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Introduction

Large systems of individuals interacting with each other and with the
environment are being studied in life sciences such as biology, chem-
istry, physics, ecology, genetics, oceanology, as well as in economics,
social sciences, etc. There exists a great amount of works dedicated to
the mathematical theory of such objects characterized by the level of
sophistication that varies from simple heuristic modeling to advanced
approaches based on the use of deep real-world models supported by
appropriate numerical methods and computer simulation techniques
[9,10]. Among the most important issues studied in these works are
various aspects of the time evolution of such systems. The aim of the
present thesis is to contribute to the development of the dynamical the-
ory of infinite particle systems undergoing fragmentation. First the-
oretical works on coagulation-fragmentation processes can be traced
back to works by Marian Smoluchowski appeared at the beginning
of the XX century. Such processes are considered, see [6], as basic
acts of nature, which points to the great importance of their mathe-
matical theory. Fragmentation can also be interpreted as branching,
cf. [12], the first works on which go back to the Galton-Watson the-
ory of the extinction of families [27]. Their modern development is
mostly conducted in the framework of the theory of stochastic pro-
cesses [21, Chapt. 4], among which one can distinguish works [13, 14]
on branching in particle systems.

Studying branching in particle systems is usually restricted to those
dwelling in a compact habitat [21, Chapt. 4], or to finite particle sys-
tems [13,14]. As mentioned above, this work is dedicated to studying
infinite particle systems, which seems to be the first instance of the
theory of this kind. Namely, the following two models are introduced
and studied. In the first model, [38,39], an infinite population of point
entities is placed in R?. Each entity undergoes binary fission with dis-



appearance afterward. It is also subject to a random death caused by
crowding — local competition. By this, the particles interact with each
other. The pure states of the system are locally finite simple config-
urations v C R? and the general states are probability measures on
the space I' of all such configurations. This model may be considered
as a branching version of the Bolker-Pacala model [16,32,34]. In the
proposed model, an entity, with trait z € R? undergoes the follow-
ing: (a) independent fission with rate b(x|y;,y2) in the course of which
the particle gives birth to two new particles with traits y;,7, € R?
and disappears afterwards; (b) state-dependent death (disappearance)
with rate m(z) +>_ .\, a(z —y). When dealing with infinite config-
urations, one usually imposes a priori restrictions on the properties of
probability measures modeling states of the system. The main idea of
this is to pass to considering dynamics on spaces of finite configurations
by employing so called correlation measures and functions [43]. In this
work, this is done by introducing sub-Poissonian measures Py, (I'), see
Definition 1.2.3 below. Then the ultimate goal is to construct the evo-
lution ¢ +— p1; € Pexp(I') of this model. The first step in this direction
is performed by considering its finite version, cf. [37]. Here I apply the
Thieme-Voigt perturbation technique [50] adapted to our purposes, see
Section 1.5, to obtain the evolution of states in the Banach space of
signed measures with finite variation. Thereafter, this construction is
used to achieve the main result mentioned above. This is done in The-
orem 2.3.5 and Corollary 2.3.6. A characteristic feature of this result
is the use of the evolution equations for correlation functions in the
corresponding L>-type Banach spaces. In view of this, the standard
semigroup methods cannot be directly applied here. To deal with this,
I construct a certain (sun-dual) Cy-semigroup in appropriated Banach
space, which I use to obtain a family of linear bounded operators acting
from smaller to bigger spaces, see Lemma 4.1.3, which gives a classi-
cal solution of the mentioned equation. I demonstrate that the local
competition — interaction explicitly taken into account — can produce
a global regulating effect, i.e. by Theorem 2.3.5 the evolution of mea-
sure is obtained by identifying the measure p; with the solution of the
evolution correlation functions equation. Moreover, I prove that p; is
the sub-Poissonian state for all ¢ > 0 (continuation), which means that
the evolution of measures preserves the sub-Poissonicity of the states
and hence the self-regulation takes place.



The second model presented in this thesis was introduced and stud-
ied in [40]. Its preliminary version was introduced in [49]. In contrast
to the first model, here the particles do not interact with each other,
however, the basic space where they are placed in is a general locally
compact Polish space. Each particle produces at random a finite cloud
of new particles, and disappears afterwards. An infinite system of such
point particles — an infinite ‘cloud’ — is placed in a locally compact Pol-
ish space X in such a way that each compact A C X contains only
finitely many elements of the cloud, but multiple locations of parti-
cles are possible. Here I also employ probability measures as states
of the system, the evolution of which is described by the correspond-
ing Fokker-Planck equation directly, i.e., without calling correlation
functions. The branching mechanism here is presented by a branch-
ing (probability) kernel b, (d€), which describes the distribution of off-
springs (constituting cloud &) of the particle located at . Models of
this type (and even much more complex) are well-known [13, 14], but
in the finite-system version. To deal with infinite configurations, simi-
larly as in the first model I impose a restriction on the support of the
considered states p € P(I') by imposing a condition on the branch-
ing kernel. This allows for passing to tempered configurations, the
set of which, I'Y, equipped with a certain topology becomes a Polish
space (Proposition 1.1.4). Then I define the Kolmogorov operator L
as a closed linear operator with domain D(L) in an appropriate space
of continuous functions. First important result here is Theorem 3.3.1
which gives the unique classical solvability of the Kolmogorov equa-
tion. I obtain the solution by constructing a Cy-semigroup generated
by (L,D(L)). The key step of this is solving a nonlinear evolution
equation in the space of bounded continuous function on X defined by
the branching kernel, see Lemma 3.2.2. Thereby, in Theorem 3.3.3,
I prove the existence and uniqueness of the solution of the Fokker -
Planck equation.

Statements similar to Theorems 2.3.5, 3.3.1 and 3.3.3 give a micro-
scopic description of the dynamics of the system where we take into
account the traits of each individual particle. To establish the connec-
tion of such the description with phenomenological theories, i.e. the
meso- and macroscopic description [5,47,48], we use scaling techniques,
which is also a subject of the dissertation. I make a comparison of such
descriptions for fission-death model. I rescaled the interaction between



entities, cf. [26], and obtain the kinetic equation correspond to fission-
death model, and also to the Bolker-Pacala-type model, which means
that only microscopic level give us a fully precise description of the
considered system.

The work has the following structure. In Chapter 1 I introduce
phase space, spaces of functions and measures, and provide informa-
tion and the analysis in such spaces. I deal with function acting on
such spaces and present the corresponding evolution equations, like
Kolmogorov equation and Fokker-Planck equation. At the end of the
chapter, I add elements of semigroup theory. In Chapters 2 and 3, 1
introduce the fission - death model and the free branching model that
are the subject of the dissertation and present main results connected
to these models, including consideration about both finite and infinite
systems. The final Chapter contains the proofs of the most important
results of the thesis.



Chapter 1

Preliminaries

In this chapter, I present the main technical aspects of the work and
comments, in particular, regarding the spaces in which I consider mod-
els of fragmentation, measures and functions in these spaces and the
corresponding evolution equations. A detailed description of these as-
pects can be found in [2,35,43] and the literature quoted in these
articles.

1.1 Configuration spaces

Simple configurations in R?

The Euclidean space R?, d > 1, is supposed to be equipped with the
usual norm topology. By B(R?) we denote the corresponding Borel
o-field of subsets of R?. In the approach used in this work the phase
space is the configuration space, i.e. the set

I'={y CR?: |ys] < oo for any compact A C R%},

where v4 := N A and | - | stands for cardinality. The elements of T’
are called configurations. We associate I' with the subset of the space
of all positive Radon measures on R? by using the representation

Y= Z Oz,
xrey

where 0, is the Dirac measure centered at x. That is, the atomic
measure with a single atom at x € R with mass one. For a given



B € B(RY), it takes values

1 ifreB
0.(B) =1 =< ’
(B) 5() {0, otherwise,

where Iz is the indicator of B. Hence, we may equip I with a measur-
able structure, which we do by introducing a topology. Let K be any
nonempty set and Z = {(; };er be a family of maps ¢ : K — R indexed
by an arbitrary set I. The topology on K induced by Z is the weakest
topology that makes continuous all the maps (;. Let Ces(R?) stand for
the set of all continuous functions f : R? — R which have compact
support. For f € Cu(R?), we define the map

Loy = {fy)i= | f@n(de) = > flw)eR.

rey

Definition 1.1.1. The vague topology on I' is the topology induces
by the family {(f,-) : f € Cus(RH}.

By B(I") we then denote the Borel o—field of subsets of .

The topology on I' admits a metrization, see [36] and [44]. Let
B,(x) denote the open ball with radius » € R, and centre x € R%
Then, for any subset A C R? and ¢ > 0, the neighbourhood of A is
defined by A° := J,c 4 B:(a). For any 1,1, € I'g let us first define the
Prohorov distance d : I'y x 'y — R, by the formula

d(ni,mz) :=inf{e > 0: 9 (A) < no(A°) + e and np(A) < m(A%) +¢

(1.1)
for all closed A € R}.

Using (1.1), for any 71,72 € I' we introduce the metric D on I'
S MO
D(71772) = / e’ ("Yl (T;yQ (),,,) d?", (12)
0 L+d(v7,7% ")

where 7((A) = v(A N B,(0)) for all measurable A C R% Then we
obtain the following two results.

Theorem 1.1.2. [44, Theorem 1.1] Let (i )ren be a sequence in T and
~v € I'. Then the following statements are equivalent:



(1) D(,7) = 0 as k — oo;

(i1) /Rd f(z)vk(dx) — /Rd f(z)y(dx) as k — oo for all bounded con-

tinuous functions f on RY with compact support;

(111) there exists an increasing sequence (1 )nen With 1, — 00 as n —
oo such that d(y,(:"),v(rn)) — 0 as k — oo for alln € N;

(iv) Y(A) = v(A) as k — oo for all bounded sets A € Rl such that
v(0A) = 0, where A is the boundary of A.

Theorem 1.1.3. [44, Theorem 1.2] The space (I', D) has the proper-
ties:

(i) T is a complete and separable metric space (Polish space) when
it is equipped with the distance function D defined in (1.2).

(i) The Borel o—field B(I') is the smallest o—field that makes all
mappings ®4 : T — NU {oo}, A € B(R?), measurable, where

Wa(y) =7(4).

Thereby, (I', B(I')) is a standard Borel space. By P(I') we denote
the set of all probability measures on (I', B(T')).

Let A be compact. Set I'y = {7 : v C A} and define the following
sub-field of B(T"):

B(FA) = {A NIy :Ae B(F)}

Hence, (I'y, B(T'y)) is also a standard Borel space. By Ba(I") we denote
the smallest sub-o-field of B(I") that contains all cylinder events

Cao={yel v €A}. (1.3)
For a compact A, we define the map
['S v Na(y) = |yl € No,

where INg denotes the set of all nonnegative integers. Then B(I") is
generated by the family of sets

A= {y €T : Njo(y) = n}, n € Ny, A —compact.  (1.4)



By setting A = R? in (1.4), we obtain the set ' of all n—point
configurations and then we define the set of finite configurations by
the formula

Ty = I e B(D).
n=0
Each I'" is equipped with the topology related to the Euclidean topol-
ogy of the underlying space R? and then I'y € B(I'). Hence, the
(Tp, B(I'y)) is a standard Borel space with corresponding Borel o-field
of subsets of I'y coincides with the o-field

B(Lo) = {ANTy: A€ BI)}

Multiple configurations in a locally compact Polish space

In this part, the trait space X is just a locally compact Polish space.
By C,(X) we denote the set of all continuous and bounded functions
f: X — R and by C{f(X) - the set of positive elements of Ci,(X).
Then by Cy (X) we denote the set of all f € Cf (X) which satisfy: (a)
f(z) > 0for all x € X; (b) for each € > 0, one finds a compact A, C X
such that f(z) < € whenever z € X \ A..

As in [43], by a configuration v we mean a finite or countably infi-
nite, unordered system of points placed in R?, in which several points
may have the same location. As in the previous case, the set I' is
equipped with the vague (weak-hash) topology — the weakest topology
that makes continuous all the maps v +— > g(x), g € Ces(R?). Here
by writing > .. g(x) we understand }_; g(z;) for a certain enumera-
tion of the elements of 7. Clearly, such sums are independent of the
enumeration choice, see [43]. In the same sense, we shall understand

sum of this kind

€Y zeY\z

The vague topology is separable and consistent with a complete metric,
which makes I' a Polish space.

In dealing with infinite configurations, we may restrict ourselves to
those ones that have a priori prescribed properties. Here we do this by
employing a function ¢ € C{ (X)), () < 1, for which we set

U(y) =) dl). (1.5)

xEY



Then the set of tempered configurations is defined as
Y = {7€T: W) < oc},
cf. [21, page 41]. Tt is clear that
v o1, whenever ¢’ <. (1.6)

By this observation we get a possibility to vary I'¥ from T' (by taking
Y € CF (X)) to Ty, corresponding to ¢ = 1. If ¢ € Cf (X), then TV
is a proper subset of I' and subset of ['y. As an example one can take
X =R and ¢(z) = e~ @ > 0. Then the configuration N C R is in
'Y, whereas {logn : n € N} is not if a < 1.

For each v € I'Y, the measure

vy = Zw(:c)éx (1.7)

ey

is finite. Thus, one can equip I'Y with the topology defined as the
weakest one that makes continuous all the maps

IY290 ) g,  geCX). (1.8)

Sie

Similarly as in Proposition 2.7 and Corollary 2.8 of [41], one can prove
the following.

Proposition 1.1.4. Let ¢ € Cf (X) be separated away from zero, i.e.
W(x) > 0 for x in a compact A C X. Then with the topology defined

in (1.8), TV is a Polish space, continuously embedded in T'. Thus,
B(IY)={AeB(I): AcCT?}.

Proof. First we note that the set of measures {v, : v € 'V} is a subset
of the space N of all positive finite Borel measures on X, which is a
Polish space with the weak topology. Let us prove that I'? is a closed
subset of A/. To this end, we take a sequence {7, }new C 'Y such that
{v,, }nen is a Cauchy sequence in a metric of N that makes this space
complete. Let v € N be its limit, and hence

> gla)p(x) = v(g),  n— +oo, (1.9)

TEYn
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holding for all g € C,(X), in particular for g € Ce(X) . Since
is separated away from zero, each h € Cu(X) can be written in the
form h(z) = g(z)(x) with g € Ces(X). Hence, the sequence {7, }nen
vaguely converges to some locally finite counting Borel measure v#
on X as the set N# of all such measures with the vague topology
is a Polish space, see [20, Proposition 9.1.IV, page 6]. The limiting
counting measure can be associated with a certain v € T, i.e., v(h) =
vi#(h) = > wey M), holding for all h € Ces(X). To prove that this y
lies in 'Y, we take an ascending sequence of compact A,, C X, i.e.,
A, C Apy1, m € N, such that each z € X is contained in some A,,.
Then we take g™ € Cg(X) such that g™ (z) = 1 for 2 € A,,, and
g™ (x) = 0 for # € X \ A,,41, which is possible by Urysohn’s lemma.
Then
vF() =Y g (@) (@) = v(g™) < v(X),

xrey

RO (@) = g (2 (a).

Now we pass here to the limit m — 400 and obtain (by the Beppo -
Levi theorem) that ¥(y) < v(X), which yields, v € T'¥. Thus, v in
(1.9) is equal to v#, which yields that {v, : v € TV} is closed in AV, and
thereby is also Polish, see [18, Proposition 8.1.2, page 240]. In view of
the aforementioned identification v with v, the latter proves the first
half of the statement. The stated continuity of the embedding I'Y < "
is immediate. Then the conclusion concerning the o-fields follows by
Kuratowski’s theorem, see [45, Theorem 3.9, page 21]. O

Remark 1.1.5. The continuity of the embedding 'Y — I" allows one to
establish the following fact:

P(IY) ={peP): ul% =1} (1.10)

That is, each u € P(T") possessing the property pu(I'¥) = 1 can be
redefined as a probability measure on I'Y. Therefore, by restricting
ourselves to tempered configurations — members of I'Y — we exclude
from our consideration all those 1 € P(I") that fail to satisfy the men-
tioned support condition.

Let By, (X) denote the set of all bounded and measurable functions
f: X — R. Following [24, page 11|, we say that a sequence {h, }nen C
By,(X) converges to a certain h € By (X) boundedly and pointwise if:
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(a) sup,, ||ha]| < o0; (b) hy(z) — h(x) for each x € X. In this case,
we write h,, ®BohoA subset, H C Bp(X), is said to be bp-closed, if

{hn} C H and h, 2 imply h € H. The bp-closure of H C B (X)
is the smallest bp-closed subset of By,(X) that contains H. An H' is
bp-dense in H, if the latter is the smallest bp-closed set that contains
H'.

Let F be a family of functions f : X — R. By oF we denote
the smallest sub-field of B(X) such that each f € F is oF/B(R)-
measurable. The weak topology of P(X) is defined as the weakest one
that makes continuous all the maps p — u(f), f € Cp(X). With this
topology P(X) can also be turned into a Polish space. By writing p,, =
p, n — +oo, we mean that {u, t,en weakly converges to p. A family
F of functions f : X — R is called separating if p1(f) = pua(f), holding
for all f € F, implies 1y = o for each pair uy, ps € P(X). F is said to
separate the points of X if for each distinct x,y € X, one finds f € F
with the property f(x) # f(y). If F separates points and is closed with
respect multiplication, it is separating, see [24, Theorem 4.5, page 113].
A family F is called convergence determining if p,(f) — u(f), f € F,
implies p, = p. The following is known, see [24, Proposition 4.2, page
111] and/or [21, Lemmas 3.2.1, 3.2.3, pages 41, 42].

Proposition 1.1.6. For each Polish space X, there exists a countable
family H C CF(X) that has the following properties: (a) the linear
span of H is bp-dense in By(X); (b) B(X) = oH; (c) it contains the
unit function u(x) = 1 and is closed with respect to addition; (d) it is
separating; (e) it is convergence determining.

Let V = {u hew C Cyf (X) be a family of functions with the prop-
erty as in Proposition 1.1.6. We may and will assume that each v; € V
satisfies infx v;(Z) > ¢p; > 0 for an appropriate coy, cf. [21, Remark
3.2.3, page 42]. Indeed, if this is not the case, instead of v; one can take
U := v, + ¢oy. Then the family {7, },ew has all the properties we need.
For v € T, we have, cf. (1.7), v,(v) = > zey vi(@)p(z). Then the
topology mentioned in Proposition 1.1.4 is metrizable with the metric

o0

no_ 27! |V7(Ul) - V’Y'(Ul)|
207 = 2 T o o)~ o Gl (1)
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For p € P(T'%), its Laplace transform is defined by the expression

Lu(9) = WG,  geCy(X) (1.12)

GY(7y) == exp (=14 (g)) = exp (— Zg(fv)w@)) -

xrey

The following is known, see [21, Lemma 3.2.5 and Theorem 3.2.6,
page 43].

Proposition 1.1.7. Let V be the family of functions used in (1.11).
Then:

(i) B(TY) = o{G® : v € V};
(ii) By(T') is the bp-closure of the linear span of {G® : v € V};
(111) {G" :v €V} is separating;
(iv) {G" :v € V} is convergence determining.
The proof of claim (iv) is essentially based on the concrete choice
of the metric (1.11), by which one shows that the family {G" : v € V}

is strongly separating, cf. [24, page 113]. In the sequel, we will use the
following functions

o) = 1— 0(z) = exp (—g(a)b(x) . (1.13)

with g € CiF(X).

1.2 Functions and measures on configu-
ration spaces

In this section, all the statements and fact hold true for both multiple
and single configurations, and X stands for the habitat, that includes
also the case X = R%. We write R? rather than X to stress that we
mean exactly this habitat.
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Recall that Ces(X) denotes the set of all compactly supported con-
tinuous numerical functions on X. By @ we denote the set of all those
0 € Ces(X) which take values in (—1,0]. Then the map

ISy Fy) = H(l—I—H(x)) = exp (Z log(1 + 6’(1‘))) ) 0eco,
ey xrey
(1.14)
is (vaguely) continuous and satisfies 0 < F(y) < 1 for all 7. The
upper bound is evident, and the continuity follows by the continuity
of v >, log(1+6(z)). The set © has the following properties:

(a) for each pair of distinct v,~" € T', there exists § € © such that
F(y) # FO(¢);

(b) for each pair 0,60" € ©, the point-wise combination 6 + ¢’ + 06’ is
also in ©;

(c) the zero function belongs to O.

The mentioned properties yield that {F? : § € O} is a separating
family, see [1, Proposition 1.3.28, page 113]. Moreover, for each 0 € O,
w(F?%) = p’e(F%), where a compact Ag is such that §(z) = 0 for z €
Ag = Rd \ Ag.

A function G : 'y — R is B(I'g)/B(R)-measurable if and only if,
for each n € IN, there exists a collection of symmetric Borel functions
G™ : (RY)™ — R, such that

Gn) =G (z,...,2,),  for n={a1,... 2.} (1.15)

Definition 1.2.1. A measurable function G : I'y — R is said to have
bounded support if: (a) there exists a compact A C R? such that
G(n) = 0 whenever n N A # n; (b) there exists N € IN such that
G(n) = 0 whenever |n| > N. By Bys(I'g) we denote the set of all
bounded functions with bounded support.

Definition 1.2.2. F': I' — R is a cylinder function if there exists a
compact A and a B(I'y)/B(R)-measurable function G such that F'(y) =

G(’VA)? v E .

For a compact A and A € B(I'y) let BA(I') be the sub-o-field of
B(I') generated by all cylinder sets C, defined in (1.3). By Definition
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1.2.2; a cylinder function F' : I' — R is Bx(I')/B(R)-measurable for
some compact A. For a compact A and a given p € P(I'), we define
the projection of u on I'y by the relation

u(Cas) = ' (A) (1.16)

which determines u* € P(T'y). Note that all such projections {u*}a
of a given p € P(I") are consistent in the Kolmogorov sense.

In the sequel, we consider probability measures on I' as state of the
system. Each p € P(I') is characterized by its values on the sets (1.4).
A homogeneous Poisson measure 7, € P(I") with density s > 0 (see,
e.g., [30]) is then defined by the following expression.

ﬂ%(FA’") = %L'Dn exp (—x|A|), (1.17)

where |A| stands for the Lebesgue measure of A.
For a given p € P(I'), we introduce the Bogolubov functional as

B,(0) = u(F?) = /FFedM, € o. (1.18)

For the Poisson measure it has the following form

B._(0) = exp (% /R d Q(x)d:v) |

Obviously 7,.(F?) can be continued to an exponential type entire func-
tion of # € L'(R?). Having this in mind we introduce the following
class of measures.

Definition 1.2.3. The set of sub-Poissonian measures Pexp(I') con-
sists of all those pu € P(T") for each of which p(F?) can be continued
to an exponential type entire function of § € L(RY).

It can by shown that the measure 7,, has the property: 7,,(I'g) = 0,
and for each p1 € Peyp(I'), there exists sz > 0 such that

p(A") < (A, (1.19)

holding for all compact A and n € IN.
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By Definition 1.2.3, see [35], a given p belongs to Pexp(I') if and
only if u(F?) can be written down in the form

1
M(FO) =1+ Z m/ , ]{3/&")(:[1, ooy x)0(xy) - 0(x)day - - - dy,
n=1 '~ J(RH"

(1.20)

where k:Ln) - called n-th order correlation function of the state u- is
a positive and symmetric element of L>°((R%)"). Moreover, for the

collection {k&")}nem satisfies Ruelle’s bound
”k;(Ln)“LOO((Rd)" < ", n € NN, (1.21)

holding with some s > 0. Note that kf(rz) = 3".This implies the form
of By, and so k" (21, ..., 2,) < 5", cf. (1.19).

Recall that Bps(I'g) stands for the set of all bounded functions with
bounded support.

Definition 1.2.4. The Lebesgue-Poisson measure X on (I'g, B(I'y)) is
defined by the integrals

=1
/G(n))\(dn):G(g)nLZE/(R G (zy,. .. xn)dxy - - - day,
Lo n=1 "

d)n
(1.22)
holding for all G € Bys(To).
For G € Bys(Ty), we set
(KG)(y) =) _G(n), ~yeT, (1.23)

ney

where 7 € v means that n C v and 7 is finite. For each G € Bys(T'y), by
Ag and Ng we denote the smallest A and N with the properties men-
tioned in Definition 1.2.1, and use the notations Cg = sup,r, |G(n)|.
Then, cf. Definition 1.2.1,

(KGQ)()] < Ca(L+IvnAc)™, G € Bu(To).

Like in (1.15), we introduce the real valued function k, : I'y — R
such that k,(n) = k™ (zy,...,3,) for n = {z1,...,2,}, n € N, and
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k, (@) = 1. Then we rewrite (1.20) as follows

u(F*) = / Rae@Adn), @) =[[0@), (129

xen
where \ is the Lebesgue-Poisson measure introduced in (1.22). In the
sequel, we call k,, the correlation function corresponding to the measure
[
For 1 € Pexp(I') and a compact A, the projection p™, as a measure
on (I'g, B(I'y)), is absolutely continuous with respect to the Lebesgue-
Poisson measure A, see [35]. Hence, we may write

w*(dn) = Ry (m)A(dn). (1.25)
Then the Radon-Nikodym derivative Rf) and the correlation function
k, are related to each other by

k.(n) = /F Rﬁ(n U &)A(dE), nely, A-compact. (1.26)

For each G € Bys(I'g) and k : Ty — R such that k™ € L*((R9)") the
integral

(G R = / G(n)k()A(dn) (1.27)
exists. Hence, by (1.20), (1.23), (1.25) and (1.27) we obtain
/F (KG) (1)u(dy) = (G, k) (1.28)

holding for all G € Bys(I'y) and p1 € Pexp (). Set
B (To) ={G € Bus(I'o) : (KG) (7) 20 for all y €T} (1.29)

By [35, Theorems 6.1, 6.2 and Remark 6.3] we know that the following
Proposition is true.

Proposition 1.2.5. Let a measurable function k : Ty — R have the
following properties:

(@)  (G,ku) >0, for all G € By (T');
(b)  k(@)=1
() k(n) <M

with (c) holding for some C' > 0 and A-almost all n € T'y. Then there
exists a unique p € Pexp(I') such that k is its correlation function.
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Finally, we present the inequality which will extensively be used in
the sequel

p
nPe=" < (ﬁ) . p>1 0>0, neN, (1.30)

eo -

and two useful formulas holding for appropriate functions g : R = R
and G : 'y — R.

veey Y J[e) =0+g@) > []e), (1.31)

ne€y 2€n nevy\z 2€n

| S cennonan = [ [ cenvemaanm, (.3

0 &cn
see [25], Lemma 2.4.

1.3 Evolution equations

Here and in the sequel, we use the notation, cf. (1.18),

M(F):/Fdﬂ-

The Markov evolutions which are studied in this work are described
by the (backward) Kolmogorov equation
d .

%Ft =: F, = LF;, Fili—o = Fb, (1.33)
where Ft denotes the time derivative and F; : I' — R is an observable.
The expression LF determines the model, i.e. contains all informations
about it.

Recall that we consider probability measures on I' as states of the
system. The evolution of such states po — u; is defined by the Fokker-
Planck equation

fig = L¥ pug, Mt|t:0 = Ho- (1~34)

Both evolutions, (1.33) and (1.34), are in the duality po(F;) = ui(Fp).
This means that L* is obtained from L by the following rule

/F (LF)(7)ps(d) = / P (L) (7). (1.35)

To
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For infinite systems, the direct use of (1.33) and (1.34) is rather impos-
sible, so we proceed as follows. Having in mind (1.24), instead of the
Fokker-Planck equation (1.34) we may consider the following evolution
equation for correlation functions

d
%kt — LAkt, kt|t:0 — kﬂ()’ (136)

where operator L? is obtained from L in (1.33) by the rule

/F (LF)(7)uldv) = / (L2k,) () (H 9(@) dp)  (137)

ren

In the case of finite configurations measures of our interest are abso-
lutely continuous with respect to A defined in (1.22). Set, cf. (1.25),

pe(dy) = Re(y)A(d).
Then one can also transform (1.34) into the problem

d
ERt(n) = (LTRt)(n), Ri|i—0 = Ro.

according to
(L"p)(dn) = (LTR,) () A(dn). (1.38)

1.4 Spaces of measures and functions

We introduce here spaces in which equations (1.33), (1.34) and (1.36)
will be considered. We start with the space of signed measures with
bounded variation, where the equation (1.34) can be defined. By M
we denote the Banach space of all signed measures on (I'g, B(I'g)). Let
M stands for the cone of positive elements of M, which is generating,
ie. M = Mt — M™*, see [18] and [50] for more details. Using the
Hahn-Jordan decomposition p = p* — p=, u* € M™, we define the
norm of y € M as

[l = 7 (To) + = (To).
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Then P(Ty) is a subset of M™ consisting of those p for which ||u||pm =
1. Note that, the linear functional

om(i) = (o) = / u(dn) = j+(To) — = (To)

has the property o (i) = ||p||am for each p € MT; hence, || - || is
additive on the cone M™. Therefore M is an AL-space, see [50].
For an increasing function y : Ny — [0, +00), we set

M= {ue s [ i <o, Mg =M M,
' (1.39)
and introduce
om, () = /Fx(lnl)u(dn) (1.40)

= /Fx(\nl)/ﬁ(dn)—/ x(nhp~(dn), — pe M.

o
Regarding x we assume that M, is a proper subset of M and the
corresponding embedding is continuous.
Along with the space M we will consider its subspace consisting
of all measures absolutely continuous with respect to the Lebesgue-
Poisson measure, which is

R := L' (T, \).
As we did before, we define the functional

or(R) = / R()\(dn).

Let R™ and R stands for the cone of positive elements of R and the
probability densities, respectively. Then ¢r(R) = ||R||g for R € R*
and hence R is AL-space too. Similarly, as in (1.39) and (1.40), for an
increasing function y : Ng — [0, 4+00), we set

sz{ReR: / x<rn\>|R<n>\A<dn><oo}, (1.41)

o (R) = / V(mDR@A@y),  ReR,,

Ri=RyNRY, R, ={ReR!:¢r(R)=1}.
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Let us now consider the L*-like Banach spaces of functions /C,.
Having in mind that the correlation functions of measures from the set
Pexp(I') satisty (1.21), for appropriated non-increasing function w(|n|)
and a € R, we introduce the following norms

1kl = esssupw(|n|)e " [k(n)], (1.42)

nelo

and the corresponding spaces
Ko=A{k:To— R:|k]law < o0}, (1.43)

equipped with the usual point-wise linear operations. For o < «, we
have that [|k|los > ||k||a. Therefore, K, — Ko, where “—” denotes
continuous embedding. In view of this, we have obtained an ascending
scale of Banach spaces {/C, }acr-

For a € R, we set, cf. (1.28), (1.29) and Proposition 1.2.5,

K, ={keKy: (G k) >0 and k(@) =1}. (1.44)
Note that L} is a proper subset of the
Kr:={keK,:k(n) >0} (1.45)

1.5 Thieme - Voigt perturbation theory

In this section, we present elements of the semigroup theory [46] and
the Thieme - Voigt perturbation theory [50], see also [4]. Here, we
adapted the theory to our purposes. Let £ be either M or R, and
| - lle stand for the corresponding norm. The sets £F, &, &, &,
5;5 1, and the functionals ¢g, @g,  are defined analogously to the sets
and functional defined in Section 1.4, i.e., they should coincide with
the corresponding objects introduced in Section 1.4 if £ is replaced by
M or R (by M7 we then understand P(Ty)). Let D C £ be a linear
subspace, DT = DN ET and (A, D), (B,D) be operators in €. Set
also Dy, = {u € DNE, : Au € &,} and denote by A, the trace of
A in &,, i.e., the restriction of A to D,. Recall that a Cy-semigroup
of bounded linear operators S = {S(t)}:>0 in € is called positive if
S(t) : EY — ET for each t > 0. A sub-stochastic (resp. stochastic)
semigroup in € is a positive Cyp-semigroup such that pg(S(t)u) < @e(u)
(resp. we(S(t)u) = pe(u)) whenever u € ET.
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Proposition 1.5.1. [50, Proposition 2.2] Let (A, D) be the generator
of a positive Cy-semigroup in E, and (B, D) be positive, i.e., B : Dt —
ET. Suppose also that

Vu e DY vs((A+ B)u) < 0. (1.46)

Then, for each r € (0,1), the operator (A+ rB, D) is the generator of

a sub-stochastic semigroup in &.

Proposition 1.5.2. [50, Proposition 2.7] Assume that:
(i) —A: D" = E" and B: Dt — ET;

(i1) (A, D) be the generator of a sub-stochastic semigroup S = {S(t)}+>0
on € such that S(t) : & — &, for allt > 0 and the restrictions
S(t)|e, constitute a Cy-semigroup on &, generated by (Ay,Dy);

(iii) B : Dy, — &, and pg ((A+ B)u) =0, foru € DF;

(iv) there exist ¢ > 0 and € > 0 such that

ve, ((A+ B)u) < cpe (u) — || Aulle, for ue D, NET.

Then the closure of (A + B, D) in £ is the generator of a stochastic
semigroup Sg = {S¢(t)}i>0 in € which leaves &, invariant. The re-
strictions Sg, (t) := Se(t)|e,, t > 0, constitute a Co-semigroup Sg, in
&, generated by the trace of the generator of Sg in &, .



Chapter 2

Fission-death system with
competition

This chapter is devoted to the evolution of the system of interacting
point entities with traits z € R, introduced and studied in [38, 39].
In the model, each entity is subject to a state-dependent death (with
rate that includes a competition term) and independent fission, in the
course of which each entity produces two descendants and simultane-
ously disappears. The states of the system are probability measures on
the corresponding configuration space. We also perform a multi-scale
analysis of this system.

2.1 The model and the basic assumptions

The Markov evolution of the model is described by the Kolmogorov
equation (1.33), in which L specifies the model. In the considered case
it has the following form

(LE)(y) =) |m@)+ > alz—y) | [F(y\z) = F(y)] (2.1)

€y yeY\z

+Z/ b(lyr, yo) [F(v \ z U {y1,12}) — F(7)] dyrdys.
rey
In expressions like v U z, we treat x as a singleton configuration {z}.

The first term in (2.1) corresponds to the death of the particle with

22
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trait x occurring:

(i) independently with rate m(x) > 0;

(ii) under the influence (competition) of the other particles in y occur-
ring with rate

EYz,y\ x) := Z a(x —y) > 0. (2.2)
yeY\

The second term in (2.1) is responsible for an independent fission with
rate b(z|y1,y2) > 0.

Assumption 1. The nonnegative measurable functions a, b and m are
subject to the following:

(i) a is integrable and bounded; hence, we may set

sup a(z) = a*, /R o(2)dz = (a).

z€R4

(ii) There exist positive r and a, such that a(z) > a, whenever
x| <.

(iii) For each z € RY, b(z|y1, y2)dy1dys is a symmetric finite measure
on (R%)?; hence, we may set

<b> = / b(x|y1, yz)dyldyQ,
(R4)2

where, for simplicity, we restrict the consideration to the trans-
lation invariant case where the right-hand side of the latter for-
mula is independent of x. The mentioned symmetry means that
b(z|y1,y2) = b(z|y2, y1) for all values of the arguments.

(iv) For each yi,y2 € RY, b(-|y1,2) is integrable, and hence we may
set

Bn =) = | Wl )i,

where the function § > 0 has the property B(x)dz = (b) and
R4
is supposed to be such that

sup f(z) =: f* < 0.
zERL
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Our consideration includes also the case where b is a distribution.
In particular, b may take the form

L6 — 1) + 6(x — 1)) B — v2)

b(zlyr, y2) = 5

which corresponds to the Bolker-Pacala model [32].

Remark 2.1.1. The function S describes the dispersal of newborn twins,
which are subject to the competition described by a. As in the Bolker-
Pacala model, the following two cases may occur:

e short dispersal: there exists w > 0 such that a(z) > wf(z)
holding for all z € R%;

e long dispersal: for each w > 0, there exists + € R? such that

a(z) <wph(x).

For n € Ty, we set, cf. (2.2),

E*() = Y E*z.p\z)=)»_ Y a(z—y) (2.3)

TEN zen yen\x
E'm) = > ) Bla—y) ZZ/ 2|z, y)dz
zen yen\x €N yen\z

The properties of the model mentioned in (ii) and (iv) of Assumption
1 imply the following fact.

Proposition 2.1.2. There exist w > 0 and v > 0 such that
vlnl + E*(n) = wE"(n), (2.4)
holding for each n € I'y.
The inequality above can be rewritten in the form
Z Z [ alx —y) — w/ b(z]x,y)dz} > —unl.  (2.5)
wEn yen\a R

Proposition 2.1.3. Assume that (2.5) holds true for some wg > 0
and vg > 0. Then for each w < wy, it holds also for v = vow/wy.
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Proof. For w € [0,wp] by adding and subtracting inE“(n) we obtain

®Am=£WGQ—QEW%M%@ﬂZ—%wW-

w

]

Proof of Proposition 2.1.2. According to Assumption 1,  is Riemann
integrable, then for arbitrary e > 0, one can divide R into equal cubic
cells By, | € N, of small enough side h > 0 such that the following
holds

+oo
WY B <(B)+e  Bii=sup Bx). (2.6)
=1 e By
For r > 0, set K,(z) ={y € R?: |z —y| <7}, v € R? and
»= inf . 2.7
“ we}gr(o)a(x) (21)

Then we fix € and pick » > 0 such that a, > 0. For fixed r, h and ¢
as above, we prove the proposition by the induction in the number of
points in 7. By (2.5) we rewrite inequality (2.4) in the form

Us(n) := vln| + @y, (n) >0, (2.8)

and for some z € 7, consider

Us(z,m\z) == Uus(n) —Us(n\2)

= v+2 Za(a:—y)—wZﬁ(fc—y)

yeEN\z yeEn\z

Set ¢4 = |K;| and let A(d) be the packing constant for regid balls in
R?, cf. [28]. Then set

6(8) = max{B"; ((b) + €)ga(h,m)}, (2.9)
d
galhr) = Ac(j) (h;L—TQT) '

Next,assume that v and w satisfy the following, cf. (2.7),

v a,

w < min{m;m}. (2.10)

Let us show that
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(i) for each n = {z,y}, (2.10) implies (2.8);

(ii) for each n, one finds = € n such that U,(z,n \ ) > 0 whenever
(2.10) holds.

To prove (i) by (2.10) and (2.9) we get

U,({z,y}) = 2v+2a(x—y)—2wh(x—y)
> (v—2wpf")+2a(x —y) > 0.

To prove (ii), for y € n, we set

s = max |n N Ky (y)|. (2.11)
yen

Let also x € n be such that |p N Ky ()] = s. For this x, by Ej(x),
[ € N, we denote the corresponding translates of E; which appear in
(2.6). Set m = n N Ej(r) and let I, € N be such that n C J,,, £i(x)
which is possible since 7 is finite. For a given [, a subset (; C 1, is called
r—admissible if for each distinct y, z € (;, one has that K, (y)NK,.(z) =
(). Such a subset (; is called maximal r—admissible if |(;| > |(’| for any
other r—admissible (;. It is clear that

m C | Ku(2). (2.12)

2€(Q

Otherwise, one finds y € 7, such that |y — z| > 2r, for each z € (,
which yields that ¢; is not maximal. Since all the balls K,.(z), z € (,
are contained in the h—extended cell

Bi(z) = {y €R": inf ly— 2| <hj},

their maximum number - and hence |(;| - can be estimated as follows

6l < A@V(EH@) e = 1850 (22

)d = hilgy(h,r), (2.13)
Cq

where ¢; and A(d) are as in (2.9). Then by (2.11) and (2.12) we get

> ﬁ(sc—:wsiZ > B

yen\z I=1 2z yeKar(2)Nny
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The cardinality of Ks,.(z) N1 does not exceed s, see (2.11), whereas
the cardinality of (; safisfies (2.13). Then

Z Bz —y) < sga(h,r) Zﬂlhd < sga(h,r)((b) +¢) < s, (2.14)

yeEN\z =1

On other hand, by (2.7) and (2.11) we get

Z alr —y) > Z alxr —y) > (s — 1)a,.

yen\z y€(m\z)NK2r(z)

We use this estimate and (2.14) in (2.8) and obtain

Uys(z,n\ ) 225[(%—w> +(s—1) (%—w)] >0,

see (2.10). Thus, (ii) also holds and the proof follows by the induction
in |n].

OJ

2.2 Evolution of states of the finite sys-
tem

Here we assume that the initial state in the Fokker-Plank equation
(1.34) has the property po(Ig) = 1, that is, the system in gy is finite.
Then the evolution related to (1.34) will be constructed in the Banach
space of signed measures with bounded variation introduced in Section
1.4, where the generator L* can be defined as an unbounded linear
operator and Cy-semigroup techniques can be applied.

We consider the following types of function y(n) that defines the
spaces M, cf. (1.39),
(a) xm(n) =1 +n)™ meN,
(b) x"(n) :==€"", Kk > 0.

Let us then set, cf. Assumption 1 and (2.3),

U(n) = Mn)+E*(m)+O)nl,  Mn):=>_ m(x) <mn|, (2.15)

xen
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and then

D= {u eM: [ V(n)pF(dny) < oo} : (2.16)

By (2.3) we have that ¥(n) < Cln|* for an appropriate C' > 0; hence,
My, CD.

To

Proposition 2.2.1. For u € D, we set L' = A+ B, where

(Ap)(dn) = =¥ (n)u(dn), — (Bp)(dn) = /F E(dnl)u(dg),  (2.17)
where for A € B(I'y) the measure kernel = is

Z(Al) = Y (m(x) + E(x,£\ @) 1a(E\ ) (2.18)

el

+ Z/ b(zlyr, y2)La(E\ 2 U {y1, y2})dyrdys,

and 1 is the indicator of A. See also Assumption 1 and (2.15).

By direct inspection one checks that L* satisfies u(LF) = (L*u)(F)
holding for all u € D and appropriate F': 'y — [0, +00), see (2.1).

By a global solution of (1.34) in M with py € D we understand a
continuous map [0,+00) 3 t — uy € D C M, which is continuously
differentiable in M on (0, 4+00) and is such that both equalities in
(1.34) hold. Our main result here is as follows.

Theorem 2.2.2. The problem in (1.34) with poy € D has a unique
global solution p, € M, which has the following properties:

(a) for each m € N, u, € M,, NPy for all t > 0 whenever
Mo < MXm N P(FQ),

(b) for each k > 0 and v' € (0,k), pr € M o NP(Lo) for all t €
(0,T(k, k")) whenever py € My NP(Ly), where

T(k, k') = Fd&);&/e”; (2.19)

(¢) forallt >0, pu(dn) = Ry(n)A(dn) whenever po(dn) = Ro(n)A(dn).
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2.3 Evolution of states of the infinite sys-
tem

In this section, we construct the evolution of states pg — p; assuming
that the system in iy is infinite. In particular, we have to consider also
infinite configurations for which sums as those in, e.g., (2.18) may not
exist. Hence, the direct use of L* as linear operator in appropriated Ba-
nach spaces is rather impossible and the method developed in Section
2.2 does not work anymore. Instead, we will try to obtain evolution
o — j from the evolution By — By, where By(0) = uo(F?) and the
initial state po is taken in the set Peyp(I'), see (1.18) and Definition
1.2.3. In view of (1.24), the evolution By — B; can be constructed
by employing correlation functions, the evolution of which will be per-
formed in the following three steps: (a) constructing ko — k; for t < T
(for some T' < o0) by solving equation (1.36); (b) proving that k; is
the correlation function of a unique p; € Pexp(I'); (¢) continuing k; to
all t > 0. Using the relation (1.37) between operators L and L* we
obtain the following.

Proposition 2.3.1. Operator L® in (1.36) has the form
LA = A2+ A2+ B2+ B2, (2.20)

(ATE)(n) = =T (n)k(n),

A0 = [ 33 ke (bl ),

Y1E€N y2E€n\y1

B = = [ HnUa)E s,

B = 2 [ ST KU\ el v,

Y1€n
where W is given in (2.15).
Our aim is to employ the scale of Banach spaces in which we can
define linear operator acting as in (2.20). Thus we use the norm intro-

duced in (1.42) with w(|n|) = 1 and the corresponding Banach spaces
Ko, see (1.43). This yields that

[k(n)| < e klla,  a €R. (2.21)
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First, for a given a € R, we define an unbounded operator (L%, D),
where

={keKy: Uk eK,}). (2.22)

Thus, AD : DS — K,. Furthermore, for each k € D%, there exists
C > 0 such that (14 ¥(n))|k(n)| < e C. We apply the latter fact
and item (iv) of Assumption 1 to get

—a+aln|

|(A2E) (n |_1+ ZZ (1 —y2) < CBre ot

Y1EN y2€n\y1

which means that also A2 maps D2 to K. In a similar way, we prove
that BS : DS — K., i = 1,2. Thus, the expression in (2.20) can be
used to define (L5, D2). By means of the inequality (1.30) one readily
proves that

Vo/ <a Ko C DA (2.23)

Proposition 2.3.2. For o/ < « and L* as in (2.20), we define a
bounded linear operator L%, : Ko — Ko, the operator norm of which
satisfies

A m*+ () +a” + e (a)e” +2(b)
L% aar < (4 TP e ) ) (2.24)

Then, in view of (2.23), we have that each k € K, lies in D2, and
L5k = L5k, (2.25)

In the sequel, we consider two types of operators with the action as in
(2.20): (a) unbounded operators (L3, D(L%)), a € R, with domains
as in (2.22); (b) bounded operators L%, satisfying (2.24) and related
to the operator L5 by (2.25), i.e., L2, can be considered as the re-
striction of L3 to K.

Let us fix some «; € R. Then take oy > «; and consider the
following Cauchy problem in space C,,, cf. (1.43),

e = L5k, Kilimo = ko € Kay. (2.26)

By its solution on a time interval [0, 7") we mean a continuous (in KC,,)
map [0,T) > t — k; € D, which is continuously differentiable on

a2’
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(0,T) and satisfies both equalities in (2.26). For a,a’ € R such that
o/ < a and for v > 0 as in Proposition 2.1.2, we set

a—ao

2(8) + v+ (a)e’

T(a,a') = (2.27)
Lemma 2.3.3. Let w and v be as in Proposition 2.1.2. Then for each

a; > —logw and an arbitrary ko € Ky, , the problem in (2.26) has a
unique solution k, € D5, on the time interval [0, T (as, a)).

In contrast to the case of finite configurations described in Theorem
2.2.2, the construction of a Cy-semigroup that solves (2.26) is rather
hopeless. In view of this, we will try to find the solution of the equation
(2.26) in the following steps:

(i) the operator L» will be written in the form L® = A% + B2 in
such a way that A2 := AP, + A2 will be used to construct a
certain (sun-dual) Cyp-semigroup in K,,;

(i) this semigroup and BS := B+ Bz, will be used to construct the
family of operators {Qan(t) : t € [0,T(a,))}, see (2.27), such
that Qua (t) € LKy, Ky) and ky = Quya, (t)ko is the solution of
(2.26). By L(K, K,) we denote the Banach space of all bounded
linear operators acting from I, to K,

Our next aim is to show that the solution obtained in Lemma 2.3.3
has the property k; = k,, for a unique p1; € Pexp(I'). We call this
identification since it allows us to identify the mentioned solutions as
correlation functions of sub-Poissonian states.

Recall that v and w appear in Proposition 2.1.2 and K}, is defined
in (1.44).

Lemma 2.3.4 (Identification). For each ag > ay > —logw, it follows
that ro20¢1 (t) = ro2oz1 (t; BUA) : ’ng - IC;Q fO?" allt € [07 T(a27 al)] with
T(g, 1) = T'(a, 1) /3.

The proof of this lemma consists in the following steps:

(i) constructing an approximation k™" of ky = Qaya, () ko, ko € K7,

such that (G, k™) > 0 for all G € B} (I'y), which includes also
constructing an auxiliary model;
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=K

PP app

(ii) proving that (G, k™)) — (G, k) as the approximations are
eliminated.

The figure above provides an illustration to the idea of how to re-
alize step (i). The origin of the inequality in question is in (1.28) and
(1.29). To relate k; with a positive measure one uses local approxima-
tions of 1, the densities of which (not necessarily normalized) evolve
RP® — R{™ in L,-like spaces according to Theorem 2.3.5. These ap-
proximations are tailored in such a way that the corresponding correla-
tion functions (1.26) (that have the desired property by construction)
also evolve g™ — ¢/ in Ly-like spaces Gy. The technique developed
in Sect. 4.1.5 allows for proving that (G, k™)) converges to (G, k)
only if £ = Quaae (t)g5™". That is, at this stage there is no connec-
tion between the evolutions ¢,"* — ¢;** and ¢;** — k™" as they take
place in (different) spaces, Gy and KC,, respectively. It turns out, that
these spaces have an intersection U7 constructed with the help of some
objects dependent on a parameter o > 0. To employ this fact we use
auxiliary models (indexed by o), for which we prove that both evolu-
tions g5 — ¢/*" and ¢f** — ki™P take place in U2 and thus coincide.
That is ¢,** = k* for t < 7 with some positive 7, that yields the
desired positivity of k;*". Then step (ii) includes also taking the limit
o—0t.

In Section 1.4, for a € R, we defined spaces K and I, see (1.44)
and (1.45). Since the spaces set in (1.43) form an ascending scale, we
have that k € IC,, lies in all K, with a > ap. Our main result is given
by the following statement.

Theorem 2.3.5. For each iy € Pexp(L'0), one can choose real oy and ¢
such that k,, € Ko, and there ezists a unique map [0,+00) 3t — k; €
K, with oy = ag+ct and ko = ky,,, which has the following properties:
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(i) For each T >0, and allt € [0,T), the map
0,T) >t ki € Ko, CD(LE,) C Kay

is continuous on [0,T) and continuously differentiable on (0,T)
in Koy

(i) For allt € (0,T) it satisfies

ky = L5 K.
Corollary 2.3.6. Let ky € K7, t > 0, be as in Theorem 2.3.5, and
then i € Pexp(I') be the measure corresponding to this ky according to
Proposition 1.2.5. Then the map t — u; is such that

1. for each compact A and t > 0, p lies in the domain D C M
defined in (2.16);

2. for each 0 € O, the map [0, +00) > t 5 u(F?) is continuous and
continuously differentiable on (0,4+00) and the following holds

S = (L) (F) = el0, ), L3, k), (228)

where the latter equality holds for all'T > t, see (1.24) and (1.27).

The main part of the proof of these statements contained the fol-
lowing: (a) constructing the evolution k,, — k; for ¢ belonging to a
bounded interval (Lemma 2.3.3); (b) proving that k; belongs to Kf
with an appropriate «, which with the help of Proposition 1.2.5 will
allow to associate it with a unique p € Peyp(I') (Identification Lemma
2.3.4); (c) proving that k; lies in K,, on the mentioned time interval,
which will be used to continue k; to all ¢ > O.

2.4 Mesoscopic description

Along with the microscopic theory based on the equation (1.33), we
also consider its relation with phenomenological models through the
mesoscopic description of the system obtained by the so-called Vlasov
scaling, see [26] and [11]. Here, the scale is described by a parameter
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e € (0,1], in such a way that ¢ = 1 corresponds to the microscopic
level. In the scaling limit ¢ — 0, the corpuscular structure of the
system disappears and it turns into a medium described by the density.
Having in mind, that any Poissonian state 7, is fully characterized by
the density, see (1.17), we introduce the following definition, cf. [8,11].

Definition 2.4.1. A state j1 € Pex, (') is said to be Poisson - approx-
imable if: (i) there exist « € R and ¢ € L>(R?) such that both k,
and k,, lie in K,; (ii) for each € € (0, 1], there exists ¢'¥ such that
gV =k, and ¢ =k ||lo — 0 as e — 0.

Our aim is to show that the evolution py — p; from Theorem
2.3.5 preserves the Poisson-approximability defined above, respecting
the density function g; obtained from the kinetic equation

d

%Qt = —mo; — (a*o0,)o + (b* 01), Ot|t=0 = 0o- (2.29)

where for B being either 3 or a we set

B+ 0)() = [ Blo=pa)ds

Theorem 2.4.2. Let k; be the solution of equation (1.36) with initial
condition ki|i=o = k., € Ko, obtained in Theorem 2.3.5 and o, be

the solution of (2.29). Let also po be Poisson-approximable by the

measure m,, i.e. there exist oy € R and q((f) such that k,, = q(()l) and

| kr, — q(()E)HaO — 0 as € = 0. Then there exists o > oy and T > 0

such that the following holds

lim sup [|¢* — kxr, [|ar = 0.

Toy
£=0¢c(0,7]



Chapter 3

Free branching in the
continuum

In this chapter we discuss the model of fragmentation of an infinite
system of point particles introduced in [49] and study in [40] placed
in locally compact Polish space X. Here, each ‘particle’ produces at
random a finite ‘cloud’ (possibly empty) of new particles, and disap-
pears afterwards. In contrast to the fission - death model presented in
Chapter 2, here particles undergo the free branching. The main result
of this chapter is the construction of the solutions of both Kolmogorov
and Fokker - Planck evolution equations.

3.1 The model

The model is determined by the Kolmogorov equation (1.33), where
the generator L has the following form

D=X [IFo\a09 - Folbde).  (3)

rey

The branching kernel b, is a map (X,N) > (z,Z) — b.(2) € [0,1]
such that each b, is a probability measure on N and z +— b,(Z) is
measurable for each = € B(N). We assume that, for each z € X, b,
is a probability measure on (I'g, B(I'g)). Its correlation measure f3, is

35
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defined by the integrals

/F (ZG@)) by (d€) = / G(n)Ba(dn) (3.2)

nceg
— 1
:G<®)+Zﬁ/ G (2, ..., 2,)B" (dxy,. .., dz,),
nfl . n

with G running through a separating family. As such one, we can
take the family of all bounded Borel functions G : I'y — R such that
G™ = 0 whenever n > N, see (1.15). For n € Ny, we set I = {£ €
Ty : || =n}. Then b,(I'™) is the probability of producing n offsprings
by the particle located at z. Note that 6(z) := b,(I'°) is just the death
probability, and

n(x) = : |€]ba(dE) = > " nby(T) = BY(X) (3.3)

is the expected number of offsprings of the particle located at x.
For ¢ as in (1.13), we define

(6)(x) = / (H ¢<y>> b (de). (3.4)

yes

Clearly, 0 < (®¢)(z) < 1 for each x € X. Recall that we use ¢ in (1.5)
in defining tempered configurations.

Assumption 2. The probability kernel b is subject to the following
conditions:

(i) ®¢ € C,(X) for each ¢ as in (1.13);
(ii) sup,ecy n(z) =: n, < o0;

(iii) the death probability § satisfies d(z) > 1—1(z) > . > 0, holding
for all z € X;

(iv) there exists m > 0 such that, for all z € X, the following holds

/X b(y)AD (dy) < n(x)mp(z). (3.5)
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By (1.13), (3.5) and Jensen’s inequality we get

log(®)(x) < /

o

(— log [ ¢(y>) b.(d€)

yes

- [ s < (supg(a) ) ntaymsto)

zeX

Note that by (1.12) and (3.4) it follows that

(6)(x) = / GO (€)ba(d€) = 5. (g).

Then assumption (i) can be reformulated as the continuity of the map
X >z £,(9) € R, holding for all ¢ € C{"(X). The remaining
assumptions are supposed to control the production of new particles,
of which (ii) and (iii) are related to the properties of b,(I'"), n € INo,
see (3.3). In general, (ii) and (iii) may be quite independent as the
choice of §(z) leaves enough possibilities to modify n(x). However, in
some cases, 6(x) and n(z) can be expressed through each other. For
instance, if b, is a Poisson measure, then §(x) = e™™®). In this case,
(i) follows by (iii) with n, = —logd.. The role of (iv) is to control
the dispersal of offsprings, and thus the nonlocality of the process. To
illustrate its role, we take X = R and

Buldy) = B (dy) /() =

]Ix—'rx r d ) > 0.
o [ ,+}(3/) Y r

Then ¢(y) = e~ satisfies

ar ar
(&

— — 67
o(dy) < | —5—— )
[ vwiatan < (S50 vt
which yields (3.5) with m = sinh(ar)/ar > 1. Note that this m can be

made arbitrarily close to one by taking small enough either r or . The

former corresponds to a short dispersal, whereas by choosing small «
one makes I'Y — and hence P(I'¥) — smaller, cf. (1.6) and (1.10).
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3.2 The Kolmogorov Operator

3.2.1 Solving the log-Laplace equation

Our aim now is to prepare solving (1.34), which we begin by making
precise the definition of the Kolmogorov operator. To this end, how-

ever, we have to study the following nonlinear equation. For ¢ € C},(X)
and x € X define 0(x) := 1 — ¢(z) and then

Cy(X)={oeCp(X): Ve e X 0<cpp(z) <1—¢(x)<1-6(x)},

(3.6)
i.e., each # = 1 — ¢ has its own lower bound, whereas the upper bound
is one and the same for all such functions. Notably, by item (iii) of
Assumption 2 it follows that each ¢ € Cy(X) satisfies

¢(z) 2 1—1p(z) = 0. (3.7)

Let us prove that (®¢)(z) > d(x), holding for each ¢ € Cy(X). Indeed,
by (3.4) we have

(90)(2) = bul F°+Z /Hqsyj (s, dy)  (38)
> 6a) 21— (a) > 4.

see item (iii) of Assumption 2. Moreover, by (1.13) and (3.7) it follows
that

o0 n—l -
Z < log(1—44) .
1 — 0,

(3.9)

g(x) < w(l )log (1—1

n=1

Both (3.7) and (3.9) holding for all x € X.
Now for T' > 0, by CT we denote the Banach space of continuous
maps [0,7] 5t — ¢, € Cp(X), equipped with the norm

lpllr = sup sup e (z)]. (3.10)
tel0,T) zeX

We also set

Cl={peC’:p eCyX), tel0,T]}
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and
Cg(gb):{goeCi:gpo:qb}, ¢ € Cy(X).

Obviously, the latter is a closed subset of C*. Thereafter, we define

(K o)) = polz)e + / (DB (r)ds. (3.11)

Proposition 3.2.1. Let n, introduced in Assumption 2 and T satisfy
n.(1 —e 1) < 1. Then for each ¢ € Cy(X), the map K has a unique

fized point ¢ € CJ(9).

Now we consider the following nonlinear equation

%¢t($) = —¢(x) + (Do) (), b = . (3.12)

In a sense, it is a nonlocal analog of the log-Laplace equation — a
standard object in the theory of branching processes, see, e.g., [21, page
61]. By a solution of (3.12) we will understand a map Ry 3¢ +— ¢, €
Cp(X) which is everywhere continuously differentiable and satisfies
both equalities mentioned therein.

Lemma 3.2.2. For each ¢ € Cy(X), (5.12) has a unique solution
t = ¢ € Cy(X) which satisfies

CH0(E) = e egb(n) < 1— gule) = O(x) < Bla).  (313)
For n, <1, this solution tends to ¢oo(x) = 1 in the norm of Cp(X).

Remark 3.2.3. By Lemma 3.2.2 and its proof (see (4.120)), it follows
that the solution (3.12) — which is a nonlinear Cauchy problem in the
Banach space C},(X) —is given by a continuous semigroup of nonlinear
operators, say {p;}i>0, in the form ¢, = pi(do), ¢r € Cy(X). If one
writes ¢p € Cy(X) in the form ¢(x) = exp(—g:(x)Y((x)), see (1.13),
then the map g — ¢; also has the flow property, and hence can be
considered as the continuous semigroup of nonlinear operators {r:}+>o
such that g; = r4(go). It is known as the log-Laplace semigroup, see
[21, page 60].

We conclude this subsection by establishing the following useful
properties of the solution ¢;.
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Lemma 3.2.4. Let ¢, = 1 — 0; be the solution as in Lemma 3.2.2.
Then, for each t > 0, u > 0 and all z € X, the following holds

(@) brru(®) = ¢e(2)] = Orpu(2) = Ou(2)] < 2utp(2), (3.14)
0)  lgerul(z) — gil2)] < 2u/0.,
(© [ @¢ru)(z) = (Pd1)(2)] < 2un.my(x).

3.2.2 Basic estimates

In defining L, we employ a number of estimates which we derive now.
To simplify our notations, for ¢ € Cy(X) we set, see (1.13),

Fo(y) =[] ¢(x) = exp (— Zg(fc)w(w)> =G(7), (3.15)

Trey ey

where GY(7) is as in (1.12).

Proposition 3.2.5. Let F? be as in (3.15) with ¢ € Cy(X), see (5.6).
Then, for each vy € T'Y, the following holds

2
@
|LF?(y)] < ey

(3.16)

where cy defines the lower bound in (3.6). By (3.16) it follows that
LF? ¢ Cb(lw).

As in (3.6) we do not restrict the lower bounds, the right-hand side
of (3.16) can be arbitrarily large for small enough c,.

Lemma 3.2.6. For a given ¢ € Cy(X), let ¢y be the solution of (3.12),
see Lemma 3.2.2. Then, for each t > 0, u > 0 and v € T'Y, the
following holds

2u€t+u

|[Fotu(y) — FP(v)| < s

Lemma 3.2.7. Let ¢, t and u be as in Lemma 3.2.6. Then there exists
Cy > 0 such that, for all v € T, the following holds

[(LE? ) (7) = (LE™)(7)] < Cpue®TH). (3.17)
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3.2.3 The domain and the resolvent

We begin by introducing
E(¥) = EOTY),  EYIY):=1s{F?:¢9c Cy(X)}, (3.18)

where l.s. denotes linear span and the closure is taken in the Banach
space Cp,(I'Y), i.e., in

[1F|| := sup [F(7)].

~yery

With this norm, E(I'¥) becomes a separable Banach space.

Remark 3.2.8. The set E°(I'Y), and hence also E(I'¥), have all the
properties stated in Proposition 1.1.7. This follows by the fact that
the family {G" : v € V} mentioned therein is a subset of E°(T'), see
(3.15).

Since the map t — F¢ € C,(I'¥) is continuous and bounded (by
one), for each A > 0 the Bochner integral, see [3, Sect. 1.1, pages 6-15]

+oo
F = / e MPdt, ¢ € Oy(X), (3.19)
0

is the limit of the corresponding Riemannian integral sums. Hence,
FY € BE(T?) for each A > 0 and ¢ € Cy(X). Naturally, in (3.19)
¢, stands for the solution of (3.12), see Lemma 3.2.2. Furthermore,
by (3.16) and (3.17) it follows that the map t — LF?% € C,(I'%)
is continuous and absolutely e *dt-integrable for all A > 1. This
observation leads us to the following fact.

Lemma 3.2.9. For each ¢ € Cy(X) and X > 1, the following holds
+oo
LF{ = / e MLFdt = —F¢ + \FY. (3.20)
0

Proof. The first equality in (3.20) follows by the absolute integrability
of t = LF? € C,(I'¥) as just discussed. The second one is obtained
by integrating by parts. O

Set
DOL) =1s{FY A > .1, ¢ € Cp(X)}. (3.21)
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As has just discussed, we know that
D(L) c E(TY) and L:D°L)— E(IY),

where the latter follows by (3.20). In view of this, we can introduce

IFle =IIFI+ILFI,  FeD(L), (3.22)
i.e., || - ||z is the corresponding graph-norm. Thereby, we define
D(L) =DY(L), (3.23)

where the closure is taken in the norm set in (3.22).

Lemma 3.2.10. It follows that E°(T%) C D(L). Therefore, D(L) has
all the properties mentioned in Proposition 1.1.7.

Corollary 3.2.11. The operator (L, D(L)) is closed and densely de-
fined in the Banach space E(TY). Its resolvent set contains (0, +00).

3.3 The Result

3.3.1 Solving the Kolmogorov equation

Now we are prepared to solve the Kolmogorov equation (1.33), which
we define as a Cauchy problem in the Banach space E(I'%), see (3.18).
For a given F' € D(L), by its solution we understand a map [0, +00) >
t — F, € D(L), continuously differentiable in E(I'%), such that both
equalities in (1.33) hold true. That is, we are going to deal with clas-
sical solutions of (1.33), cf. [3, page 108].

Theorem 3.3.1. For each Fy € D(L), the Cauchy problem (1.33) has
a unique classical solution t — F;, € D(L). For n, < 1, this solution

satisfies Fy(y) — Fxo(v), where Foo(y) = 1 and the convergence is to
hold for each v € TY.

Since F? € D(L), see Lemma 3.2.10, it might be quite natural to
expect that the map ¢t — F?t is a solution of the Kolmogorov equation
with the initial condition F'¢. It is indeed the case. To show this, we
write

AFP = S(HAFY,
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and pass here to the limit A — +oo. Since S(t) is a bounded operator
and ||)\Ff — F?||, — 0 as A — +o00, we can do this and obtain the
conclusion in question, i.e.,

F*=S@HF®  t>0, ¢cCuX). (3.24)

3.3.2 Solving the Fokker-Planck equation

Now we may turn to the probabilistic part of the topic. Here it would
be reasonable to recall that we use probability measures on I'? as states
of the studied branching system.

Definition 3.3.2. By a solution of the Fokker-Planck equation (1.34)
we understand a map Ry >t — p; € P(I'Y) possessing the following
properties: (a) for each F' € By(T'%), the map Ry >t — u,(F) € R is
measurable; (b) the equality in (1.34) holds for all F' € D(L), where
the latter is defined in (3.23).

Theorem 3.3.3. For each py € P(TY), the Fokker-Planck equation
(1.34) has a unique solution in the sense of the definition given above.
Moreover, this solution is weakly continuous, i.e., py = s ast —
s € Ry. In the subcritical case, i = oo aS T — +00, where [l S
the measure supported on the singleton subset of I'V consisting of the
empty configuration, i.e., joo(I°) =1

The proof of this theorem is based, in particular, on the following
fact.

Lemma 3.3.4. Let a map t — pu, satisfy condition (b) of Definition
3.3.2. Then it also satisfies (a), and hence is a solution of (1.34).

The proof of this statement in turn is based on the following result,
which has its own value.

Proposition 3.3.5. Let t — p; € P(I'Y) satisfy (1.34) for all ty,t,
and F € D(L). Then, for each F € D°(L), the map t — w(F) € R
is Lipschitz-continuous. The same is true also for F € E°(T'Y), see

(3.18).

A direct consequence of Theorem 3.3.3 is the existence of a Markov
process with values in I'¥, that may be constructed by means of the
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Markov transition function pfy, see [24, pages 156, 157], determined by
its values on {F? : ¢ € Cy(X)}, cf. Remark 3.2.8. These values are
given by the following formula

pl(F) =F%(y), eI’ ¢ =5(1)9,

see (4.134). Then the uniqueness stated in Theorem 3.3.3 can be used
to prove that such a process is unique up to modifications. Another
observation is that, in our model, branching is the only evolution-
ary act, whereas papers on branching in finite particle systems, e.g.,
[5, 14,22, 23], assume more such acts, e.g., diffusion in X. Such gener-
alizations can also be done in our setting.



Chapter 4

Proofs

In this chapter, we present the proofs of the most important theorems
that have appeared in previous chapters.

4.1 Proofs regarding the fission - death
model

4.1.1 Proof of Proposition 2.2.1

To prove that operator L* can be written down as (2.17) we use the rule
(1.35) which transform operator L in (2.1) into operator in question.
Hence, the first summand in (2.1), using properties of Dirac measure,
is convert into the following.

T€y yeY\z
= [ 3|+ 3 alw ) ) PO\l
To zey YEY\Z
_/ d [ m@)+ D ale—y) | F(y)uldy)
To zey yeY\z
:/ / Do m@) + D alw—y) | Fn)dp.(dn)p(dy)
To JTo pey yer\z
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- / S [(m@) + Y a@—y) | Fou).

To zey yeY\z

Then the first part of operator L* has the form

- / S (@) + S aw -y | wdn) @)

T€n yeN\z

We calculate the second part of the operator in the similar way, and
hence, the second part of L* is

(L) (dn) = [ D] / b(@ |y, y2)lan (v \ @ U {y1, y2})dyrdyzpu(dy)
To zey (Rd)Q
[ blalnseldyndyen(an (4.2
1‘*0 zen (Rd)2

By (4.1) and (4.2) we get L* = L} + LY = A+ B, where A and B are
given in (2.17). O

4.1.2 Proof of Theorem 2.2.2

To prove Theorem 2.2.2 we use the Thieme-Voigt perturbation tech-
nique [50], the basic elements of which we present in Section 1.5 in the
form adapted to our purposes.

Proof of Theorem 2.2.2. Along with L* = A+ B defined in (2.15),
(2.17) and (2.18) we consider the corresponding operator in R, defined
accordingly to the rule (1.38). Then LT = A" + BT with

(A'R)(n) = —W(nR(m), (4.3)

BRI = [ n@)+ B(.0) RipUa)da

+/]Rdz Z b(x|y1;y2)R<7]Ux\{yljy2}>dl_7

Y1E€EN y2€n\y1
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the domain of which is, cf. (2.16),

()| RO A(dn) < oo} P

For R € DI N'R*, by (1.32) and (2.15) we obtain from (4.3)

vr(B'R) = /F (Z[m(fv)JrE“(x,n\fv)]) R(n)A(dn)  (4.5)

xren

/FO (Z / blalys,v2) dmdw) R(n)(dn)

xen

DT:{RGR;

To

- / U(n) R(mMdn) = —pr(ATR).

By (4.4) and (4.5) we then get that: (a) B : DI — R and BT :
RT*ND" — RT; (b) r((AT + BY)R) = 0 for each R € R* N DI. In
the same way, we prove that the operators defined in (2.16) and (2.17)
satisfy: (a) B: D — M and B : D" — M™; (b) o ((A+B)u) = 0 for
each ;1 € DT. Thus, both pairs (A, D), (B, D) and (AT, D"), (BT, D)
satisfy item (i) of Proposition 1.5.2.

We proceed further by setting

(S@p)(dn) = exp(=t¥(n))puldn), peM, t>0, (46)
(S'OR)(n) = exp(=t¥(n)) R(n), ReR.

Obviously, S = {S(t)}+>0 and ST = {ST(¢) };>¢ are sub-stochastic semi-
groups on M and R, respectively. They are generated respectively by
(A, D) and (AT, D). Let M, be either M~ or M, and R, be either
Rx or R,,,, as in Theorem 2.2.2. Clearly, the restrictions S(t)|, and
ST(t)|r, constitute positive Cp-semigroups. Likewise, B : Dy — M,
and B' : DI — R,. Thus, the conditions in items (ii) and (iii) of
Proposition 1.5.2 are satisfied in both cases.

Now we turn to item (iv) of Proposition 1.5.2. By the definitions
of functionals introduced in Section 1.4, we have

M (AT B = (L) = / (LE) () u(dn).

or (AT + BYR) = on (L'R) = / (LE)(m)R(m)Mdn),
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where F,(n) is either equal to Fy«(n) = el or F (n) = (1 + |n|)™.
Then the condition in item (iv) of Proposition 1.5.2 is satisfied if, for
some positive ¢ and e and all 7, the following holds

(LFy)(n) +e¥(n) < cx(|nl). (4.7)

For F\(n) = Fy,,(n), m € N, by (2.1) we have, cf. (2.15),

Xm

(LE)m) = — (M) + E*)) em(lnl) + () nlem(Inl + 1)4.8)
emn) == M+D)"—n"=n+1)" T+ (n+1)"n
o™ <m(n+ 1)L
For F\(n) = Fy~(n), we have
(LEe)(n) = — (M(n) + B*(n)) e (1 — &™) + (0) [n]e"" (e - 1).
By (4.8) the condition in (4.7) takes the form

— (M(n) + E*(n)) (em([n]) = )+ 0] (em(|n] +1) + &) < ¢ (|n] +<1)m)-
4.9
since €,,(|n|) > 1. For € < 1, the validity of (4.9) will follow whenever
c satisfies
c>m(b) (2" +1).

Hence, for x = x, all the conditions of Proposition 1.5.2 are met
for both choices of £ and the corresponding operators. Therefore, we
have two semigroups: Su; and Sk, with the properties described in
the mentioned statement. Then p; = Siq(t)po is the unique solution
of the Fokker-Planck equation with py € D, which proves claim (a)
of Theorem 2.2.2. At the same time, R, = Sg(t)Ro(n) is the unique
solution of

R,=L'R;,  Riwo=R,, €D (4.10)

By (4.4) we have that R,, € D' and py € D are equivalent. By
direct inspection one checks that p.(dn) = Ri(n)A\(dn) solves (1.34) if
R; solves (4.10). Then the unique solution p; = Sa(t)po of (1.34) has
the mentioned form, which proves claim (c).

To complete the proof we fix k > 0 and consider the trace of A in
M, cf. (2.17), defined on the domain

D, = {,u € Mye: [ T(n)ey®(dn) < oo} .

o
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First, we split B into the sum B; 4+ B, where for A € B(I'y) we set,
of. (2.18),

(Bip)(A) = /F <Z[m(9f) + Bz, \ @)L\ w)) pldn),  (4.11)

and
(Bap) (A /F (Z/ (@y1, y2)la(n \ U {1, y2})dy1dyz> pi(dn).
- (4.12)
For € D := D, N M, from (4.11) we have
elBi) = [ e[S lma) + B\ )l utan
= /F e 1D (M () + E°(n)) p(dn) (4.13)

< —e "pa(Ap).

For r = e ", by (4.13) we have that p,(A + r~*Byu) < 0 for each
p € DF. Then by Proposition 1.5.1 we obtain that (A + By, D)
generates a sub-stochastic semigroup S, on M,«. For «' € (0, k), let
us show now that B, acts as a bounded linear operator from M«
to 'Mx*“" In view of the Hahn-Jordan decomposition, it is enough to
consider the action of By on positive elements of M,~. Since B is
positive, cf. (4.12), for u € ./\/lj(}, we have

HBzMHMXK, :/r ’Iél/r Z/ b(x|y1, Y2)0m\augyr e} (E) dyrdyzpi(dn)
0 0

xen
— " Il / b(x|yr, y2)dyrdyzpi(dn)
S
=" (b) | |nle” sty (dp) (4.14)
1)
e (b)
< - Y
= 6([{, _ K,/) ||/’L||-/\/t)("€
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Let (Bg)ws : M;n — M;:”’ be the bounded linear operator as just
described. For fixed k > 0, " € (0,k) and n € N, we set

ki =k — (k—K)l/n, [=0,1,...,n. (4.15)

By means of (4.14) and (4.15) we then have the following estimate of

the operator norm of (Bs),,,,x,

e"n(b)

||(B2)m+1fiz|| S m (4'16)

Next, for t > 0and 0 <t, < --- <ty =1, we consider the following
bounded linear operator acting from M~ to M, .

T;SQ (tv l1, t2a s >tn) = Smn (t_tl)(BQ)Nnﬁn—lsnn—l(tl_t2) o (B2)H1ﬁsﬁ(tn)>

where S, is the sub-stochastic semigroup in M, generated by (A +
By, D,,). By the latter fact we have that Té,"ﬁ) (t,t1,t, . tn) My —
DHI and

d n
aTé,g(t,tl,tz,...,tn) — (A+ BTttty 1), (417)

Tttty tn) = (B)wwy Tt ks, ).

K Kn—1K

As (Bs)wx,_, is the restriction of (By, D) to M,#n—1 C D,y and
T,S:l)(t,tg,tg, .oy ty) t Myx — D,y the second line in (4.17) can be
rewritten as

TNttty . 1) = BT Dt ty, .. 1), (4.18)

On the other hand, since all the semigroups S, are sub-stochastic
and (Bs),, are positive, by (4.16) we get the following estimate of its
operator norm

K b> n
Tttt )| < _enib) . 4.19
H HH(’ 1,2, ) )H_<€(/€—/€’) ( )

We also set Té?,z(t) = Se(t)|m,~, and then consider

e t  pt1 tn—1
Qun(t) ::Z/O/O /0 T (b by, by, oty )dbydty_y -+ dty.
n=0

(4.20)
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By (4.19) we conclude that the series in (4.20) converges uniformly on
compact subsets of [0,T(k, k")), see (2.19), to a continuously differen-
tiable function

(0,T(k,K)) 2t Qux(t) € E(MXN,MXH/),

where the latter is the Banach space of all bounded linear operators
acting from M~ to M_ .. By (4.17) and (4.18) we obtain

%Qm(t) — (A4 By + Bo)Qun(t) = L*Qun(t). (4.21)

Thus, assuming that o € M= we get that fi; := Qux(t)po, for t €
[0, T(k, ")), lies in M_ v and solves (1.34). Therefore, fi; coincides
with py = Sp(t) o, which completes the proof. O

4.1.3 Proof of Proposition 2.3.1

Our aim here is to transform the Kolmogorov equation (1.33) with L
given by (2.1) into the problem (1.36). Recall, that generators L and
LA are related to each other by the formula (1.37). The observable F'
is given by the expression, cf. (1.14),

F(y)=]Ja+6(), oce.

ey

Let (LF)(v) = (L1 F)(y) + (L2 F)(7), where

(LF)(y) = ) |m)+ Y ale—y) | [F(y\ )= F(y)],

TEY yey\z
(LF)) = 3 [ bl v (PO 20 o vah) = FO)] i
Then
/(L2 pu(dy) = /Z/}Rd ly1, y2)

<| T a+0) - [ +6(2) | dyrdysu(an)

z€7\zU{y1,y2} z€y
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/Z/ 1"3/1,3/2 (%x,yl,yz)dyldyzu(d’y),
R

wery )2
where
T(vynye) = (L+0)(L+0(w) ] (1+6(2))
zE€Y\z
—(1+6(x) J] @+06(2))
ze€v\x
= H (1+0(2)) [0(y1) + 0(y2) + 0(y1)0(3y2) — 0(z)] .

zey\x

Tien we may write (LaF') () = 2(Laa F)(7) + (Lo 2 F)(77) = (L2sF) (7)),

(LaaF)(y) = Z/R b(xlyr,y2) [ (1+0(2)0(y1)dyidys

€Y ( zey\z
(taaP)) = 2 [ bl TT 04060000
TEY zey\z

(LoaF)(y) = 3 / bl pe) [T (1+ 6())6(2)dydys

zey zey\z

Hence, by direct calculations based on the definition of Lebesque-
Poisson measure and formulas (1.24), (1.31) and (1.32) we get the
following.

/ (Laa F)(y)pldy) =
N
= /Z/ b(x|y, y2) H (14 6(2))0(y1)dyr dyaps(dry)
zEY R)? zey\x
B /Z/ balyi,y2) Y [ 0()0(un)dyrdyap(dy)
zey nEC zey\z
= /Z/ by )Y [ 0)dpdyap(dy)
rey nCy zey\zUy:

(S s T s

dy2
nC~y z€n zen\zUy1
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— / Z/ b(x|y1, y2) H 0(z)dy.dyz k. (n) M(dy)
Lo ey / (R)? z€n\zUy1

- / / b(x|y1, y2 H9 L (0 \ y1 U x)dyadrA(dry)
Lo yren 7 ( Z&n

= [ @smman),

where

L2A1 Z /]R b(z|y1, y2) H9 77\y1 U z)dyqdz.

d)2
yi1€n ) z€n

In analogical way, we may obtain parts L2A’2, L§3 and L2, which yields
(2.20).

4.1.4 Proof of Proposition 2.3.2

For o/ < a, by means of (1.30) and the inequality (2.21), we obtain
from (2.20) the following estimates

IADK[lo < esssup e () |k (n)|

ne€lo
< ((m*+<b>+a)esssup [Infe~ “’””'})nkuaf
ne€lo

4(m* 4 (b) +a*)
e2(a—ao)?

1Ellar,

[AZK[la < esssupe Z Z b(@|yr, y2)|k(n Uz \ {y1, y2})|dzx

r
neto To yyen yoen\m

< (9 esssup [lgPer e Yl

ne€lo

45*6704
= S — skl

e?(a —a)?
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IB2k|. < esssupe=l / B )k U o)lde
R

n€lo

IN

((aesssup [gfem= s )
n€lo
(a)e
- Il

e(a — o)

B3k, < 2esssupe [ 57 blalun, gkl U\ o) ldpads
(R)2

r
neto y1€n

< ((@esssop [lger =] Yt = 2

nelo o — O/)

The above estimations yield

m* + (b) + a* + fre N (a)e® + 2(b)
e2(a—a)? e(a—a)

ILoK]. < (4 ) il (4.22)

Then we may define a bounded operator L2, : Ko — K, with the

aa!

norm (2.24) which can be estimated by means of (4.22).

4.1.5 Proof Lemma 2.3.3

We begin by constructing a semigroup, predual to that mentioned in
item (i) in the sketch of the proof of Lemma 2.3.3.

The predual semigroup. For o € R, the space predual to K, is
Go = LYy, e“ldN), (4.23)

which for a > 0 coincides with R, defined in (1.41) with x(n) = e*"
Here, however, we allow « to be any real number. The norm in G, is

Gla= [ 1G] \(dn). (4.24)

o
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Clearly, |G| < |G|o whenever o/ < a. Then G, — G, and this
embedding is also dense. In order to use Proposition 2.1.2 we mod-
ify the operators introduced in (2.20) by adding and subtracting the
term v|n|. This will lead also to the corresponding modification of the

predual operators. Thus, for an appropriate G : I'y =& R we set, cf.
(2.15),

(AuG)(n) = =Y, (n)G(n) = — (vin| + E*(n) + M(n) + (b)In]) G(n),
@G = X[ GO\ unUmbeln e, (129

D, = {G:€G,:V,Geg,}
By Proposition 2.1.2 we have that
U, (n) = wE"(n). (4.26)

The operator (A;,,D,) is the generator of the semigroup Sy, =
{S0.a}t>0 of multiplication operators which act in G, as follows, cf.
(4.6),

(S0, (t)G)(n) = exp (=W, (n)) G(n). (4.27)
Let G be the cone of positive elements of G, The semigroup defined
in (4.27) is obviously sub-stochastic. Set D} = D, N GI. By (1.32),
(4.24) and (4.25) we get

AsGl = / 1) (4,G) ()| A () (4.28)

< [en [ 3160 2 U Ulbleln, s)dydue (dn)
To (R9)2

xren

N /F/Rdz > e WDIG () [b(x|yr, y2)daA(dn)

Y1EN ya€n\y1

_ o / e B, ()| G(n)|\(dn)

< (e7Y/w)]A1,Gla-

The latter was obtained by (4.26), see also (2.3). The next statement
summarizes the construction of the predual semigroup in question.
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Lemma 4.1.1. Let v and w be as in Proposition 2.1.2 and A, ., As
and D, be as in (4.25). Then for each @ > —logw, the operator
(Av, D,) := (A1, + Az, D,) is the generator of a sub-stochastic semi-
group So = {Sa(t)}i>0 on Ga.

Proof. We apply Proposition 1.5.1 with £ = G,, D =D, and A = A, ,,.
For some 7 € (0,1) (which will be chosen below), we set B = r~!A,,
which is clearly positive. By (4.28) B is defined on D,,. To show that
(1.46) holds we take G € DI and proceed as in (4.28). That is,

/F (A1 + 77 A2)G) ()N (dn) = — / U, (n)G(n)e™ \(dn)

To

+r Z/( | G(n\ = U {y1, 12 })b(|ys, y2)e* " dyy dys ()
R4)2

< —/F (vinl + E*(n) —r~'e *E(n)) G(n)e™" X(dn).

Now, for a > —logw, we can pick r € (0,1) in such a way that
r~te™® < w, which by Proposition 2.1.2 implies that (1.46) holds for
this choice. Then the operator A;, + r(r~'Ay) satisfies Proposition
1.5.1 by which the proof follows. ]

By the very definition of the sub-stochasticity of S, we have that
|Sa(t)Gla < |Gla whenever G € Gf. Let us show now that the same
estimate holds also for all G € G,. Each such GG in a unique way can
be decomposed G = G — G~ with G* € GI. Moreover, by (4.24) we
have that

Gl = / e (G () + G~ (1) A(dn) = |G o + |G o
Then
S0(0)Cla = [SalD)(CF — G o < ISa()CF|a + 1Sa(t)C
< G a + G |o = Gla- (4.29)

The sun-dual semigroup. Let S,(t) be an element of the semigroup
as in Lemma 4.1.1. Then its adjoint S () is a bounded linear op-
erator in KC,. Clearly, {S(t)}+>0 is a semigroup. However, it is not
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strongly continuous and hence cannot be directly used to construct
(classical) solutions of differential equations. This obstacle is usually
circumvented as follows, see [46]. Set, cf. (1.27),

D: ={keK,:3k e K, VG €D, (AG, k) = (G, E)}.
Then the operator (A%, D}) is adjoint to (A,, D,). It acts as follows
(ALk) () = =W (n)k(n)

i /]RclZ Z k(n U2\ {y1, y21)b(x]y, y2)de.

Y1€N y2€n\y1

By direct inspection one obtains that K, C D} whenever o < a. Let
Q, be the closure of D} in I,. Then we have

Ko CD:C 9, C K, o < a. (4.30)

=

Now we set

DO ={keD:: Ake Qul,

and denote by AY the restriction of A* to DY. Then (AY, DY) is the
generator of a Cy-semigroup, which we denote by S9 = {S2(t)};>0.
This is the semigroup which we have aimed to construct. It has the
following property, see [46, Lemma 10.1].

Proposition 4.1.2. for each k € Q, and t > 0, it follows that
1S (t)klla = [ISE)E]a < ||Ella- Moreover, for each o < « and
k € Ko, the map [0,+00) 5t — S2(t)k € Q, is continuous.

The estimate ||S%(t)k||o < ||k]|o is obtained by means of (4.29). The
continuity follows by (4.30) and the fact that S is a Cyp-semigroup.

The resolving operators. Now we construct the family of operators
{Qaw (t)} such that the solution of (2.26) is obtained in the form k; =
Qaza, (t)ko. This construction, in which we employ S®, resembles the
one used to get (4.20). We begin by rearranging the operators in (2.20)
as follows

LA = A% + BA = A% 4 B2, (4.31)
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where A2 = AR, + A2, see (4.25), and

BY = Bf+BY (4.32)

2,07

(Be.k)(n) = (Bk)(n) + vlnlk(n)

= 2 S bl gkl U\ e+ olalko)
R

Yy1€N

whereas B2 is as in (2.20). By means of (4.32), for a € R and o' < «
we define (B2)ao € L(Ko,Ky) the norm of which can be estimated
similarly as in (2.24), which yields

2(b) +v + (a)e”

e

(4.33)

Now let B be either B2 or BQAW, and B,, be the corresponding
bounded operator. Then, cf. (4.33),

@(o; B)

where
w(o; BY) = 2(b) + v + (a)e®, w@(a;Bs,) = 2(b) +v. (4.35)

For some a, oy such that oy < ag, we then set ¥q,q,(t) = S, )k, >
t > 0, where S? is the sub-stochastic semigroup as in Proposition
4.1.2. We also set X,,4,(0) to be the embedding operator K., — K,,.
Hence, see Proposition 4.1.2, the operator norm satisfies

[Zaza; (D] < 1, t>0. (4.36)
We also have
E0¢2Oé1 (t) - Eazoq (O)Sgl (t)7 (437)
Z0‘30‘1 (t + 8) = E043042 (t)EOCQOCI (8)7 Qg > Qg

holding for all ¢, s > 0. Moreover,

d

— e (1) = AST 0, (1),
dt 21() v 21()
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which follows by Lemma 4.1.1 and the construction of the semigroup
S9. Now we set
Qg — Qg

T(ag,a1;B) = m;

(4.38)
see (4.34), (4.35), and also

AB) = {(aq,a2,t) : —logw < a1 < ag, t € [0,T (w2, 01;B))}.
(4.39)
Note that T'(aw, aq; BS) coincides with T'(ay, ) defined in (2.27).

Lemma 4.1.3. For both choices of B, there exist the corresponding
families {Qaz0, (6;B) @ (a1, a2,t) € A(B)}, each element of which has
the following properties:

(a) Qazar (t;B) € L(Ka,, Kay);

(b) the map [0,T(az,01:B)) 3 t = Quya (1:B) € L(Kay,Kay) is
continuous;

(c) the operator norm of Qaya, (t;B) € L(Ka,, Ka,) satisfies

T(ag, (o5 B)

a2 t;B S 9
||Q 2 1( )|| T(a2,a17B)_t

(d) for each az € (ay,as) and t < T(as, aq;B), the following holds

d
Quaen(15B) = (A2 oz + B Qs (B), (4:40)
which yields, in turn, that
d A A A
%Qazal (t; Bv ) = LangQal(t; Bv ) (4'41)
d
7 Qs ( By,) = (AD)az + (B2)as) Qazan (£ BS),

where L%, is as in (2.26), see also (4.31), and (Bg,)a, denotes
(Bg,, DS,), see (2.22).



60

Proof. Fix some T" < T(ag,q;B) and then take a € (ay,as] and
positive < o — ay such that

a—op—0
T<Tsy:=——"7.
"7 BlasB)
Then take some [ € IN and divide the interval [ay, @] into 2] 4 1 subin-
tervals in the following way oy = o, a = o?*! and

S

2s
a” =1+
! l+1

+1
5 2541 _ Gl 4.42
+ se, a a1+l+1 + se, (4.42)

where € = (a« —a; — )/l and s = 0,1,...,1. Now for 0 <t;, <t 1--- <
t1 <tg:=t, define
15§9) (t, t1,t0, ..., 0 B) = Y02l (t — tl)Bazzazz—1 C e D21 g2s (tl—s — tl—s+1)

aoy

X Ba2sazs-12503a2 (ti—1 — 1) Bazat Xata, ().
(4.43)

By the very construction we have that Hg()n (t,t1,ta, ... t;; B) € L(Kq, Kay)s
and the map

(ttry s ty) = T (811,80, o 1 B)

is continuous (Proposition 4.1.2 and the fact that each B,zsq2s-1 is
bounded). Moreover, by (4.36) and (4.34) we have

l l 2
w(a*;B)
D, (.t b t; B)| < [ IBacsaze |l gHe(QQS_QQH)
s=1 s=1

(%)l < <€LT§)l (444

Va2 +1g2s (tlfs - tl75+1> = Yg2st+1g2s (0)8323 (tlfs - tlfs+l)-

By (4.37) we have that

Taking the derivative of both sides of the latter we obtain

d
%Ea23+1a23 (t) = (A§>0423+1O¢”Za”a23 (t) = (AA

v

)a23+1 Za23+1a28 (t),
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holing for each o € (a?*, a?**1). Here (A%), stands for the unbounded
operator defined in (4.25). Then we obtain from (4.43) the following

d
10D (b, byt B) = (AT (¢t ts, . ;B (4.45)

dt oo oo
== (AA) Haa1<t tl,tg, ,tl,B)
Now we set
Qua, (1:B) = Saa, ( +Z/ / / 0 (¢t ta, .oy ty; B)dty...dty.

(4.46)
By (4.44) the series in (4.46) converges uniformly of compact subsets
of [0,Ts), which proves claims (a) and (b). The estimate in (c) follows
directly from (4.44). Finally, (4.41) follows by (4.45), cf. (4.21). O

By solving (4.40) with the initial condition Qu,a, (t + $;B)|i=0 =
Qaza, (83 B) we obtain the following ‘semigroup’ property of the family
{Qaza, (t;B) : (a1, a0, t) € A(B)}.

Corollary 4.1.4. For each a € (ay, ) and t,s > 0 such that
s<T(a,01;B), t<T(az,a;B), t+s<T(a,a1;B),

the following holds

Qasar (t +5:B) = Qasa(t; B)Qan, (5;B).

Remark 4.1.5. Since Bj,, is positive, by (4.43) we obtain that
Qasa: (t; Bsy,) « K, — Kf,. This positivity will be used to make
the continuation of k; to all ¢ > 0. It is the only reason for us to
use Qasa, (t; BsY,) since BY is not positive, and hence the positivity of
Qaza, (t; BS) cannot be secured.

Proof of Lemma 2.3.3. Set
Quser (1) = Qupey (t; BY),  t < T(aa,a1; BY) = T(ag,ay)  (4.47)

Then the solution of equation (2.26) is obtained by setting
ki = Qayga, (t)ko, which definitely satisfies (2.26) by (4.41) and (4.37).
To prove its uniqueness we proceed as follows (cf. the proof of Lemma
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4.8 in [34]). Assume that k; and k, are two different solutions of (1.36)
with the same initial conditions and kt € DA. Then w; (= k — k‘t
with zero initial condition is a solution in ICa3 for each a3 > a9 and
t < T(asz,ay). Therefore, it takes the form

t
wy = / Yasalt = 8) (B aaywsds, o € (ag, as). (4.48)
0

Now for a given n > 1, we split interval [as, 3] into 2n+ 1 subintervals
[al, a!1]) where

and [ =0,1,...,2n.

al = ay — le, where € =
2n

Then we reintegrate formula (4.48) n times and obtain

n—1
/ / / Ypa2n— 1 t — tl)(Bb )a2n 1g2n—2 X ... X

X2a2a ( n—1 — n)(Bb )a a2wtndtn...dt1.

Since wy is considered as an element of C,,, we get that, see (4.35),
n
oo < 2 (2)" (222D s o,
: 3 — Qg s€[0,¢]
which yields that w; = 0 for
Q3 — (g
2w(a; BY)
To prove that wy; = 0 for all t, we need to repeat this construction due
times.

t <

0

Before proceed further, we prove some corollary of Lemma 4.1.3
related to the predual evolution in G,, see (4.23). Let S, be the semi-
group as in Lemma 4.1.1. For o/ > a, let S, (t) be the restriction
of S4(t) to Go — G,. Along with the operators defined in (4.25) we
consider the predual operators to B, see (2.20) and (4.32). That is,

v

they act
(BG) = =3 G\ a)B () o),
Bau@)n) = 2 [ 3G\ U bl vy, + ol

xren
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By means of these expressions we can define bounded operators acting
from G, to G, for @ < a. It turns out that the estimate is exactly as
in (4.33), that is,

2(B) + v + {a)e”
e(a — o)

[(Bu)arall =

Recall that A(B2) is defined in (4.39). For (ag,ay,t) € A(B%), let
T < T(ag,a;) be fixed. Then we pick o € [ag,a0) and § < ay — «
such that 7" < T'(aw, « 4+ §). Then, for some [ € N, set, cf. (4.42),

s s+1
5 — 2s+1 _ .
11 Se,  « Q2 11

0 — se,

Qgg = Qg —

where € = (ag — a — §)/l. Then for 0 < t; < --- < t; < ty:=1 we
define, cf. (4.43),

Qggg (L1, ..y tn) = Spa2i(t —11)(By)azia2i-1Sa21-1020-2(t] — ta) X
X Sasaz(tl_l — tl)(Bv)a2a1‘Sa1a2 (tl).

Thereafter, we set

o0 t et ti—1
Hopo, (1) =Saa2(t)+2/ / / QD (t,th, ... t)dbdt g - - dty.
—1 J0 Jo 0

(4.49)
Then exactly as in the case of Lemma 4.1.3 we prove the following
statement.

Proposition 4.1.6. Each member of the family of operators { Hyq,(t) :
(g, ,t) € A(B2)} defined in (4.49) has the following properties:

(a) Hopo,(t) € L(Gay, Ga), the operator norm of which satisfies

T(az, a)
Hyoy (V)] € 77—
Haos O] < )

(b) For each k € K, and G € G,,, it follows that

(G, Qara(t)k) = (Haa, ()G, k). (4.50)
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4.1.6 Proof of the Identification Lemma 2.3.4

In the proof of the Identification Lemma, we follow the steps given in
the sketch of the proof below the Lemma itself.
Auxiliary evolutions. For o > 0 and z € R?, we set

bo(z) = exp (—olal?) . (d0) /qba (s

bo (7 |y1,y2) = b(w|y1, y2) o (Y1) o (y2)-

Then we consider
LA7 = A7 + B8 = A2 + B, (4.52)

which we obtain from the corresponding operators in (2.20) and (4.31),
(4.32) by replacing b by b, given in (4.51). Since this substitution does
not affect D2, see (2.22), we will use the latter as the domain of the
corresponding unbounded operators. Then we repeat the construc-
tion as in the proof of Lemma 4.1.3 and obtain the family {Q7,_, (¢) :

(a1, an,t) € A(B3)} corresponding to the choice B = B2, Along
with the evolution ¢ — Q7_,, (t)ko we will consider two more evolutions
in L>°- and L!-like spaces. The latter one is positive in the sense of
Proposition 1.2.5 by the very construction and is related somehow with

the L*-like evolution, which, in turn, coincides with ¢ — Q7. (t)ko.

L>-like evolution. For u : 'y — R, we define the norm

[u(n)| exp(—aln|)

[ullo.a = esssup : (4.53)
nelo 6(¢0; 77)
where
c(6051) = T 6a(0) — exp (—az w) ,
TEN TEen

cf. (1.24). Then we consider the Banach space Uy, = {u: Ty — R :
|u]lg0 < 00}. Clearly,

Up o — Ka, a € R. (4.54)

The space predual to U, is the L'-space equipped with the norm, cf.
(4.23), (4.24),

Gl = / G () explaln])e(ds: m)A(dn). (4.55)
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In this space, we define A, which acts exactly as in (4.25), and A§

1v

which acts as in (4.25) with b replaced by by. Their domain is the same
D,,. Then like in (4.28) by means of (1.32) and (4.55) we obtain

AG e = / (Z /( | |G<n\xu{yl,y2}>|bo<x|y1,y2>dyldy2>
1‘*0 RA)2

xren

x exp(aln|)e(go; m)A(dn)
:ea/ (/ |G(nU {?/1,y2})|bg($|y1,yg)qﬁg(x)dxdyldy2>
To (Rd)3
x exp(aln|)e(¢s; m)A(dn)
<e” /FO (/(Rd)2 |G Uy, v21)18(y2 — y1)e(¢o;n U {y1>y2})dy1dy2)
x exp(aln|)A(dn)

- / EY ()G (m)|e™e( 6 1) Mdl)

<(e/w) / eI, (1) | G () e )\ ()

=(e™"/w)|AT ,Gloa-
This allows us to prove the following analog of Lemma 4.1.1.

Proposition 4.1.7. Let v and w be as in Proposition 2.1.2 and A,
A and D, be as just described. Then for each o > —logw, the oper-
ator (A7, D) = (AT, + A3, D,) is the generator of a sub-stochastic

semigroup Sy = {So.a(t)}i>0 0n Gy a-

Let S, be the sun-dual semigroup, the definition of which is pretty
analogous to that of SO, see Proposition 4.1.2. Then, for ¢/ < a, we

define 7, (t) = S5, (t)|, ,- As in Proposition 4.1.2 we then get that
the map

[0, +00) 3 t = 7 ,(1) € LUy Uy)

is continuous and

130, <1, for all £ > 0.
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The operators BA7 = B 4 B5Y W act as in (4.32) with b replaced by
b,. Then we define the correspondmg bounded operators and obtain,
cf. (4.33),
2(b) + v + (a)e”

e(a—a)

(B )awr |l <

Thereafter, we take 6 > 0 as in Lemma 4.1.3 and the division as in
(4.42), and then define

T2, (t, ty, tg, ooy t) = 27 00 (t — 1) (B ) azigeics - - - Xor1ges (tos — ti—si1)

X (BUA’U)a%aQs—l s 223042 (tl,1 — tl)(Bf’o)OéQal Egla’ (tl>,

As in the proof of Lemma 4.1.3 we obtain the family {UZ,, (¢) :
(a1, 9,t) € A(B3)}, see (4.39), with members defined by

U0 (1) =37 . ( +Z// / 2, (8t ta, o t)dty...dty

where the series converges for t < T'(ag, ay) defined in (2.27), cf. (4.38)
and (4.47). For this family, the following holds, cf. (4.41),

Ay (t) = L2 U7 (1), (4.56)

d Q201 Q2,u " o
where the action of of L5%, is as in (4.52) and the domain is

DL ={u € Uyppy : Vou € Uy, } C DS, (4.57)

az,u

where the latter inclusion follows by (4.54) and (2.22). Then by (4.57)
we have that
(L32, DY) C (L7, D). (4.58)

a,u )

Now by (4.56) we prove the following statement.

Proposition 4.1.8. For each ay > a1 > —logw, the problem

LaAQUu ut|t=0 = Ug S Z/{o',oél (459)
has a unique solution u, € Uy, on the time interval [0,T(ag, aq)).

This solution is given by u, = U, (t)uo.
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Corollary 4.1.9. Let as > a3 > —logw be as in Proposition 4.1.8
and Q2 ., (t) be as described at the beginning of this subsection. Then

Q201

for each t < T(ag, 1) and ug € Uy o, C Koy, , it follows that

UZ .. (Hug = Q2% (t)up. (4.60)

2001 Q2001

Proof. By (4.58) we get that the solution of (4.59) is also the unique
solution of the following “o-analog” of (2.26)

. Ao o
Uy = Laz Uy, ut’t:O = Ug,

and hence is given by the right-hand side of (4.60). Then the equality
in (4.60) follows by the uniqueness just mentioned. H

L*-like evolution. Now we take L7 as given in (4.52) and define
the corresponding operator Lﬁ’” in Gy, ¥ € R, introduced in (4.23),
(4.24), with domain Dy given in (4.25). By (4.52) and (2.20) we have
that A : Dy — Gy. Next, for ¢ € Dy, we have

457 aly

<[ e [ 303 latnua fonsmblolelynan)dz | M)

Y1€N y26n\y1

S/ e?ln+2? IQ(nUx)I(/ b(xlyl,yz)dyldyz) dz(dn)
T'o R4 (]Rd)Q

= (v)ye” [ [nle”q(n)|A(dn)

To

< / ()" () A(dn), (4.61)

see item (iii) of Assumption 1 and (2.15). Hence, A2 : Dy — Gy.
Next, for the same ¢, we have

Bl < [ ([ ol ene) A (462

= [ B lamAdn) < e [ we g )



68

Hence, B2 : Dy — Gy. Finally,

B3 gly < 2/ el (/( . > ICJ(nUﬂf\yl)lba(xlyhyz)dyzdx) Aldn)
To R4)2

Yy1€N

< 2/ eOll+o (/( \ ]q(nUx)]b(x|y1,y2)da7dy1dyg) A(dn)
To R4)3

— 2(1) / M lla(n)A(dn) < / ()M () A(dn).
’ ’ (4.63)

Then by (4.61), (4.62) and (4.63) we conclude that, for an arbitrary
Y ER, LA = AP + A2A’U + BA + B2A’U maps Dy to Gy and hence can
be used to define the corresponding unbounded operator (Lﬁ"’, Dy).
Let us then consider the corresponding Cauchy problem

G = Lﬁ’g% t|t=0 = qo € Dy. (4.64)
Recall that Gy C Dy for each ¥ > 9.

Lemma 4.1.10. For a given ¥ > 0 and 9" > 19, assume that the
problem in (4.64) with qo € Gy has a solution ¢, € Gy on a time
interval [0, 7,). Then this solution is unique.

Proof. Set
wy(n) = (_1>|W‘Qt(77)-

Then |wy = |@|9 and ¢ solves (4.64) if and only if w; solves the
following equation

iy = <A1A AR Ay Bf") w. (4.65)

By Proposition 1.5.1 we prove that (A2 — B£ Dy) generates a sub-
stochastic semigroup on Gy. Indeed, (A2, Dy) generates a sub-stochastic
semigroup defined in (4.27) with v = 0, and — B2 is positive and de-
fined on Dy, see (4.62). Also by (4.62), for w € G and r € (0,1), we
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get

/F e (A2 =+ B2Y w) (n)A(dn) = —/ """ ()w(n) A(dn)

o

I /F e ( /R w(nU DB, n)dm) Adn)

=- /F "W (mw(n)A(dn) +7~"e™” / e B (i)w(m)A(dn)

To

<= (=) [ W utA <o

where the latter inequality holds for r € (e=?,1). Therefore, (A2 —
B2 Dy) = (AR — rr~1 B2 Dy) generates a sub-stochastic semigroup
Vs = {Vi(t) }+>0 on Gy. For each 9" € (0,1), we have that Gy < Gyn.
By the estimates in (4.61) and (4.63), similarly as in (4.33) we obtain
that

b)
AA,U L, < <
Ao 2<b>
|(BQ w"&// S e(ﬁ _ ﬁ//) ’w’197

which we then use to define a bounded operator C’ﬁ’g Gy — Gy It
acts as —A3" + B2 and its norm satisfies

b
ol < Y (4.66)

(¥ —0v")
Assume now that (4.65) has two solutions corresponding to the same

initial condition wy. Let v; be their difference. Then it solves (4.65)
with the zero initial condition and hence satisfies

t
vy = / Vi (t — 5)C550sds (4.67)
0

where v; in the left-hand side is considered as an element of Gy~ and
t > 0 will be chosen later. Now for a given n € IN, we set € = (9—19")/n
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and 9 =9 —le, | = 0,...,n. Next, we iterate (4.67) due times and

get
n—1 A
/ / / V19” - )Oﬁ//,ﬂn 1 v’ﬂ" 1 (tl - tQ)Ogn’flﬁnf2

X Vit (tpoy — tn) O g, dty, - - dty.

Then we take into account that Vy is sub-stochastic, oS o0 791 , are positive
and satisfy (4.66), and thus obtain from the latter that v, satisfies

[vg] g < i <E>n 3t(B) \" sup |vsly-
—nl\e 9 — s€[0,4

Then, since n is an arbitrary positive integer, for all ¢ < (¢ — ") /3(b)
it follows that v; = 0. To prove that v, = 0 for all ¢ of interest one has
to repeat the above procedure appropriate number of times. O

Let us now take u € U, , with some a € R, for which by (4.53) we
have

[u()] < [ulls.aee(d0, ).

Then the norm of this v in Gy can be estimated as follows, see (4.51),

july < HUHM/F exp ((a + 9)[n]) e(¢g,n)A(dn)  (4.68)
= |lullo.a exp ((a +0){(9)) -

This means that U,, — Gy for each pair of real o and /. Moreover,
for the operators discussed above this implies, cf. (4.58),

(L& D) € (L, Dy). (4.69)
Corollary 4.1.11. Let o and ay be as in Proposition 4.1.8. Then for

each qo € Uy o, , the problem in (4.64) has a unique solution q; € Uy a,,
t < T(ag, 1), which coincides with the unique solution of (4.59).

Proof. By (4.69) we have that the unique solution of (4.59) wu; solves
also (4.64), and this is a unique solution in view of Lemma 4.1.10. [
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Local approximations. Our aim now is to prove that, cf. Proposi-
tion 1.2.5, the following holds
<<G7 QU <t>k0>> > 07 G e Bgs(FO)a (47())

Q201

for some t > 0. By Corollaries 4.1.9 and 4.1.11 to this end it is enough
to prove (4.70) with Q7_,, (t)ko replaced by ¢;. To get the latter we
use local approximations of this ¢;.

Let o € Pexp(L') be the initial state of our model. For a compact
A, let ) € P(T4) be its projection to 'y defined in (1.16). Finally,
let RY be its Radon-Nikodym derivative, see (1.25). For N € IN and

n €y, we set

RAM(n), if eIy, and < N;
RQ’N(H):{ o e i (4.71)

0, otherwise.

Let us stress here that R) whereas RQ’N is defined on I'y. Until the
end of this subsection, A and N are fixed.

Having in mind (1.26) we introduce the following function gy : I'y —
R,

i) = [ BN u), (1.72)
For G € By (Ty), by (1.28), (1.302) and (4.72) we have

(G.ay™) = (KG. Ry™) > 0. (4.73)
By (4.71) it follows that Ry € R* and ||R)" ||z < 1. Moreover, for
each k > 0, we have, see (1.22),

IR 1=, = / e RIN (mA(dn) < N ROV || < N, (4.74)
A

Let S% be the stochastic semigroup on R constructed in the proof of
Theorem 2.2.2 with b replaced by b,. Recall that the solution of (4.10)
is obtained in the form R, = Sg(t)Ry. For t > 0 and o as in (4.70),

we set

RM = Sg(t)Ry™, (4.75)

) = / RMV(UEAAE), neTy.
o
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Proposition 4.1.12. For each ¥ € R and t < 79 := [e(b)(1 + ¢”)] 7,
it follows that qf’N € Gi. Moreover,

(G.q) >0 (4.76)
holding for each G € B} (I'y) and all t > 0.

Proof. Since S% is stochastic and R is as in (4.71), then RN € R*
for all ¢ > 0. Hence, ¢ (1) > 0 for all those t > 0 for which the
integral in the second line in (4.75) makes sense. By (2.19) we have that
T(k, '), as a function of x, attains its maximum value T, = ™" /e(b)
at k = &'+ 1. By (4.74) we have that RN € Ry« for any s > 0. Then
by Proposition 1.5.2 it follows that, for each x > 0, RQ’N € Ry~ for
t < T,. Taking all these fact into account we then get

"y = / 111G (1) A(d) (4.77)
- / / PRI (57U €)A(dn) M (de)
= [ @) R ) = R,

with k = log(1 + €?). For these x and ¥, we have that T, = 7y. Then
by (4.77) we have ¢ € Gy for t < 7. The existence of the integral
and the validity of the inequality in (4.76) follows analogously to that
in (4.73). O

Corollary 4.1.13. For each o € R, it follows that g3 € Uy,

Proof. Set In(n) = 1 whenever |n| < N and Iy(n) = 0 otherwise. By
(4.71), (4.72) and (1.26) we have that

6™ (n) < IN(n)]er(n)/ Ro(n U EN(dE) < ko(n)In(n)Lr, (1)-
1N

Since ko = ky, for some g € Pexp(I'), by Definition 1.2.3 and then

by (1.21) we have that ko(n) < ||k|laexp(ag|n|) for some oy € R.

We apply this in the latter estimate to check by means of (4.53) that

o™ || oa < 00. The stated positivity i immediate. O

By (4.68) and Corollary 4.1.13 we obtain that ¢)*" € G for each
¥ € R. Now we relate ¢/ with solutions of (4.64).
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Lemma 4.1.14. For each ¥ € R, the map [0,79) >t — qg/\’N € Gy is

continuous and continuously differentiable on (0, 7y). Moreover, qéx’N €

Dy, see (4.25), and solves the problem in (4.64) on the time interval
[0, 79) with qé\’N as the initial condition.

Proof. Fix an arbitrary 9 € R. The stated continuity of ¢ — q,fX N

follows by (4.75). Let us prove that ¢)*" be differentiable in Gy on
(0,7y) and the following holds

@ () = / R (U E)A(de). (4.78)

For small enough 7, we have

1(@&5@)—q?NOﬁ)—lA RN (U €)A(dE) (4.79)

-
- [ |3 (R wue - mYGue) - BV ug)] e,
o LT
Then by (1.32) we get

|M$m7mbg/’@+€wm

To

? (REY) ~ M) = 70| M),

that proves (4.78), cf. (4.77). The continuity of ¢ € q'? N follows by
(4.78) and the fact that RN = 5% (¢)Ry™, which also yields that

i) = [ (LR o), (4.80)

where LL’U is the trace of LT (the generator of S%) in Ry« with x =
log(1 + €?). By (4.25) it follows that W,(n) < C.efl" holding for
arbitrary € > 0 and the corresponding C. > 0. For each t < T, = 7y,
one can pick k' > k such that R € R, . For these t and x', we

thus pick € > 0 such that 14 "+ = ¢, and then obtain, cf. (1.30),

g ™o < CelIRM I, (4.81)

Hence, qf\’N € Dy for this t. Let us now prove that q{tA’N solves (4.64).
In view of (4.80), (4.3) and (4.81), to this end it is enough to prove
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that

(LAQ?’N) (n) = —/ U(nU 5) (7] U E)A(dE) (4.82)
/Rd/F z) + Bz, n UE)RM (nU U z)\(d)dx

N3 0 bl 12) X

y1ENUS 41 enuﬁ\yl
x R (nUE U\ {y1, 2} MdE)dz
holding point-wise in n € ['y. By (2 15) and (2.2) we get

U(nug) = ©+2) ) alz—y (4.83)

TeEN €L

Let I1(n) denote the first summand in the right-hand side of (4.82).
By (1.32) and (4.83) we then write it as follows

h) = e =2 [ Bang uade (459

- / W(ERM (U OA(de).

To calculate the latter summand in (4.84) we again use (2.15) and
(1.32) to obtain the following:

/ (Zm )R“Wu&) () (4.85)

TSI

_ / m(z) RMY (U € U 2)A(dE) da
To JRA

= [ m()g"" (nUz)d.
Rd

/F (ZZ oz —y )R?N(UUS) (d) (4.86)

zef yeb\z

- /p /(Rd)g a(x = y) RN (0 U €U (o, y})A(dE)dady

- / alz — y)g™ (7 U {x, y}) dady
(R4)2
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/ ( Zl> ¢ UUf) (5)—(6)/qu{x’N(77Ux)dx. (4.87)

el

In a similar way, we get the second I (resp. the third I3) summands
of the right-hand side of (4.82) as follows

L) = [ )+ B uads (458)

T / ale — 9)g™ (U {z, y))dady,
(R4)2

/ DY balyp)g N (U {y, ya})da (4.89)

Y1EN y2€n\y1

+2 Zb zlyry) g™ (n U\ yy)dadys

(R)2 Y1€N

+(b) /Rd N (nU z)da.

Now we plug (4.85), (4.86) and (4.87) into (4.84), and then use
it together with (4.88) and (4.89) in the right-hand side of (4.82) to
get its equality with the left-hand side, see (2.20). This completes the

proof.
O

Corollary 4.1.15. Let oy > —logw and as > «y be chosen. Then
k’AN =Q7 . (t )qé\’N has the property

[e21e5}

(G kM) >0, (4.90)
holding for all G € B ,(T'o) and t < T'(az, aq).

Proof. The proof of (4.90) will be done by showing that N = MY
for t < T'(ap, 1) and then by employing (4.76), which holds for all
t>0.

By Corollary 4.1.13 it follows that qé\ N e Us,a,, and hence u; =
Ug,a, (1 t)ga™ is a unique solution of (4.59), see Proposition 4.1.8. By

Lemma 4.1.14 ¢ solves (4.64) in on [0, 74), which by Corollary 4.1.11
yields u; = qé\’N for t < min{ry; T(cg, ) }. If 79 < T(ag, aq, we can
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continue qf\ Y beyond 7y by means of the following arguments. Since
u = g lies in Uyq, for all ¢ < min{ry; T(as, 1)} by (4.68) this
yields that qé\ Y lies in the initial space Gy and hence can further by
continued. This yields that u, = ¢;"" for all t < T(as, ;). Now we
make use of (4.60) and obtain that q? N =y, = kf\ N that completes
the proof. ]

Taking the limits. The aim of this part is to prove that (4.90) holds
when the approximation is removed. Recall that kf\ N in (4.90) depends
on o >0, A and N. We first take the limits A — R? and N — +o0.
Below, by an exhausting sequence {A,},eny we mean a sequence of
compact A, such that: (a) A, C A, for all n; (b) for each z € RY,
there exits n such that x € A,,.

Proposition 4.1.16. Let a; > —logw and ay > a1 be fixed and
ky € Ka, be the correlation function of the initial state pig € Pexp(L)
the local density of which was used in (4.71). For these ay, ay and
t < T(ag, 1), let Q% ., (t) be the same as in (4.70). Then, for each

Q20

G € Bns(Ty) and any t < T(az, ay), the following holds
lim lim (G, k™) = (G, Q,a, (ko)

n—+00 [—+o00 x2a1
for arbitrary exhausting {A, }new and increasing { N, }iew sequences of
sets and positive integers, respectively.

The proof of this statement can be performed by the literal repeti-
tion of the proof given in Appendix of [11].

Recall that, for as > ay, T'(a, o) was defined in (2.27). For these
oy and oy we set

! + 2 2 + ! (4.91)
a=-a+ -« o =-ag+ -o. .
52+ 3, g2t o
Clearly,
1
T(ag, 1) 1= gT(CKQ,Oél) < min{T(az, o' ); T(cv, 1) }. (4.92)

Lemma 4.1.17. Let oy, as and ko be as in Proposition 4.1.16, and
let ky be the solution of (2.26). Then for each G € Bys(I'g) and t €
[0, T(av2, 1)), the following holds

lim (G, Q7,4 (ko)) = (G, kr)).- (4.93)

o—0t
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Proof. We recall that the solution of (1.36)is in the form k; = Qaya, (t)ko
with Qaya, (t) given in (4.47) and t < T'(ag, o), see Lemma 2.3.3. For
a and o' as in (4.92) and t < 7(ag, ay), write

Qa2a1 (t)ko = ggal (t)ko + Tl(t> U) + T2 (ta 0)7 (4'94)
Ti(t,o) = ; Qo (t — 5) [(AQA)a’a - (AzA'a>a’a] gal(‘s)kOdSw
T2(t7 ‘7) = Qaw’(t - 3) [(B2A)a’a - (Bf’o)a’a] gal(s)kods,

Recall that the norms of the bounded operators (A2)aa. (B5)ara,
(AZA’U)a/a, (B£9) 4 can be estimated as in (4.34). The validity of
(4.94) can be checked by taking the t-derivatives from both sides and
then by using e.g., (4.40). For G as in (4.93), we then have

(G, Qazon (Dko)) = (G Qisay (ko)) = (G, T (t, 0)) + (G, T2(t>(i)g>5)
By (4.50) and (4.94) it follows that |

(G, Ta(t,0))

- /0 <<G7 Qaza’ (t - 8) [(A2A)a'0< - (AZA.U)O/Q] gmq (5)k0>>d5

t t
[ (Hueslt = G 02 ds = [ (Grovvoz)ds, (4.96)
0 0
where
vy = [<A2A)a’a - (A2A'U)a’a} kg (4-97)
= [(AQA)a’oz - (AQA'UM’OJ gal (S)kO € Ku,
and
Gi_s = Ha/QQ(t — S)G S ga/, (498)

since obviously G € G,,. We apply (2.20) in (4.97) and transform
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(4.96) into the following expression

[[1@etyis - [ Geon( [ 3 X ko s

Y1€N yaen\y1

(L= o (1) ()] bl y2>dx)A<dn> (4.90)
= [ ([, Gt tmmpizoun

< [1 = o (1) ()] by, y2>dxdy1dy2) Ad)

Since k7 = Q2 (8)ko is in K, we have that

T'(a, an)|[kol|ay
Txaaal)__T(QQaal)

k7 (n U )| < [k [laete < eolrite , (4.100)

where « is as in (4.91) and s < ¢ < 7(ag, o). Now for s < t, we set

9s(Y1,42) = / ealn“Gs("? U{y1, ¥2})|A(dn). (4.101)
To
Let us show that g, € L*((R%)?). By (4.98) we have
/ 9s(y1, y2)dy1dyo (4.102)
(R4)2
=e > [ Inl(|n] — 1)e= @G (n)]e* M\ (dn)
1)
46—2a—2
= ; 2|Cﬂ|w
(o — )

467272 (g, )| G oy
(o = ) [T(ay, o) — (g, 1)]

Turn now to (4.99). By means of item (iv) of Assumption 1 and by
(4.100) and (4.101) we get

/ (Growu?Yds < B°Clas, an)lkollay
0

X /0 /(]Rd)2 9s(y1,92) [1 — 00 (1) Do (y2)] dsdyidys,
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where we have taken into account that o and o’ are expressed through
ay and aq, see (4.91). Then the function under the latter integral is
bounded from above by gs(y1,y2) which by (4.102) is integrable on
[0,¢] x (R%)2. Since this function converges point-wise to 0 as o — 0T,
by Lebesgue’s dominated convergence theorem we get that

(G, Y(t,0)) — 0, as o — 0.

The proof that the second summand in the right-hand side of (4.95)
vanishes in the limit ¢ — 0% is pretty analogous. O

Proof of Lemma 2.3.4. By (1.44) and Proposition 1.2.5 we have
that each ko € K7, is the correlation function of some fiy € Pexp(Lo)-
By (2.20) we readily conclude that

k(2) = (L5 1)(2) = 0.

Hence, k(@) = ko(2) = 1. At the same time, for t < 7(a, aq) given
in (4.92), we have that

(G k) = lim lim lim (G, k™),

oc—0T n—+oo [—+oo

that follows by Lemma 4.1.17 and Proposition 4.1.16. Then (G, k;)) >
0 by (4.90) which completes the proof. O

4.1.7 Proofs of Theorem 2.3.5 and Corollary 2.3.6

The main peculiarity of the solution obtained in Lemma 2.3.3 is that
it resides in an ascending scale of Banach spaces and, in general, may
abandon these spaces in finite time. Indeed, for a fixed oy > —logw,
see, e.g., Lemma 2.3.4, the time bound T'(«, 1) defined in (2.27) is a
bounded function of o > «;. To overcome this difficulty we compare
k; with some auxiliary functions.

Lemma 4.1.18. Let as, oy and 7(aw, o) be as in Lemma 2.5.4. Then
for each t € [0, 7(a2, )] and arbitrary ko € IC}, |, the following holds

0 < (Qagay (t B)ko) (1) < (Qasar (t: By )ko)(n), 1 € To. (4.103)
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Proof. The left-hand side inequality follows by Lemma 2.3.4 and (1.45).
By the second line in (4.41) we conclude that w; = Qaya, (t; Bs,)ko is
the unique solution of the equation

Wy = ((Af)az + (BQA,v)az)wt7 wWyl—o = ko,

on the time interval [0, (a2, ag; BSY,)) D [0, T (a2, o1 BY)) since
T(aa, a1; BY) < T(as, aq; B,). Then we have that w, — ky € Ky, for
all t < 7(ag, a1). Now we choose o, o € [y, ag] according to (4.91) so
that (4.92) holds, and then write

We — kt - (QCXQOQ (t; BQA,v)kO)(n) - (Qa2a1 (t; B?)ko)(n) (4104)
= /t Qaga (t — 8; Bﬁv)(—BlA)a/aksds, t < 7(ag,aq),
0

where the operator (—Bf).., is positive with respect to the cone K
defined in (1.45). In the integral in (4.104), for all s € [0, T(aw, aq)], we
have that &k, € K, and Qo (t — s; BQAﬂ,) € LKy, Kq,) is positive. We
also have that ks, € K% € KI (by Lemma 2.3.4). Therefore w; — k; €
IS, for t < 7(ag, ay), which yields (4.103). O

The next step is to compare k; with

ri(n) = [|Kollay exp (a1 + et n]) (4.105)

where o is as in Lemma 4.1.18 and

c=()+v—ms. m,= inf m(z). (4.106)
z€ER?
Let us show that r, € IC,, for t < 7(aw, a1), where a is given in (4.91).
In view of (1.42), this is the case if the following holds

1 2
o1+ CT(O(Q, 041) S 5062 + 50&1, (4107)
which amounts to ¢ < (b) + v + (a)e®?, see (4.92) and (2.27). The
latter obviously holds by (4.106).

Lemma 4.1.19. Let oy, ag and ki = Qaya, ko be as in Lemma 4.1.18,
and ry be as in (4.105) and (4.106). Then ki(n) < ri(n) for all t <
T(ag, 1) and n € Ty.
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Proof. The idea is to show that wi(n) < r/(n) and then apply the
estimate obtained in Lemma 4.1.18. Set w; = Qaya, (t; Bs,)7o. Since
ko € Ka,, we have that kg < rp. Then by the positivity discussed in
Remark 4.1.5 we obtain w; < w,, and hence k; < w;, holding for all
t < 7(ag, ). Thus, it remains to prove that w(n) < ri(n). To this
end we write, cf. (4.104),

t
wt — Ty = / Qaga’ (t — S BQAW)DO/OZT'SCZS, (4108)
0

where o’ and « are as in (4.91) and the bounded operator D, acts
as follows: D = A2 4 B, — J.,, where (J.,k)(n) = ci|n|k(n). The
validity of (4.108) can be established by taking the ¢-derivative of both
sides and then taking into account (4.105) and (4.41). Note that r
in (4.108) lies in Ky, as it was shown above. By means of (2.20) the
action of D on r, can be calculated explicitly yielding

(Dry)(n) (4.109)
—— v+ [ P nlrue\ e bleln e

Y1EN y2€n\m

+”U|77|7‘t(77)+2/( . E re(n U\ y1)b(z|yr, y2)dxdys — ci|nlre(n)
R
Y

= (=M (n) — E*(n) — (bl + e~ E*(n) + 2(B)|n] — ca|n]) re(n).

Since a; > —logw, by Proposition 2.1.2 we have that
—E%(n) + e TE () < vl

by which we obtain from (4.109) the following estimate (Dr;)(n) < 0.
We apply this in (4.108) and obtain w; < r; which completes the
proof. ]

Remark 4.1.20. By (4.106) we obtain that ¢ < 0 (and hence k; € ICy,)
whenever

ms. > (b) + v.

In the short dispersal case, see Remark 2.1.1, one can take v = 0. In
the long dispersal case, by Proposition 2.1.3 one can make v as small as



82

one wants by taking small enough w and hence big enough a;. Then,
the evolution of k; leaves the initial space invariant if the following
holds

my > (b). (4.110)

In the short dispersal case, one can allow equality in (4.110).

Continuation. The choice of the initial space should satisfy the
condition a; > —logw. At the same time, the parameter a, > oy
can be taken arbitrarily. In view of the dependence of T'(ay,ay)
on ag, see (2.27), the function ay — T'(ag, aq) attains maximum at
ag = a1 + d(aq), where

5a) =1+ W (%l?%e—a—l) , (4.111)

Here W is Lambert’s function, see [19]. Then we have

Tax(0) = Iax T(ag,a1) =exp (—ag — () /{a). (4.112)
Proof of Theorem 2.3.5. Fix v and then find small w (see Proposition
2.1.3) such that the inequality in Proposition 2.1.2 holds true. There-
after takes oy > —logw such that k,, € K,,. Then take c as given in
(4.106) with this v. Next, set 17 = Thax(0)/3, see (4.112), and also
of = ag+ 1, a1 = ap + 0(ayp), see (4.111). Clearly, o < «; that
can be checked similarly as in (4.107). By Lemma 2.3.4 it follows that,
for t < T, ki = Qayao(t)ky, lies in K , whereas by Lemma 4.1.19
we have that k; € K7, with ay = ag + ¢t < «af. Clearly, for T < Ty,
the map [0,7) > t — k; € K, is continuous and continuously dif-
ferentiable, and both claims (i) and (j) are satisfied (by construction)
ko = L2 ky = L5 Ky, see (2.25). Now for n > 2, we set

T, = Thax(ar_1)/3, o) =a | +cT,, (4.113)

an = ap  +0(a;_y).

As for n = 1, we have that o < a,, and T,, < T'(ap,, @) holding for
all n > 2. Thereafter, set

K" = Qayer,(OKF) . t€[0,T(an, @) )),
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where k" = Qq,a0(t)k,,. Then for each T < T, both maps [0,T) >
t e kM e Ka, .y and [0,T) > ¢ Lgnil(T)kIE") € Ka, .1 are
continuous, where &,_1(T) := o’ _; + ¢T'. The continuity of the lat-
ter map follows by the fact that kt(") : Kap_1(ty = Ka,_,(r) and that

(n) (n—1)
L(%n—l(T)bC&n,l(t) - L&An_l(T)&n—l(t)’ see (2.25). Moreover, ky" = ky.

and Lﬁ*_ﬁskén) = Lﬁ*_ﬁsl{;;ﬁj) holding for each € > 0. Then the map
in question t — k; is

kt+T1+...+Tn_1 = kﬁ"), te [07 Tn]a
provides that the series ) -, T, is divergent. By (4.112) we have
1
ZT” = — Z exp (—aj_; —d(a)_1)). (4.114)
n>1 3<CL> n>1

For the convergence of the series in the right-hand side it is necessary
that o ;+d(af_;) — +o0o, and hence o) | — 400 as n — +00, since
d(a) is decreasing. By (4.113) we have o = ag + (11 + --- + T,).
Then the convergence of ., T, would imply that o < o* for some
number a* > 0 that contradicts the convergence of the right-hand side
of (4.114). O

Proof of Corollary 2.5.6. For a compact A, let us show that u* € D,
that is, Rﬁt € D', see (4.4). For k; = k,,, described in Theorem 2.3.5,
by (1.26) we have

RA () = / (—1)lhy (1 U E)A(de).

Let a@ > ap be such that k;, € K. Then using (1.42), (1.22), (2.15)
and (1.30) we calculate

/F () R () (i)
:/F \p(n)/r (—1)" k(U £)A(dE) A (dn)

< / ()| e A () / e"l6 \(de)
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gnkwa<nz*+-a*—k<b>>]£ inf2eMA(dn) exp(|A|e)

=[lklla(m® + a” + (b)) [Ale™(2 + [Ale®) exp(2|Afe®),

where |A| is the Euclidean volume of A. That yields py* € D. The
vality of (2.28) follows by (1.24). O

4.1.8 Proof of Theorem 2.4.2

We rescale the interaction in (1.36), see (2.20), by multiplying a by &
and obtain the evolution equation as (1.36) with L* replaced by

(L2E)(m) = —k(n))_ (m(z) +eE*(z,n )\ x))

xren

$1,2d1d2
Z/ﬂw Y1, y2)dyrdy
Q/ S5 kmUae\ {wmhbly, v)da

Y1€N y2€n\y1

—/ eE*(y,nk(nUy)dy

—|—2/ Zk(nUx\yl)b(:v\yl,yg)dygdx.
)

y1€77

Note that ¢ = 1 corresponds to the initial microscopic system and by
taking ¢ — 0 we obtain the mesoscopic description of the system. Now
we introduce the rescaled correlation functions

k2 (n) = e (),

which is the solution of the following Cauchy problem

d .
dtk LsArenk kt( )|t:0 = ko.

‘Operator’ L27" is obtained from L2 by the formula

(LEyenk) () = M L2 (e k(m)),

g,ren
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and hence, it has the form

(LEyenk) () = —k(n) Y (m(z) +eE™ (2,9 \ x))

xen

— k(n) Z /(Rd)2 b(z|y1, y2)dyrdys

ren

In] —Inuz\yi\ezl L., b d
+e /Rdz Z € (nUx\ y1 \ y2)b(z|y1, y2)dz

Y1€EN y2€n\y1

— el /d eE(y,m)e "™ k(n U y)dy

+

2¢!ml

Z e MI\nlE(n Uz \ y))b(x|yy, y2)dipdi

R
d)2
(R) Y1€EN

After direct calculation we obtain

(L2,

e,ren

k)(n)

Note that L2

where

e,ren

= k()Y (m(z) +E (z,n\ z) + (b))

xren

+5/Rd2 D kua\y \ya)b(xly, yo)dz

Y1E€EN y2€n\y1

—/ E~(y,n)k(nUy)dy

Rd
+ 2/ . > kU \y)b(zlys, y2)dyeda.
(R?)

Yy1€n

has the following structure

L2 =V +eC,

e,ren

(VE)0) = —k(n) Y (m(x)+ (b))

xen

/ E~(y,n)k(nUy)dy

Rd
* 2/ dy2 Z k(?’] Uz \ yl)b(‘r‘yh y?)ddexv
(R%)

Yy1€N



86

(Ck)(m) = —k(n)>_ E (z,n\z)

xen

+ /Rd Z Z E(nUx\ y1 \ y2)b(z|y1, yo)dz.

Y1EN y2EN\y1
For ¢ — 0 we consider problem

d
a?”t = VT't, Tt‘t:o =T0- (4115)

The main property of the evolution rg + r; is 'preserving chaos’. That
is, if ry is the correlation function of the Poisson measure 7,,, i.e.

ro(n) = H oo(x),

xen

then, for all ¢ > 0 for which we can solve (4.115), the solution of (4.115)

has the form
re(n) = H o ().

xEeN
Then g; is a solution of a kinetic equation.
Now let us consider equation (1.36) as an infinite chain of linked equa-

tion in term of the components k}fn). The first three evolution equations
have the forms

d ooy
%kt (Q)) =0,
@) = K@)+ 0) - [ ale K@)y

2 / kD (y)blyl, o) dyady.
(R4)2

By set k;t(z)(x,y) = kt(l)(x)kt(l) (y), we obtain

0@ = K@) (o) + @) = [ ate k)

#2 [ KL,y (1116
R4)2
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In view of (4.116), we yield that the kinetic equation has the form

%Qt(x) = —o() ((m(m)+(b>)— /R da(x—y)@t(y)dy)

+2/ 0 (Y)b(y|z, y2)dyady.
(R)2
Let B be either £ or a. For both choice of B let set
B+0)@) = [ Bla- ey
R
Then
2 [ ool iy = (o) + (05 0) ).
R4)

which give us problem (2.29).
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4.2 Proofs regarding the free-branching
model

4.2.1 Proof of Proposition 3.2.1

We begin by showing that K : C;(¢) — C,(¢) for each T > 0. Clearly,
z — (K)¢(x) is continuous and (K)o = ¢ whenever ¢ € C[(¢). The
continuity of ¢ — ®¢, follows by the estimate, see (3.4),

[Te:w — I eulv)|baag

yes yes

(@) () — (@) (x /

< sup |ps(y) — puly) / €]6,(d€) < . sup |pa(y) — wuly)]
yeX To yeX
(4.117)

This also yields the continuity of ¢ — (K¢);. In obtaining (4.117) we
have used the following evident estimate

lajas -+ - an — biby - - - by| < mmax |a; — by, a;, b; € [0,1].
Furthermore,

0< (Ke)(z) <o(a)e +(1—e')=1—(1-¢(zx))e " <1
which yields

1= (Ko)(z) 2 e”'0(x) 2 e 'eyto(z) = cy(t)ih(x), (4.118)

and hence the validity of the lower estimate as in (3.6). To get the
upper bound, we write, see (3.2) and (3.4),

(Pps)(z) = b, () +Zn, Sy1) -+~ D(yn)bS” (dys, .. . dyn)

> b (T = 6(z) > 1 — (),

where we used also item (iii) of Assumptions 2. By means of this
estimate applied in (3.11) we then get

(Ke)(z) > p(z)e™ + (1 —e™)d(x)
> (1=1(x)) + e (¢(x) — d(x)) = 1 = (),
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as ¢ € Cy(X). Thus, K : C(¢) — Cj(¢). Let us show that it is a
contraction. To this end, similarly as in (4.117) we obtain, see also
(3.10),

1K — Kgllr < n.(1—e Dl — @i,

holding for each ¢, € CJ(¢). Then the proof follows by Banach’s
contraction principle.

4.2.2 Proof of Lemma 3.2.2

We begin by fixing T' > 0 such that the contraction condition n,(1 —
e T) < 1 is satisfied. Then integrating in (3.12) we arrive at the
following integral equation

¢i(z) = p(z)e™" + /Ot e’(t’S)(Q)gbs)(x)ds, (4.119)

the set of solutions of which on [0, 7] coincides with the set of fixed
points of K : CT(¢) — CT(¢) established in Proposition 3.2.1. The
continuous differentiability of ¢t — ¢, € C},(X) follows by continuity
s — ®1)g, which in turn follows by (4.117). Thus, each solution of
(4.119) solves also (3.12), which yields the existence of the solution in
question on the time interval [0,7]. For n, < 1, the contraction con-
dition is satisfied with any 7" > 0; hence, the aforementioned solution
is global in time. For n, > 1, we proceed as follows. For t; +t, < T,
we rewrite (4.119) as follows

e =t (oot + [t @ was)  a)

t1+t2
—l—/ e~ =) (g ) (z)ds

t1

— Gy (x)e e + / L (B ) (2)ds

Since the contraction condition is independent of the initial condition
in (3.12), by (4.120) one can continue the solution obtained above to
any ¢ > 0. Indeed, let ¢ be the solution on [0, T]. Let also ¢; € CJ(¢')
be the solution of (3.12) on the same [0, 7] with the initial condition
¢t = ¢r/2. By the uniqueness established in Lemma 3.2.2 it follows
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that these two solutions satisfy ¢, 72 = ¢} for t € [0,7/2]. Hence, the
function ¢l 12 (t) + &y_poliry2sr/21(t) = Gellior)(t) + &7 lir 372 ()
is the unique solution of (4.119) (hence of (3.12)) on [0,37/2]. The
further continuation goes in analogous way.

For n, < 1, we define ¥5 = e*||1 — ¢.|| = e*sup,cx(1 — ds(x)).
Similarly as in (4.117), Then by (4.119) we then get

t
19t < 190 +n*/ ﬁsds.

0
which by Gronwall’s inequality yields,
11— @ull < (11— golle” ",

that yields the convergence in question. Note that ¢, does not belong
to Cy(X) as it fails to obey the upper bound ¢(z) < 1 — c4tp(z) with
cp > 0, see (3.6). However, it belongs to the closure of this set, and is
a stationary solution of (3.12).

4.2.3 Proof of Lemma 3.2.4
Now by (3.12) we have

beral) — dula)] < / Gess () — (Dbers) ()| ds (4.121)

/ Brs(2) — (1 — (Drs) (@))|ds < 20(a)u,

where we have used (3.13) and (3.8). To prove (b), we denote

h'(z) = max{gu.(x)¥(2); gi(2)y(2)},
h™(x) = min{geu(2)P(x); g:(2)¢ ()}

Then, cf. (1.13),

/\\_/

|bpu(z) — dy(z)| = '@ [eth(x)fh*(g;) B 1]

e_hi(x)\gwru(f) — gi(z) ()
max{ @i (2); ¢1(2) Hrru(r) — ge(2)[Y0(2),

v

v
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which yields case (b) of (3.14) by (4.121) and (3.7). Next, similarly as

in (4.117) we get
/ (Z b1suly) — ¢t<y>|> be (d€)

yel

(@hr1u) () — (Py) ()]

IN

< 2u/ (Y)Y (dy) < 2un,mip(x),

where we used (4.121), (3.2) and (3.5), see also item (i) of Assumption
2.

4.2.4 Proof of Proposition 3.2.5
By (3.1), and then by (3.7), (3.8) and (3.6), we have

LF ) < 3 F4 e\ ) [(@0)(x) — o)) (4.122)
< (P50 (|1 (@) ()] 41— ¢<x>|)

< 2U(3)FP(3)/8. < 2F()e¥ D (ed.cy) < 2/(edcy),

where U is as in (1.5). To get the latter two estimates in (4.122), we
proceeded as follows. The first one is obtained with the help of the
estimate o < e® !, a > 0. Afterwards, we did

FO(y)exples¥ (7)) = [ [(1=0(2))e ™ < TT(1 = egtpa))e™ < 1,

xey xey

see (3.6), which was used in the final step. The continuity of the map
v — LF?(«) follows by the very definition of the topology of I'?.

4.2.5 Proof of Lemma 3.2.6
We fix t and v and then define

Hy(v) =) gs(w)i(x), HY(y) = max{Hu(7); Hi(7)},

rey

H™(v) = min{ Hy . (7); He(7) }-
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Then
| Fou(y)— Fo (7)) = e HT0) [6H+(7)—H’(7) _ 1] (4.123)
< max{ P (9 P ()} 3 lgesule) = g1(a) ()
=
< 200 1 - eolt + w(a)
=

2u
S SN 1— t C¢(t+u)¢(x)
- 65*C¢(t + u) g( C¢< + U)¢($))e

2 6lt—i-u

T edicy

which completes the proof, see (3.14), (3.13) and (4.122).

4.2.6 Proof of Lemma 3.2.7

As in (4.122), for fixed t and u we have

[(LE?+) () — (LF*)(y)| < K1(7) + Ka(7) + K3(7), (4.124)
Ki(y) =Y |[Fo(y\ @) = FO(y \ 2)] [(Praa) () — drru()],
= Z FOy\ ) [(Prpa) () — (D) ()],
= FY(y\ 2) () — do()] .

By (3.8) and (4.118) we have

1 < 1 < 1
Tt T u)(e) ~ 1—cpb(@) ~ 1— ()

1
< —.
=5,
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Then proceeding as in obtaining the second inequality in (4.123), we
arrive at

[P\ a) = P\ )] £ 500 T 0= eolt + i)

yEY\z

< S0 TT (= colt + (@) (4.125)

yeY

Next, by (3.7) and (3.8) we have

(®¢r4)(2) = bru(@)] < 1 = (Pria) (2)] + |1 = drpu()] < 20(2).
We use the latter estimate and (4.125) to obtain

K < O L0 -+ ) (1.126)
yey
< Lou H (1 = eyt +u)ip(z)) el
T (edecp(t+u))? LD i
16u (t+u)
< (65*%)262 tu),

By (3.14) we have

Ka(y) < _m (MY (@) (@) = (Do) (x)|  (4.127)
xey

2un,m 2un,.m

< ()P () < e

< w5 YFT) < ebrcy ¢

Similarly,

Ki(7) < F¢t (N [breulz) = di(x)] < Ut (4.128)

T edicy

ey

Now we use (4.126), (4.127), (4.128) in (4.124), and thus obtain (3.17)
with
2u(n,m + 1) 16u

ed.Cy * (educy)?’

Cyp =

which completes the proof.
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4.2.7 Proof of Lemma 3.2.10

The proof of the stated inclusion will be done by showing that each
F? ¢ € Cy(X), can be obtained as an || - ||-limit of the elements of
DY(L). Namely, we are going to show that

INFS — F9|l, =0, as X\ — 4oo0. (4.129)

To this end, with the help of the first equality in (3.20) we write

LF¢t)(7) — (LF?)(y)] e *dt
(4.130)

(A(LFf’)( (LF)( ‘ _

< [T lwree) - @t =1

Now we use here (3.17) with t = 0, u = €s and obtain for € < 1/2 the
following estimate

+o0o
LHS(4.130) < EC¢/ se 17295 = 5Cs =0, ase— 0.
0

=2
(4.131)
Next, by (3.20) — and then by (3.16) — we get
“+o0
IAF{ — Fo|| = |LFY] < / |LF%||e~dt (4.132)
0

—+o00
<2 / O - L (2
~ ed.cy Jo A—1\edecy )’

where we have used the fact that ¢y, = c4(t) = cpe™, see (4.118). Now
(4.129) readily follows by (4.131) and (4.132). The second part of the
statement follows by Remark 3.2.8.

4.2.8 Proof of Corollary 3.2.11

The stated closedness follows by (3.23), whereas the density of D(L) is
a consequence of Lemma 3.2.10 and (3.18). For ¢ € Cy(X) and A > 0,
define

“+o0
RyF® = F{ = / Fe Mg,
0
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see (3.19). Then
[RAF?|| < 1/, (4.133)

which allows one to continue Ry to all F € E(T'?) since E°(T'Y) is
dense therein. At the same time, by (3.20) it follows that

(A= L)R\F? = F?,

which can be continued to all F' € E(I'Y). Thus, R, is the resol-
vent of L, whose norm can be estimated by means of (4.133). The
property Ry : E(I'¥) — D(L) can be proved by taking a Cauchy
sequence {F®},cn C E°(T'Y), and then showing that the sequence
{(A\ = L)F{" }pen € DO(L) is a Cauchy sequence in || - ||. This can be
done similarly as in the proof of Lemma 3.2.10.

4.2.9 Proof of Theorem 3.3.1

Corollary 3.2.11 and (4.133) allows one to apply here the celebrated
Hille-Yosida theorem, see [3, page 134], by which it follows that (L, D(L))
is the generator of a Cy-semigroup, say S = {S(t)}+>0, of bounded
linear operators on E(T'%) such that the operator norm of each S(t)
satisfies ||S(t)|| < 1. Then the existence of the solution in question in
the form F, = S(t)Fy is a standard fact, see [3, Theorem 3.1.12, page
115]. If Fy belongs to the core of D(L), i.e., Fy € D°(L), see (3.21), the
solution can be obtained in an explicit form. In this case, in view of
the linearity of S(t), we take Fy = FY for some A > 1 and ¢ € Cy(X).
Then the solution is

+oo
F=S{t)Fy = S(t)F? = F{ = F29) — / Fe5ds, (4.134)
0

see Remark 3.2.3. That is, for Fy in the core of D(L), the action of
S on Fy is obtained by applying the semigroup of nonlinear operators
acting in the space of continuous functions defined on the basic space
X. Then, in the subcritical case, the stated convergence follows by the
concluding statement of Lemma 3.2.2.

4.2.10 Proofs of Proposition 3.3.5 and Lemma 3.3.4
Proof of Proposition 3.3.5. First, we rewrite (1.34) in the form

to
ity (F) = pg, (F) +/ ps(LE)ds, 0 <t <ty (4.135)

t1
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For F = F? ¢ € Cy(X), A > 1, see (3.21), by (3.15), and then by
(3.19) and (3.20), we have ||LFY| < 2. Then by (4.135) we get

s (F) = piey (FY)| < 2[t> = 1.
For F =) aan: € D°(L), this yields

|:ut2(F) _uh(F)‘ <2 <Z|O¢n‘> |t2 _tl"

Now for F = F?, ¢ € Cy(X), by (3.16) we have
2

FO) — py, (F9)] <
‘Mtz( ) /Lh( )| — e Co

[ty — t1].

The extension of the latter to the linear combinations of F* can be
done similarly as above. U
Proof of Lemma 3.3.4. By Remark 3.2.8 we know that E°(T'%) is bp-
dense in By(I'Y). Then the measurability of t — pu,(F), F € By (%)
follows by the continuity (hence, measurability) just proved. U

4.2.11 Proof of Theorem 3.3.3

In view of Lemma 3.3.4, it remains to establish the existence and
uniqueness of solutions of (1.34) with F' € D(L). First we prove ex-
istence. For F' € D(L) and t > 0, we have F; = S(¢t)F, see (4.134).

Then we set
p(F) = p(F) = W(SWHF),  pePI).
This, in particular, means ps(F) = ps(F'), and also
w(FY) = u(FY),  m(F?) = p(F%), (4.136)

holding for all A > 1 and ¢ € Cy(X), see also (3.24). To prove that
t — py solves (4.135), we take F' = F” € D°(L), and then get by (3.20)
the following

to to t2
/ ps(LFY)ds = — / 1s(F®)ds + / ps(AFP)ds (4.137)

t1 t1 t1

to to “+oo
= —/ MS(F¢)d3+/ / e Mg (F)dsdt,
tl tl 0
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where we used also Fubini’s theorem. Then by (4.136) and the flow
property we get p,(F?) = us(F?) and then use this in the second
summand (name it T) of the last line of (4.137), then integrate by
parts and obtain

to to d —+o00
v = [ T8 ([ e ) ds
t1 t1 dS 0

to to d —+o00
= / ps(F?)ds +/ s </ 6_/\t/is<Ft¢)dt> ds
t1 11 S 0

to to d
— [ nFds+ [ S Fs
S

t1 t1

to

— [ F s (FD) ().
t1

Now we plug this in (4.137) and get that property of ¢ — pu(F),

F € DY(L), solves (4.135). For F € D(L), let {F,}new C D°(L) be

such that |F — F,||. — 0 as n — +o00. Then

a(F) — i (F) — / e LF)ds| < |y (F — F)| + |y (F — Fy)

t1

t2
4 / e(LF — LE,)|ds < (ts — t, + 2)||F — Fll1,

t1

which yields that t — p,(F), F' € D(L) also solves (4.135).

Assume now that ¢ — fi; is another solution of (1.34), and hence
of (4.135), satisfying fi;|t—o = . By Proposition 3.3.5 the map t —
f(F), F € D°(L) is Lipschitz-continuous. Then, for each A > 1 and
¢ € Cy(X), we have

dfis(FY) = fis(LFY)ds,

holding for Lebesgue-almost all s > 0. Then
t t
A e Nnrds = [ e
0 0

t
(F)e ™ =l F) — [ (L
0
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t
—u(F)e ™ = olF) = A [ e (R
0

t
+ / e fis(F?)ds.
0

This yields

t
W(FS) = io(FY) = il FO)e ™ + / e N (FOds, A L,
0

which after passing to the limit ¢ — 400 leads to

+oo
n(F) = [ e F s (4.138)
0

that holds for all A > 1. By the very definition in (4.136) the map
t + p(F?) is continuous; the continuity of ¢ — fi;(F?) was estab-
lished in Proposition 3.3.5. Both maps are bounded. By (3.19) and
(4.136), and then by (4.138), the Laplace transforms of both these
maps coincide. Therefore, by Lerch’s theorem pu(F?) = ji;(F?) for
all t > 0 and ¢ € Cy(X). As mentioned above, see Proposition
1.1.7, the class of functions {F? : ¢ € C,(X)} is separating, that
means [; = fiy, t > 0 and hence the stated uniqueness. The proof
the weak convergence p; = s follows by (4.136) and the fact that
{F?: ¢ € Cy(X)} is also convergence determining, see again Proposi-
tion 1.1.7. It remains to prove that p; = ps ast — +00. Since the set
{F?: ¢ € Cy(X)} is convergence determining, to this end it is enough
to show that p;(F?) = ue(F?) = 1, holding for all ¢ € Cy(X). By
(4.136) and the concluding statement of Theorem 2.3.5 we have

lim g, (F?) = lim p(F™) = p(Fy) = 1,

t—-+o0 t—+o00

which completes the whole proof.
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