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On the complex g-Appell polynomials

ABSTRACT. The purpose of this article is to generalize the ring of g-Appell
polynomials to the complex case. The formulas for g-Appell polynomials thus
appear again, with similar names, in a purely symmetric way. Since these
complex g-Appell polynomials are also g-complex analytic functions, we are
able to give a first example of the g-Cauchy—Riemann equations. Similarly,
in the spirit of Kim and Ryoo, we can define g-complex Bernoulli and Eu-
ler polynomials. Previously, in order to obtain the g-Appell polynomial, we
would make a g-addition of the corresponding ¢g-Appell number with x. This
is now replaced by a g-addition of the corresponding ¢-Appell number with
two infinite function sequences C, 4(z,y) and 8, q(z, y) for the real and imag-
inary part of a new so-called g-complex number appearing in the generating
function. Finally, we can prove g-analogues of the Cauchy—Riemann equa-
tions.

This paper is organized as follows: in Section 1, we present the simplest
type of g-complex numbers, which we will later use as function arguments
in our new complex g-Appell polynomials. We remark that there are also
other types of g-complex numbers.

In Section 2, we define complex ¢-Appell polynomials, and show that
these polynomials obey quite similar rules as ¢g-Appell polynomials, which
always appear in doublets.

In Section 3, we briefly discuss pseudo-g-complex Appell polynomials,
which have a slightly different generating function.
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In Section 4, we present the two simplest examples of g-complex Appell
polynomials. We remark that many other such polynomials could easily be
defined, like in the other papers of the author. The special formulas, which
appear in Section 2, are not repeated, for the sake of brevity.

In Section 5, we make a brief conclusion.

1. Definition of the g-complex numbers Cg,.
Definition 1. We define the g-complex numbers Cg, as the set
{z=z&,iy}, z,yeckR

The numbers x and y are called the g-real and the ¢g-imaginary parts of z,
denoted by Re, z and Im, z. A g-real number is a g-complex number with
g-imaginary part 0. A g-imaginary number is a g-complex number with
g-real part 0.

Definition 2. The absolute value of z € Cg,, is given by
|2| = Va2 + y2.
The conjugate of z € Cg,, is given by
Z =T O41y.
For each z € Cg,, a € R, we define a scalar multiplication az:
az = ar Dgtay.

We will now define the corresponding operators of +, —, ®, + by consid-
ering the set (Cg,,®,®¢). The two operations & and ©, are defined with
the help of the following operator h.

Definition 3. The bijection i : C — Cg, maps the complex number x+iy
to x @g 1y € Cg, .

In the following we will use the notation
2j = xj Dg 1Yj, 2j € C@q.
a =y Bgiag, f=P01Dgif2, v=7 DBgi72, @, B,7,€ Cqg,.

Definition 4. The four binary operations are defined as follows: An addi-
tion & : (C@q X (C@q — (C@q by

21 ® 29 = h(h 2y + hlz).
A subtraction © : Cg, x Cg, — Cg:

216920 =21D (—22).
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A multiplication ©® : Cg, X Cg, — Cg,:
2102z =h(h 2 -h ).

A division O : (C@q X (C@q — (C@qi

. h_lzl
21@Qz29=h (h122>'

The multiplication and division are also given by

21 © 2o = (122 — Y1y2) Dg i(T1Y2 + T21),
21 © 22 = —5— (172 + Y192) g i(T201 — T1Y2)) -
x5 + 3 !
Then
(21 @ 22) @ 29 = 2.
We decide to have the same priority for these operations as usual, i.e.,

products are computed before sums (additions) etc. We also agree to some-
times abbreviate the ® by juxtaposition.

For purposes which will soon become evident, we limit ourselves to formal
power series.

Definition 5. We define the complex g-derivative as

Dof() = tim TEEETIE pecp.

Powers of Dg are denoted by Dg.

The function f(z) is called g-holomorphic if and only if the complex ¢-
derivative Dg, f(2) exists.

Theorem 1.1. Formula for the complex g-derivative for functions of q-
complex numbers.

oo o0
Dg Z apzt = Z ap{k}q2" 1
k=0

k=1
Proof. We denote the fact that h is an isomorphism by x. Put f(z) =
S arz®. Then
f(z®dz) — f(2) _ f((z @q iy) ® (5 Bq idy)) — f(z By iy)
(02)! (02)!
byx f((z +0x) &y i(y + 0y)) — [ Bq iy)
(02)!

_ ERoal(x o+ 62) @y ily + 59))F — Y50 axle @, iy)*
(52!
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Y 0@k Yomeo () iy + 0y))F (@ + o)™
(02)"
> r0 @k Yoo (TI:L) (iy) e~ mam
- (02)!
_ 1 - a : . m 2 l l‘le m k—m n, k—m—n
o [ (), 35 (1 e 55 (o

k=0 =1

[eS) k

_ (5;1 kz a mzl ( 7’; >qzk_m((5z)m

=0
The result now follows by letting lim(;z_m@q. O

Theorem 1.2.

Dg f(2) = Dgzu(z,y) +iDgav(, y).
Proof.

o
Dy ou(x,y) + iDgav(z,y) Dq,xza < ) Hiy)H!
k=0 q

oo k k
=Y ar)y <l> {I}g2"(iy)* " = Do f(2). -
k=0 =1 q

2. Extension of g-Appell polynomials to complex g-Appell polyno-
mials. We will now define the complex g-Appell polynomials. Throughout,
we assume that z = £ @iy, where we can use both of the previously defined
g-complex numbers. In the beginning, we use the numbers Cg, . For the
notation, we refer to [4].

Definition 6 (A g-analogue of [5, (3)]). For every power series f,(t), with

. . (e,m) .
n ) 4" v ’
fn(0) # 0, the cosine-g-Appell polynomials A, ;" (z,y) have the following
generating function:

(1) Fa(t)Ey(xt) Cos,(yt) = Z

I/

oy )

The sine-g-Appell polynomials Ay(s,n) of degree v and order n have the
following generating function:

(2) fn(t)Eq(xt) Sing(yt) = (S n)

By putting z = y = 0, we have again (see [2, 4.105])

v

fult) = Z o (),
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(n)

where ®,,, are the g-Appell numbers. In the following, when a formula

with ﬂ,(f;]n) (z) is given, without a similar formula with Al(,i’]n) (x), we always
assume that c=cV s.

It will be convenient to fix the value for n =0 and n = 1:
Al (@) = AL (2); ALY = (%) = 0.

v,q v,q —

The following formula is the same as [2, 4.107]:

DA (2) = {vhg AL (@):

A g-analogue of [5, (3)] expresses the ¢g-Appell polynomial of z as the sum
of the cosine and sine-g-Appell polynomials.

(3) o) (2) = AL (2, y) +iAL (2, y).

Then we have generating functions for g-Appell polynomial of z and Z:

() fu(DE(zt) = Z {V;q,fb(yf‘q) (2) = fu(t)Eq(2t)(Cosy(yt) — i Sing(yt)).
v=0 ’

Addition and subtraction of formulas (4) and (5) give a g-analogue of
[5, p. 3]:

oo (n) n)/—
_ Y Dug(2) + Pug(z)
fn(t)Eq(xt) COSq(yt) - UZ::O {V}q! 2 )
00 v n) n)/—
. B Y Dyg(z) — Py (Z)
fn(t)Eq(xt) qu(yt) - ~ {V}q! % )
(n) (n)
A (a,y) = 2 ();r(p (),
(n) (n)
A(s n)(x y) = Pug (2)2.<I>l,q(z)
1

We obtain the two g-Taylor formulas, a g-analogue of [5, (ii), p. 3].
Theorem 2.1.

o sy =3 () #0, @',

k=0
. - v k n .
‘Pyyfq) (z B iy) = Z <k> Q(Z)@,(,,)hq(x)(zy)k.
k=0 q

The first formula implies the symbolic equality:



36 T. Ernst

Theorem 2.2.
B0 (2) (2 (2) By iy)"”.

We collect some obvious facts about the g-complex Appell polynomials
in a theorem.

Theorem 2.3 (A g-analogue of [5, p. 3]).

B (z) = 814 (2).

V7q
Al(,f;,n) (x,y) is an even function of y. A )(x,y) is an odd function of y.

(©) 2(1)(2)2(1)(2) = (AL (@ y>)2

2

+ (AL @)
()81 (E) = (AL (@ AL (@,y) + AL (@ AL (@,9))
i (Al @Al (@,y) — AL (@ )AL @)

Proof. To prove (6), use (3). O

Lemma 2.4 (A g-analogue of [5, (4) and (5)]). The cosine-q-Appell poly-
nomials and the sine-q-Appell polynomials can be expressed as sums of the
corresponding q-Appell polynomials with coefficients powers of y.

(5]
(8) A fn) $ y Z (2k> k qu)l(/n)Zk,q(x)
o
(=] y
O AP =Y () (O )

k=0

Proof. To prove (8), use generating function (1) together with the ¢-Euler
formula and change summation index. O

Lemma 2.5 (A g-analogue of [5, Lemma 2, p. 4]). Formulas for sums of
products of q-Appell polynomials with mized function arguments z and Z.

w (1) el@el @ =3 (7) sliwell, @

k=0 k=0
~ (v n n — " (v n), . n .
a3 (}) enee, =30 (1) elnmel .
k=0 q k=0 q
Proof. To prove (10), use generating function (1). O

The following two functions €, 4(x,y) and 8, 4(z, y) replace g-addition of
x with ¢g-Appell numbers.
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Definition 7 (A g-analogue of [5, p. 5])

(12) Eq(zt) Cosqy(yt) = Z{ }q' Cuql

(13) Eq(xt) Sing(yt) = Z{ " Suq(z,y).

We find that (compare with [5, (9), (10)])
AL (@) = (20 Bq Cugl,9))",
AS (@, y) = (R[] ©q Sug(w, )"
A g-analogue of [5, p. 5]; explicit expressions for €, 4(x,y) and 8, 4(z,y):

(5]
v o

Coq(2) = Cry(z,y) = Z <2]{;> (—1)ky2kx 2k7

k=0 q

454

2
v ok

8u7q(2’) ESu,q(ﬂ?7y) = Z <2k+1> (—1)ky2k+1x 2k 1.

k=0 q

Theorem 2.6 (A g-analogue of [5, p. 5]). Addition formulas for C, 4(z) and
8,4(2). Let @y denote @y V ©4, corresponding to the two . Then

(14) Gn,q(zl Dg 22) :Z (Z) (Gn_k,q(zl)ek,q(i@) — Sn_]aq(zl)shq(:l:Zg)),
k=0 q

(15) Sngler 00 2)=3 () Gukale1)Cha(E22) + Comsgle1)Srlbin).

k=0
Proof. We find that

Eq((21 @4 22)t) Cosg((y1 ©q y2)t Z{ o Cuq(21 Bq 22),

Eq((l'l Dyq ."L‘Q)t) Sinq( Y1 Bq y2 Z{ } i yq Z1 By ZQ).

On the other hand, we have
Eq((z1 &4 22)t) Cosg((y1 ©q y2)t)
= BEq((#1 &4 2)t) (Cosq(y1t) Cosq(y2t) F Sing(y1t) Sing(y2t))
= BEq((21t) Cosy(y11)Eq((£x2t) Cosq(y2t)
F Eq((z11) Sing(y1£)Eq ((£22t) Sing(yat)
= Eq((z1t) Cosq(y1t)Eq((£zat) Cosy(£yat)
— Eq((z1t) Sing (y1t)Eq((£x2t) Sing (Fyat)
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by (12), (13)
(Z{}' ”“1><Z{}q ”"M))
_<Z{}' qu1><z{}' zzq:l:ZQ))

[e.e]

Z q(21) Dq Cy(22))" — (84(21) By 84(22))")
~0

{v}q!
which proves (14). Formula (15) is proved in a similar way. O

We can now prove g-analogues of the Cauchy—Riemann equations for ¢-
complex Appell polynomials.

Lemma 2.7 (A g-analogue of [5, p. 6]).

(16) Dy AL (,y) = (V)AL (2, 1),
(17) Dy oAl (@,y) = (v} AL 1,q(377y)
(18) Dy ALy (,y) = —{V}q S ().
(19) Dy AL (@, y) = (V)AL (2,9).

Proof. Use the generating function. O

xz,

xz,
xz,

Theorem 2.8 (g-analogues of the Cauchy—Riemann equations [1, p. 54]).

or g-complex Appell polynomials. Let our g-complex function be <I)l(,n), with
q 14 ppeit poty q p 'q
q-real and g-imaginary parts given by (3). Then

Dy Al (2) = Dy AL (2),
Dq,yAz(fZ;n) (2) = _Dq,x‘Az(/i’]n) (2).

)
Proof. Equate formulas (16), (19), and formulas (17), (18), respectively.

g

3. Pseudo-g-complex Appell polynomials.

Definition 8. For every power series f,(t) given by (1) and (2), the pseudo-

cosine and pseudosine-g-Appell polynomials ﬂl(, ") and Al(,q’s’n) of degree v
and order n have the following generating functions:

l/

Ja(t)Ex (wt) Cos, (yt) = Z e },A@’C”)(x ),

1
q

fn(t)E1(xt) Sing(yt) = Z A(qs” (z,y).

aan
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Now, for convenience, we fix the value for n = 1:
AP (@,y) = AP (@, y),
Az, y) = APz, ).

We have

Theorem 3.1.

(20) DAL () = {1} A" (qe).
(21) DA™ (2) = {v}e A" (g2).

We get the following two g-Taylor formulas:
Theorem 3.2.
A(m50) — Y\ o(5) g(msa) k.
RCERNEDY <k A (¢"z)y

k=0

v

. v k .
AP (@ Byy) =) (k:> PEIALD (¢Fa)yt.
q

Proof. Use formula (20). O

As a prerequisite of the next section, we extend the following formulas
from [2]. The two operators Anwa g and Vnwa,, always refer to the vari-
able x.

Theorem 3.3.

(Eq(t) = 1) fu(D)Eq () Cosy(yt) = 3 {j; Anwa AL (2, 9),
v=0 a

(Eq(t) = 1) fn(t)Eq(2t) Sing (yt) = Z{ » [ ONwA gA AL (2, y).

Theorem 3.4.

(Eq(t;“L” Fult)Eq(2t) Cosy(yt) = Z ;q Vnwa AL (z, ),

(Eq(t) +1) i t” (s

5 Fn(t)Bq(at) Sing (yt) = VA PRICEN)

Theorem 3.5.

v

22) (B0 = DAn(By(a) Cony) = 3 {j}!AJHc,qﬂﬁzm (+,1),

(23)  (Ba(t) = ) fu(t)Eq(at) Sing(yt) = Z BT }q A e gAY (2, y).
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Theorem 3.6.
(Ex(t) +1)
_a -

(24) 5 fn(t)Eq(at) Cosy(yt) = Z{ VAl (@)
(E%(t) +1) o)
(25) o Fn(t)Bq(at) Sing(yt) = Z e } Ve AL (2y).

4. Special complex g-Appell polynomials. A special case of the A,
polynomials are the two complex B,-polynomials of degree v and order n,

which are obtained by putting f,,(t) = (eqztg% in (1) and (2):

Definition 9.

P90 b o Con oy = S B (,9)
(By(t) — 1)nEQ( t) Cosq(yt) = ;) vl
tg(t) B ()
() — D o) Sinat) = 3 =3 =

Similar to [2, 4.119], we find that
Theorem 4.1 (A g-analogue of [4, p. 10]).
Dwa 8550 (@, 0) = 3aB 7, (e, y) = Dol (),
w885 (@,0) = {vaBy () = Dy (@,0).

Definition 10 (A g-analogue of [4, (32), (33)]). The generating functions
for Bl(\?\;\lfzx Vq(x, y) and Bl(\f{zj)&yvq(:r, Y):

o yuplen)
" " Bywa, (z,y)
q v=0 q:
o v (S7n)
" . Z "B, v,g (2, Y)
mEq(mt) Slnq(yt) = {V7} 7q' s ’t’ < 2.
q =0 q-

The Ward ¢-Bernoulli numbers from [2, p. 118] are used here as well to
form the new ¢-Bernoulli polynomials.

A special case of complex A, polynomials are the two complex ~y,-poly-
nomials of degree v and order n, which are obtained by putting f,(t) =

T in (1) and (2):
q

Definition 11.

tg(t) £ Cos 9y (2. )
(E; () - D) Gl = 2

q
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ORI S LX)
(B, 1) - 1 o) Sl = 0 0

Similar to [2, 4.159], we find that

Theorem 4.2.

Dancg P (e, y) = ol P @ y) = Dear D (2, y).

Proof. Use (22). O

A special case of complex v, polynomials are the second generalized com-

(¢;n)

plex g-Bernoulli polynomials B chlc y q(:c, y) of degree v and order n.

Definition 12 (Another ¢g-analogue of [4, (32), (33)]). The generating func-

n)

tions for Bg% (z) and Bgﬁrguq(:v) are

Crg
0o wnlen)
" t BJHC7V,q($’ y)
B Dy (@) Cosg(yt) = Z(:) Lo <
q V=
o wn(smn)
" . t"BIHC 1,4 (5 Y)
mEq(fﬁt) Slnq(yt) = Z {V7}7q' , |t| < 2.
9 v=0 7

q
We will now define ¢-Appell polynomials with a similar character as the
previous ones. A special case of the A, polynomials are the 7, polynomials

of order n, which are obtained by putting f,(t) = % in (1) and (2).
Definition 13.

on ot (@)
7(Eq(t) T 1)ng(t)Eq(xt) Cosq(yt) = Vz::O D
on . &t ()
Wg(t)Eq(xt) Sing(yt) = ;} {Vi}q!.

We get
VNWAM?ST)(% y) = 771(/?&"_1) (z,9).
We will now define the first g-Euler polynomials, a special case of the 7,

polynomials.

Definition 14 (A g-analogue of [4, (12), (13)]). The generating function

for the first g-Euler polynomials of degree v and order n, Fl\f\;\l,% ” q(:E, y) is

IE, (xt) SR
@ + 17 O = 2 F ), ] <

2"Eq(xt)
(Eq(t) +1)m

[o.¢]

: v ,

Sing(yt) = Z o ‘Fl(\fvgj)&y’q(x,y), It| < .
v=0 7
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Theorem 4.3 (A g-analogue of [4, (22)]).

v
VY plen) (¢,n) _ oplen—1)
Z (k)) FI\?\ZA v—k q(.%' y) + FNVVA uq(x y) 2F1\?V7\17A uq(x y)
k=0 q
A special case of A, polynomials are the 6, polynomials of order n, which
are obtained by putting f,,(t) = (Ef((i% in (1) and (2).
q

Definition 15.

2" = t”@l(,c’n)(m Y)
—g(t)Eq(xt) Cosy(yt) = Yy —=2L 2227
0 tl/g(svn)

2" . . g (T,Y)
Wg(t)Eq(wt) Sing(yt) = ;) BRI

By (24) we obtain

VJHC,qQ%) ('1"’ y) = al(lth_l) (CL‘, y)

We will now define the second g-Euler polynomials, a special case of the 6,
polynomials.

Definition 16 (Another g-analogue of [4, (12), (13)]). The generating func-
(e;n)

tion for the second g-Euler polynomials of degree v and order n, Fj; , q(x, Y)
is

2E( t)
WC (yt) = Z{ g 0), 1 < 7

(;T(EI;:)q(l‘t) Z{}; JHcyq(ﬂﬁ y), |t <.

The proofs of the following four complementary argument formulas are
made with the generating function.

Theorem 4.4 (A g-analogue of [5, p. 9]).

BS%C,V,q(x7 y) = (_1)VB1(\?%NA,y,q(1 @q Zz, y)
Theorem 4.5 (A g-analogue of [5, p. 5]).

F( oo (@) = (~1) o (1 64 2,9).

5. Conclusion. We have introduced a basis for a further investigation of
g-complex numbers, which will appear in another paper. These numbers are
used as function arguments in formal power series of one or many variables,
not just polynomials. Our proof of the ¢g-Cauchy—Riemann equations follows
[1, p. 54]. It is not unlikely that the g-Cauchy—Riemann equations can be
extended to higher dimensions, like in [6].
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