
ANNALES
UNI VERSIT ATIS MARIAE C U R I E - S К Ł O D O W S К A 

LUBLIN—POLONIA
VOL. XXVIII, 2 SECTIO AA 1973

Instytut Fizyki UMCS 
Zakład Fizyki Teoretycznej 

Kierownik: prof, dr hab. Stanisław Szpikowski

Maria TRAJDOS

Calculation of the Special Types of the O5 Wigner Coefficients

Obliczenie szczególnych typów współczynników Wignera O5
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I. INTRODUCTION

In recent years the quasi-spin method and the orthogonal groups On 
connected with it, have been widely applied in nuclear spectroscopy. This 
method is used among others for classification of the states of many nuc
leons [1, 2, 3, 4, 13], for the pairing interaction [4, 5, 6, 7], for the theory 
of nucleus splitting [8, 9], for the probabilities of Gamow-Teller transi
tions [10], for the energy of rotational states of nuclei with high angular 
momenta [11], or for collective excitations of spherical nuclei [12].

In practical application it is important to know the Wigner coeffi
cient by means of which we can decompose the Kronecker product of the 
representations of the same symmetry group. In particular, in case of 
the configuration of protons and neutrons at the j level, some types of 
the Wigner coefficients for the quasi-spin group were calculated by se
veral authors with various methods. Hecht [13] has calculated the 
Wigner coefficients of the O5 group in the so-called mathematical basis 
by means of the recurrent formulae, and with He me ng er [15, 16], 
they applied in calculations the matrix elements of corresponding irre
ducible tensor operators in group O5. Jahn [14] has calculated the Wi
gner coefficients starting from the shell d by using the relations of these 
coefficients with phonon fractional parentage coefficients in the seniority 
scheme. Finally, Wong [21] has recently used for calculations the me
thod of adjoined tensor operators for the On group.

However, there is not available a general formula for the Wigner 
coefficients of group O5 similar to that [e. g. 18] for the Wigner coef
ficients of O3 group, which are commonly called Clebsch-Gordan coef
ficients. The Wigner coefficients calculated by Hecht and H e m e n-
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ger are not only given as separate formulae for the particular represen
tations, but also separately for admissible values So and T in given repre
sentation.

In this paper the author deals with the Wigner coefficients related to 
the following scheme of the Kronecker decomposition product (0, X')X 
X (0, X") => (0, X'+X"). Calculations given here are followed by the gene
ral formula for any coefficient of the above product.

II. FUNDAMENTAL FORMALISM

Quantum numbers labelling the states of irreducible representation 
of any symmetry group are usually divided into two sets. The first set 
includes quantum numbers distinguishing the irreducible representations 
of the given group, and the other — quantum numbers distinguishing the 
states within the given irreducible representation. For the O5 group two 
quantum numbers label the irreducible representations, and additional 
four numbers — the particular states within the irreducible representa
tion. In this paper the following labelling of the states is used:

I ( Ä, Л2 ) p So TT0>

Xb X2 denote numbers of the fundamental representations [19], whereby

= 2f

The states in the irreducible representation (Xb X2) are distinguished by 
the quantum numbers of the third quasi-spin component S0=1/2 (n — 2j — 1), 
the total isospin and its third component T and To and the ß number 
necessary for the representations in which the same value T for the given 
So appears more than once.

Let us take two bases of irreducible representations of Os group 
КХ/, X2') ß' So' T' To’) and KX/', X2") ß" So" T" To") describing two inde
pendent physical systems I and II. The compound system (1+П) is des
cribed by the bases of the irreducible representations |(Xi, X2) ß So T To), 
where (Xj, X2) is obtained from the Kronecker product of the representa
tions (X/, X2') and (Xi", X2"). Any state KXx, X2) ß So T To) is a linear combi
nation of the products of the starting states:

|(Л,Л1)р501г>= £
&'3.'ГТ.' (1)
1У$:гт; . ,

* I (л; xi ß's’ I (X, д ) гт;>
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According to the Wigner-Eckart theorem, the Wigner coefficients appear
ing in (1) can be reduced in the isospin space:

<( X, (2)
=(гтс';т"т0" tt0] <u;^)p's0'r;(лл>р v>

The most interesting representations are those of a small seniority 
number v and of a small reduced isospin t. These requirements can be 
met by the representations (0, X2), (Xj, 0) and (1, X2). Only five quantum 
numbers are necessary for labelling the states of each of these represen
tations. The number ß is superfluous, because for every So, each of the 
admissible values T occurs only once.

In the paper [1] general formulae for the Clebsch-Gordan series for 
the Kronecker products are given

(V, 0)X(X/',0)
(0, X2')X(0, X2")

and (X/, 0)X(0, X2")

and a number of series of the type (к\, X'2)X (X"i, X"2) for the particular 
values X\, X'2> X"i, X"2. It can be easily noticed that in each of the Kroneck- 
er products (À'i, X'2)X(X"i, X"2) the representation

(X^+X'^.X^+X",)

occurs only once. The state of the highest weight in this representation 
is the product of the states of the highest weights of starting represen
tations:

max (T'+T"}mox (r+r")max> =
(3).

|(au;>s T T °max ' max ' max

or, in other words, the sum in the formula (1) is reduced to one term, 
and the corresponding Wigner coefficient is equal to one.

For the representation of the type (0, X) we have Somax=X, 
(Tomax) Somax= 0, th us from (3) we get

|(0,Л'+Я"), Л'+Л','00> =|(0,Я') Л’00> |(0M")Z‘00 > (4)

In the papers [1] and [20] there were constructed the states within the 
representations (0, X2), (1, X2) and (Хь 0). For the representation (0, X2) any 
allowed state is expressed by the formula

|(0,W£>= N (a,blk){T-)a(S-),‘{(S- )1-4S_nS_₽}k|(0)Л)Л200> (5)
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where:
a~T-T0

b~T

k^(XrT-So}

N{a b к] — normalization coefficient.

III. THE CALCULATION OF THE WIGNER COEFFICIENTS

According to (2) only the reduced Wigner coefficients should be cal
culated. Therefore in (5) we can put T0=T, to simplify the calculation, 
without narrowing the results. Thus from (4) and (5) we get the relation

(Sfff(S2,’)a-4S-"S.₽),‘ |(0,Z+A")ZU*00>  =
(6)

= (Sf)‘>[(S_n,)-4S-"Sp)‘<{|(0,Z)Z00> |(0,Z)Z00>)

Then, we consider the special cases.
1. For k=0, we get

T=X-S0 (7)
We act with the operator >SP_ successively b times on the right and left 
side (4) and, using the matrix elements [1], we obtain:

Sf(|(0lZ)Z00>|(0,Z'U''00>} = \/Z'l(0Z)^-1)11>|(0,Z/)Z'00>^

+\4F|(o,Z)Zoo>|(o,Z')Z'-i,ii>

(S^(|(0)A')Z00>B0,Z')ZW}=^T(W|(0,A')Z-2,22>|(0M")Z'00>^

+ 2 vZT I( o, Z ) Z-1,11 > 110; Z) /-1,11> 4-

+А^Ъ{ЧГ|(0,Л') Z00>|(0,Z) Я-2,22> 

and generally
b ±

is:i‘{|l0.4'U'00>|<0,Z)4,00>}=Û(^)[(a-fll/i , ]■
4— • L I л U~rl ]• \ A — U! Jl"Q

*|(ozZ)Z-b+i,b-i,b4>|(o,Z)Z-/, //> 
and, on the other hand

(s!)‘,|(o1z+a,u,4-z;oo>=[^^- 3|(o, z+Z) z+Z'-ь, ьь>
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Therefore, for T=X— So, the reduced Wigner coefficient is given by ge
neral formula

<10,Л') Д-Ь+бЬЧ; (О, Л")Ä-l,l U(0, Л'+zC 4'U"-b,b> =

_ ( b \ (b-/)!/!^)! (XI ! (Я14-Л"-b) ! (8)
/[(Л-Ь+/)КЛ"-/)!Ь!(Л'+Я'|! .

where:
b=0,1, ... min (X', X")
1 = 0,1, ...b

Substituting the physical values for b and I (5), we get:

^>Х}Х-т^т")т-т:-1о)Х)Х-Г1г ||(0(X+ZU'+Z-7; T> =

П Г(7~-Г)!(Г)1 (/)!(/)! (Я'+Х'-Г)!
T")La-T+ri!(Х-7”)!(Г)| (М)!

4 
T (9)

All coefficients of this type are positive. Then, some of the symmetry 
properties of these coefficients are given. In cases in which the multi
plicity of T is not higher than 2 [17], we get the relations

<ix1Xisr.i4U;)s;r|a.,os8^ -
(10)

where:
Ç=X'2+X"2-X2

[ 0 tor the representations 10,Я,) , (VJ 
I t-T for U.,0)

and

<( AU 1)5ÓT; (aUi)S^T“||(Я„ЛЯSoT=

= (-1) (2 7~,+1)-d/m(4<U,) 
(27"

к ( Д Я“)-5О"7-"||(ХЛ)5'Г^
(И)

The dimension dim (Xb X2) of the irreducible representation is given by

dim ( Я„ Я J = 1 ( Ял 1 ) ( ЯЛ 1 ){Л+Ял 21 ( Ял2 Лл 3 )

For several admissible values of the isospin T", with the given So", T" 
is the highest value of T", so that when combined with T' it gives T; and 
v" =t—т''-The label q from the formulae (10) and (11) distinguishes the 
representations (ki, X2) appearing more than once in the decomposition of 
Kronecker product (X'j, X'2)X(X"b X"2).
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It appears from the formulae (9), (10) and (11) that
<( 0,aU'-7-+r,'r-r"; (0, Л”) Х'-тЧ r"||(0,X+X') XU -T, = (12)

=<(0,X)-X^T-T",T-T"; (0, Л") T"-x: r’||(0, XU")T"-X~X', T >=

(2X+1)cf/m(0J') .
2. Setting in (6) b=0 with к =/= 0 and taking the operator [(Snp_)* 2— 

— 4Sn_ Sp_]k instead of (Sp _)” as in previous case, we obtain in the similar 
manner

{(s.)-4srsrf|(o,XuWpo>= (2^1)112^2^1)1 
(21'*2Г-2/с*1)!

Г|(0/Л'+Я',)Л,+/1-2к,00> (13)

and

(S*)-4S_S_ P (0,Л')Я'Э0> (0, Л")Л"00> = r9==F f(k,n,7") *

x Г 2k(2kt1 )!(;')!(^!(2,M)!!(2A1)!!________
+y-J')l(2>l-2^^n+1)!l(;-J-J")|(2Ïin+7-;i)!!

х|(0,Л’)Я'-2А+п,Г^>|(0)Л,)Я-п1ТЧ'>

(14)

From these formulae we immediately get

(15)
<^X)XUk^X\\^X)X-n,T ||(0lA'+^/^"-2k,0>=f(A,n,r)x

x [_______ U')l (Я")! U'4-Г-Ar) ! (2X+1 М2 A1 )‘Ц2ХиХ'-2к*Л  ) !!__________  T
L(a-k^-|)!(a"-Ç-J)!(2'^")!(2a'-2A^4n-1)H(2A',-n+ni)!!(2/l,+2aM)!l.

where f (к, n, T') is given in Table II for several values of к, n, T'. The 
quantum numbers к, n, T' take on the values:

k=0,l,... X'
n=0,l,... min. (X', À")

The admissible isospin values T for a given So can be read from Table 1.
The above method can be also applied to calculation of the Wigner 

coefficients for the representation (X'+X", 0) obtained from Kronecker 
product (X', 0)X (X", 0) and for the representation (1,X' + X") from Kro- 
necker produkt (1, Х')Х(0, X").
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So T

Table 1. Isospins T for the representation (0,X)

±(X)
+(X—1)
±(X—2)
±(X-3)

0
1

0 2
1 3

X — 2, X0

Table 2. The value of the function f(k,n,T') appearing in the reduced Wigner 
coefficients (formula (15)

к n Г f(k,n,T') к n T f(fc,n,T')

1 0 0 1 3 0 0 1

1 1 1 — 2 3 1 1 -2ГГ

1 2 0 1 3 2 0 17

2 1 1 — 2 / 2 3 2 2 4 J 2

2 2 0 1 10 3 3 3 1 — 2 1 42/5

2 2 2 4 i 2/3 3 3 3 — 8 1 2 5

2 3 1 — 2 lz 2 3 4 0 1 7

2 4 0 1 3 4 2 4 1 2

2 0 0 1 3 5 1 -2| 3

4 0 0 1 3 6 0 1
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STRESZCZENIE

Wykorzystując elementy macierzowe generatorów grupy Os [1], wyli
czono następujące typy współczynników Wignera Os w bazie |(0, X) So T To):

1. <(0,X)SóT'; (0, № VU (0, Л'+ЖТ - 0 >

2. <(0,4')So'T'; (0,/)SoM7’" ||(0,Л'+Ж T = /ъ?-So>

РЕЗЮМЕ

Используя матричные элементы генераторов группы Os (1], были вы
числены следующие типы коэффициентов Вигнера О5 в базисе

1. <(0,Ж'Л (0, Т'\\ (0, /U")S0T -0 >

2. <(0,X)S.,'Г'; (0,ЖТ" II((М'+Ж Т =■ Ж-So>


