

OJ\HOJ\»-B

- 2"T2(1 4 25 + 4e + 8je) — ;( D21 - j + e — je)
= DHJ, 0. 0
By simple calculations we get
= (1471 +rie +17je) (1 + raj +rie + 13j¢)
=1+rry+ (r1+7r2)j + (rf +73)(1+ rirp)e
+ (P 4+ 75 F rira(r +12))je
Using the equalities (6), (7), we have
r% + r% =(r+ 1"2)2 — O ry = 451P 4 92stpHl 2S+2p+1,
313 = (11 4 1r0)3 — 3rire(ry + 1) = 8P 4 3(235F2P 4 925F3p),

Hence

A A

flfg =TTl

flfg =1— 223+p o 2s+2p + 2s+pj
+ (223+2p . 24s+3p . 235+4p + 223+p+1
(12)

o 24s+2p+1 + 25+2p+1 . 23s+3p+2 . 22$+4p+1)€

+ (83+p 4 23s+2p+1 + 22S+3p+1)j8.
The following theorem gives the d’Ocagne type identity involving the
dual-hyperbolic (s, p)-Jacobsthal numbers.

Theorem 9 (d’Ocagne type identity for dual-hyperbolic (s, p)-Jacobsthal
numbers). Let n > 0, m > 0, s > 0, p > 0 be integers such that m > n.
Then

DHJSP - DHJS?, — DHJSE | - DHJS?

_ @R o (rg=m —
— \/4s+p n 2S+p+2(28 T 2}7) 172\T9 1 )

where 11, o, 717 are given by (4), (12), respectively.

Proof. By formula (11) we get
DHJS? - DHJS?, — DHJSE | - DHJS?
= (17" + 027“27’31)(017“17’1“ + 027‘27@”1)
— (arr” mtl CoTary +1)(01F1r’f + corary)

= c1C2717 (1“2 ry ntl g pmy n“ r’2”+1 ] r’{”“r?)
= crearira(rire)" (11 — 7"2)(7’5% - ")
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Using formulas (7), (8) and (9), we get
DH.J;;P - DHJ, ¥, — DHJE | - DHLJ,;?
(23 4 2p)2(_1)n(228+p + 28+2p)n

T L8 (pm—n . m—n
= \/4s+p i ) 7172(7y ). ]

Corollary 10 (d’Ocagne type identity for dual-hyperbolic Jacobsthal num-
bers). Let n > 0, m > 0 be integers such that m > n. Then

DHJ,, - DHJ,,+1 — DHJ,,41 - DHJ,
4

=5(=2)" (2m7" — (=1)™") (=14 j — 5e + 5je).

Theorem 11 (Catalan identity for dual-hyperbolic (s, p)-Jacobsthal num-
bers). Let n > 0, m > 0, s > 0, p > 0 be integers such that n > m.
Then

(DHJSP)? — DHJSP,, - DHJSY,,
(25 4 2P)?2

—_ 7 A A 2
T pse 4 o5 eR(2s 2p)(—(28+2p + 2P Ry (" — )2

where 11, o, 117 are given by (4), (12), respectively.
Proof. By formula (11) we get
(DHJ$P)? — DHJS?, - DHJS?

n+m
= (617:1’/“? + CQ’I”AQT‘S)(’I“]’I"? + CQT‘AQTS)
— (lequf—m + CQ?”AQTg_m)(CerlT‘?—Fm + 02?;27,1214-771)

_ ~oon n ~o0 M, n—m 20 m—m, n+m
= 2c109r172(1172)" — crearirary Ty T — creorirary Ty

- n i\ (re\"
=cieofira(rre)" (2 — ) — (=
T2 1

= —ciear1 72 (rre)" " (T — )2,

Using formulas (7) and (9), we obtain the result. O

For m =1 we obtain Cassini type identity for the dual-hyperbolic (s, p)-
Jacobsthal numbers.

Corollary 12 (Cassini type identity for dual-hyperbolic (s, p)-Jacobsthal
numbers). Let n > 1, s > 0, p > 0 be integers. Then

(DHJSP)? — DHJZ?, - DHJSP, = (2° 4 2P)2(— (2572 4 2572P))n =Ly iy,
where 7179 is given by (12).

In particular, by Theorem 11, we obtain the following formulas for the
dual-hyperbolic Jacobsthal numbers.
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Corollary 13 (Catalan type identity for dual-hyperbolic Jacobsthal num-
bers). Let n >0, m > 0, be integers such that n > m. Then

4
(DHJ,,)? —DHJp, - DH = 52— (=1)™)?(~14j—5e+5j¢).

Corollary 14 (Cassini type identity for dual-hyperbolic Jacobsthal num-
bers). Let n > 1 be an integer. Then

(DH.J,)* — DHLJ,,_; - DHJ, 41 = 4(=2)""Y (=14 j — 5¢ + 5je).
The next theorem presents the convolution identity for the dual-hyper-

bolic (s, p)-Jacobsthal numbers.

Theorem 15. Let n, m, s, p be integers such that m > 2, n > 1, s > 0,

p>0. Then
ODHJE,, = 25TPDHJSP | - DHJSP 4 (22513 4 235T2P)DHLJSP , - DHJ?,

m+n
+ Jman(8,0) = Jmtn+2(8,0) = 2Jmin+4(8,0)€ = 2Jmin+3(s,p)je.
Proof. Let A = 25T B = 225130 4 235+20 Then by simple calculations,
using (2), we have
A-DHJ? | -DHJS? + B -DHJ.?, - DHJ.?,
= AlJm-1(8,p)Jn(s,p) + Jm—-1(8,p) Jn+1(s,p)J
+ Jm—1(8,0)In+2(8, p)e + Jm—1(8,p) Jnt3(s, p)je
+ I (8,0)In(8,0)] + I (8, p) Jnt1(8,P) + I (8, p) Jnt2(s, p)je
+ Jin(8,0) Jnt3(s,0)e + Tmt1(s, ) Jn(s,p)e + Jmt1(8, p)Int1(8,p)je
+ Jm+2(8, ) In(s, p)je + Jmt2(s, p) Jnt1(s, p)E]
+ BlJm-2(5,0)In-1(5,0) + Jm—2(8,p)Jn(s,p)J
+ Jm—2(8,0)In+1(8, p)e + Jm—2(8, p) Jnt2(s, p)je
+ Jim—1(8,0)Jn-1(8,0)j + Jm-1(8,p) Jn(s,p)
+ Jm—1(8,0)In+1(8, p)je + Jm—1(8,p) Jn+2(s, p)e
+ Jim(8,0)In-1(8, p)e + Jin(s,p)Jn(s, p)je
+ Jm+1(8, ) In-1(8,p)j€ + Jm+1(5,p) Jn(s, p)e].
By simple calculations we get
A-DHJ? | -DHJS? + B -DHJ.? , - DHJ?,
=AJn-1(8,p0)Jn(s,p) + B Jm—2(8,p)Jn-1(5,p)
+ [AJm-1(8,p)In+1(8,p) + B Jm—2(8,0)Jn(s,p)
+ AJn(s,p)Jn(s,p) + B Jm—1(s,p)Jn-1(s, p)]j
+ [AJm—1(8,p) Int2(8,p) + B Jm—2(5,p) Jn+1(s,p)
+ AJmi1(s,0)In(s,p) + B Jin(s,p) Jn-1(s,p)le
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+ [A Jm-1(8,p)Jnt3(s,p) + B Jim—2(s,p) Jn+2(s, p)
+ A Jm(8,0)In+2(5,p0) + B Jm-1(8,p) Jn+1(s, p)]je
+ A Jn(s,p)Jnti1(s,p) + B Jm—1(8,0)In(s,p)
+ [A T (8, 0) Jnts(s,p) + B Jm—1(8,p) Jnt2(8,p)
+ A Jm+2(8,0)Jn+1(8,p) + B Jmt1(8, p) Jn(s; p)le
+ [AJm41(5,0) Jn+1(5,p) + B Ji(s,p) (s, p)
+ A Jpya(s,p)J(r,n) + B Jpmi1(s,p) Jn—1(s, p)]je.
Using Theorem 4, we obtain
A-DHJS?, - DHJS? + B - DHJS?., - DHL®?,
= Jimin(8:0) + 2[Imsnt1(5,0)J + Iman+2(8:P)e + Jmin+3(s, p)Jje]
+ Jm+n+2(8,) + 2Jmin+4(8,p) + 2Jmin+3(s, p)je
= QDHJfﬂﬁ-n = Jm4n(8,0) + Jmtnr2(s, p)
+ 2Jmtnta (8, P)E + 2Jmint3(s, p)Je.
Hence we get the result. O

Theorem 16. Let n >0, s >0, p > 0 be integers. Then

zn: DHLJ;™P
=0

_ DHJY, + (2257 4+ 25P)DH Y — (14 2° + 2P)(1 + j + € + je)
B 25tP(1 + 25 +2°) — 1
—j—(142°+2P 4 25P)¢
_ (1 4+ 95 4 9P ¢ 28+p 4 223+p+1 + 23+2p+1 + 225+2p)j€'
Proof. By (10) we have

n
> DHJ;? = DHJ? + DHJ}? + ... + DHJSP
=0

= Jo(s,p) + J1(s,p)j + J2(s, p)e + J3(s, p)je
+ Ji(s,p) + Ja2(s,p)7 + J3(s,p)e + Ju(s,p)je + . ..
+ Jn(8:0) + Jn41(8,p)J + Jn+2(s,p)e + Jnis(s, p)je
= Jo(s,p) + J1(s,p) + ... + Ju(s,p)
+ (Ji(s;p) + Ja(s,p) + ... + Tnga(s,p) + Jo(s,p) — Jo(s,p)) j+
+ (J2(s,p) + J3(5,0) + ... + Jnia(s,p) + Jo(s,p) + J1(s,p)
—Jo(s,p) = Ji(s,p))e
+ (J3(s,p) + Ja(s,0) + - .. + Jni3(s,p) + Jo(s,p) + J1(s,p) + J2(s,p)
— Jo(s,p) = Ji(s,p) — Ja(s,p))je.

~— ~— ~— ~—
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Using Theorem 3, we obtain

n
1
S,p 2s5+p 5+2p
l§_0 DH.J, T [Jns1(s,p) + (22577 4 2572P) I (s, p)

—1=2° =27 4 (Jusa(s,p) + (2247 4+ 2°02) T (5,) — 1 = 2° = 2P)j
+ (Jnas(s,p) + (2%1P £ 25T2) ] 1o(s,p) — 1 —2° — 2P)e
+ (Jnga(s, p) + (2%1P £ 2572) ] 1 o(s,p) — 1 — 2° — 2P))je]
= (Jo(s,p)j + (Jo(s, p) + Ji(s,p))e + (Jo(s,p) + J1(s,p) + Ja(s,p))j€)
- 25+P(1 + 215 Tor)— 1 [Jnt1(8,0)+JIns2(5,p)j+Ins3(s,p)e+JInta(s, p)je
+ (2% 4 202 (T (5, p) + Jug1(5,0)d + Jnva(s, p)e + Jnra(s, p)je)
—(14+2°+2") 14+ j+e+je)) —j— (1+2°4+ 2P +25P)¢
—(14+2°+2P + 9stp | 92stptl 4 gst2ptl | 22s+2p)j5
_ DHJY, + (22577 4+ 25F2)DHJ Y — (14 2° + 2°)(1 + j + € + je)
25tP(1+ 25 +2P) — 1
—§— (1425 2P 4 25%P)¢
— (1425 + 2P 4 25TP 4 92sHpHL | 9st2pHl | 92s42p)

In particular, we obtain the following formula for the dual-hyperbolic
Jacobsthal numbers.

Corollary 17. Let n > 1 be an integer. Then

i DH.J, .o — DH.J
Z DHJl _ n+22 1 .
=0

Proof. By Theorem 16 for s = p = 0 we have
0,0 0,0 . .
zn:DHJlO’O _ DH.J,/ + 2DH,™ — 3(1 4 j + € + je)
1=0

> — (j +4e+9j¢)
_ DHJY, — (3455 + 11e + 21je)
B 2

Using formulas J,(0,0) = J, 42 and DH.Jy = j 4+ € + 3je, DHJ; = 1+ j +

3e + 5je, we get

" DHLJ,,1 0 — i+ 11e + 215
Y DHJ = otz = 34565+ 1le+21je) \ s pp g
=0

2

_ DHJpq2 — (3 + 55 4+ 11e + 21je) + 2(1 + 25 + 4e + 8j¢)
B 2

 DHJpyz — (14 43¢ +5j2)  DHJ, 4o — DELS

= 2 _— 2 )
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which ends the proof. O

Now we give the ordinary generating functions for the dual-hyperbolic
(s, p)-Jacobsthal numbers.

Theorem 18. The generating function for the dual-hyperbolic (s, p)-Jacob-
sthal sequence {DHJ,"} has the following form:

B DHJS’Z) + (]D)HJf’p — 2S+pID)HJg’p)JT
g(x) = 1 — 2s+pg — (2254 4 2s+2p) 2

Proof. Assuming that the generating function of the dual-hyperbolic (s, p)-
Jacobsthal sequence {DH.J,”} has the form g(z) = Y oo  DHJ;"z", we
obtain

(1 - 2s+px _ (225+p 4 2s+2p)x2)g(x)
= (1 —25TPg — (22577 4 25729\ %) . (DHLJS? + DHJ; Pz 4+ DHJSPa? + - - )
= DHJ;? + DHJ; Pz + DHJ;P2? + - -
— 2°"PDHJ Pz — 25TPDHJ; P — 25TPDHJ; P’ — - -
— (2277 + 25T )DHLJ; P2® — (22577 + 257 %) DHL; P2
— (2% 4+ 2V )DHJ; Pat —
= DHJy? + (DHJ;P — 25PDHJ;P)z,

since DH.J,? = 25TPDHLJSP | + (22577 4 2572P)DHLJ; ", and the coefficients
of 2™ for n > 2 are equal to zero. O

At the end, we give the matrix representation of the dual-hyperbolic
(s, p)-Jacobsthal numbers.
Let
DHJ>P, DHJ,? ]

DEL/™(n) = {]D)HJ%1 DHJ:?,

be a matrix with entries being dual-hyperbolic (s, p)-Jacobsthal numbers.

Theorem 19. Letn > 1, s > 0, p > 0 be integers. Then

_ [DHJ;P DHJSP] [25tp 1

DHJ;?, DHJY | _ ' o
DHJ;P DHJG?| " |22+P + 242 o] -

(13) [DHJZ”’ DHJSP,

Proof. (by induction on n) It is easily seen that for n = 1 the result follows.
Assume that formula (13) is true for n > 1. We will prove that

DHJZ’_{_’I DHJS? | — [DHJIS’p DHJS’p 92s+p | 9542 )
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By induction’s hypothesis we have

DHJS? DHJP] [25+0 1" Joste 1
DHJ;? DHJg?| ~ |22 425420 0] [22%P 4 2572
_ [DHJP, DHJP | [25P 1
~ |DHJRP DHJP, |22t 425t 0

_25+pDHJflf1 + (2251P 4 25+2P\DHLJ, P DHJsfl
_25+p]D)HJ,§’p + (2%5FP 23+2p)]I)DHJZf’1 DH.J,;?

DHJE, DHIE
_DHJZfl DHJ,? |’
which ends the proof. O

Calculating the determinants in formula (13), we obtain the Cassini iden-
tity for the dual-hyperbolic (s, p)-Jacobsthal numbers.

Corollary 20. Letn >1, s > 0, p > 0 be integers. Then
DHJ?, - DHJSP, — (DHJSP)?
= (DI[—]IJQS’p -DHJ;? — (]D)IHIJf’p)Q) (=122 tP 25yl

4. Conclusion. In this study, a two-parameter generalization of the dual-
hyperbolic Jacobsthal numbers was introduced. Some results including the
Binet formula, generating function, a summation formula for these num-
bers were presented. Moreover, some identities, such as Catalan, Cassini,
d’Ocagne and convolution identities, involving the dual-hyperbolic (s, p)-
Jacobsthal numbers were given. The obtained results are generalization of
the results for the dual-hyperbolic Jacobsthal numbers.
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