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Products of Toeplitz and Hankel operators
on the Bergman space in the polydisk

ABSTRACT. In this paper we obtain a condition for analytic square integrable
functions f, g which guarantees the boundedness of products of the Toeplitz
operators TsTy densely defined on the Bergman space in the polydisk. An
analogous condition for the products of the Hankel operators HyH, is also
given.

1. Introduction. Let D be the open unit disk in the complex plane C. For
a fixed positive integer n > 2, the unit polydisk D™ is the Cartesian product
of n copies of D. By dA we will denote the Lebesgue volume measure on
D™, normalized so that A(D") = 1.

The Bergman space A2 = A?(D") is the space of all analytic functions
on D" such that

117 = [ 17:)PaAG) < oo

For w = (w1, ws,...,w,) € D" the reproducing kernel in A2 is the function
K, given by
- 1
Ky(z)=|| ———, 2z€D"
* H (1 —wjz;)?

If (-,-) is the inner product in L?*(D"), then for every function f € A? we

have
(fy Kw) = f(w), weD".
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In the special case when f = K,,, we obtain
u 1
||‘[(u)”2 = <Kw7Kw> = Kw(U}) = H W’ w € D".
j=1

So, the normalized reproducing kernel for A? is

n

z € D",

Now we quote the definition of the Toeplitz operator. The orthogonal
projection P from L?(D") onto A? is defined by

P = (K0 = [ 16]] u_;WdA(z), e DM, we D,
j=1

For a function f € L and h € A? the Toeplitz operator Ty is given by
Trh(w) = P(fh)(w), weD".

Similarly, the Hankel operator Hy acting on A? is defined as
H¢h = fh— P(fh), he A%

and P is the projection mentioned above. It is clear that H¢h € A" Both
operators Ty and H can be defined when the symbol f belongs to the space
L?(D"). In that case the Toeplitz and Hankel operators are densely defined
on the Bergman space A?, that is on H>.

Let w;, ¢ = 1,2,...,n, belong to the unit disk . For each w; we define
an automorphism ¢,,, of D by

w; — 25

Puw, (2i) = = w2 zeD, i=1,2,...,n.
1~

Then the map
ng(Z) = (@wl(zl)a@wg(zﬁ)a”-vwwn(zn))a Z,w eDb”

is an automorphism of the polydisk D", in fact, ¢,' = ¢,. The real Jaco-
bian of ¢, is equal to

o (1= Jwyl?)?
|k,w’2:l—‘[( |]|)

o 1wzt

Jj=1

thus we have change-of-variable formula

[ (hop)@dae) = [ hElkaPA)

whenever such integrals make sense.
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2. Problem and results. As we mentioned, the Toeplitz operator may
be considered when the index f belongs to the space L*(D"). If f € A2
then by the definition of the Toeplitz operator, we have

n
_ 1 .

j=1

Tyhiw) = P(Fh)w) = [
The main problem in this note is what conditions must be satisfied by
functions f, g € A? to guarantee that the product of the Toeplitz operators
TyTy is bounded on the Bergman space A? in the polydisk D". We provide
a sufficient condition for boundedness of such products. Similarly, we give
a sufficient condition to ensure that the product of the Hankel operators
HyHj is bounded on the space (A%, where H* is the adjoint of H.
For u € L*(D") we denote

u(w) = Blu|(w) = /H))" (uoy)(z)dA(z), weD"™

In [9] Stroethoff and Zheng established the following necessary condition for
boundedness of the products T;T; on the unit disk D.

Theorem 1. Let f and g be in A%. If TyTy is bounded, then
sup [F2(w)]g(w) < oo.
weD

In the same paper the authors also gave a little stronger sufficient condi-
tion.

Theorem 2. Let f and g be in A?. If there is a positive constant € such
that

sup | f[2*(w)|g|**=(w) < oo,
weD

then T¢Ty 1s bounded.

There is a conjecture that the necessary condition is also a sufficient
condition for boundedness. But in view of a counter-example of Nazarov [6]
for Toeplitz products on the Hardy space, it may not be possible to prove
that this necessary condition is also sufficient.

Stroethoff and Zheng [12] showed the analogous results on the Bergman
spaces of the polydisk [11], weighted Bergman space of the unit disk [13]
and the unit ball [12]. Next, Miao in [4] gave an interesting way to transfer
Theorem 1 and Theorem 2 to the space A%, 1 < p < oo, o > —1, of the unit
ball. Recently, Michalska and Sobolewski [5] improved a sufficient condition
on boundedness of T§Ty on A%.

A similar problem concerns the products of the Hankel operators HyH .
Such operators are densely defined on space (A2)*. The following condition
for the Hankel products on the unit disk was established by Stroethoff and
Zheng in [9].
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Theorem 3. Let f and g be in L*(D,dA). If HyH; is bounded on (A%)L,
then

sup Ilf 00w — P(fovw)lrzllgevw — P(go gyl < oo.
we

The same authors showed that this necessary condition is, like for 113,
very close to being sufficient.

Theorem 4. Let f and g be in L?(D,dA). If there is a positive constant e
such that

sup Ilf 0 0w — P(f 0 puw)llr2+:]lg © 0w — P(g 0 pu)l|L2+s < 00,
we

then the product HyHj is bounded on (A%)L,

Their theorems were extended to the weighted Bergman spaces of the
unit ball by Lu and Liu [2] and for the Bergman space of the polydisk by
Lu and Shang [3].

In this paper we provide a sufficient condition for the boundedness of the
operators T¢Ty and HyHg.

For u € L', ¢ > 0 and w € D" we define

" 1
Bl = [ o em)@) ] [og™* | ja4()
where ¢, is the automorphism of D" and z = (z1, 22, ..., 2, ). The following

theorems are the main results in this paper.
Theorem 5. Let f,g € A%. If there is a positive constant € > 0 such that

sup Be[|f[*)(w) Be[|g|*)(w) < oo,

then the operator TyTy is bounded on A2

Theorem 6. Let f,g € L>(D"). If there is a positive constant € > 0 such
that

- 1
sup (o ¢ — Pf o 0u) [ [ log®+9/2
webn =1 = |2l
. 1
X [|(g © v —P(gogpw))Hlog(H_E)/Q 1= 12| < 00,
— 1<

Jj=1 L2
then the operator HyH} is bounded on (A%)*.

After sending this paper for publication we found that Theorem 5 is
contained in a result obtained in [1].
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3. Proofs. A very important role in our considerations is played by the for-
mula for the inner product in A? introduced in [11]. Let a={a1,az,...,an}
be a nonempty subset of {1,2,...,n} with a1 < ag < ... < ay,. We define
the measure on D" by

3n—m
e Ui 2121 = [22*)? ... (1 = [za]?)?

x [](5 = 2lz])?dA(z1)dA(z2) . .. dA(zy)

jEa

dpa(z) =

and
dpg(z) = 3" (1 — |21)*)2(1 = |22®)%. .. (1 = |2,]?)2dA(21)dA(22) . . . dA(zp),
where m is the cardinality of o. Let us set D;h = 0h/0z; and
D®h = Do, Da, ... Do, h, D"h=h.

For f,g € A? we have
(1) FAIEAR) =3 [ PSPl

where a runs over all subsets of {1,2,...,n}.
We start with some lemmas which we will apply to prove the main theo-
rems.

Lemma 1. Let f € A2, h€ H® and e > 0. If a = {a1,0,..., 0} is a
subset of {1,2,...,n}, then

N

LI Frermes |w 2y (BellfPJw)

2 | | - | | 1 -1-. - A
. (/]D)n Ih(2)] L L1 — w22 o8 1- "Pw-(zi)‘d =)
=1 =1 v

for all w € D™.

(NI
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Proof. First we show the inequality for o = ).

Tl <2 [ 176:) H [ f[loglf e
<t 'Hu— @zz|H1°g F e
</H T '2H|1—‘wl’|4Hl°g 1—rsolwz<z>|>
</ O T e Lo Hpmdmz))%
< 1L i (B

2 o —(1+4¢) P
(/ & Hrl—wnl ) ¢ )>

In the case « = {1,2,...,n}, we have

=

a n |ZZ|
F <
DTyl <2 [ 1@ rH‘l_wz‘g AG2)
1
log
< [t 'Hu—wzzPH e
1

14e
D T 5 Y A
N i Ll T

Following the previous calculations, we obtain the desired inequality. It

remains to consider the case when « is a proper subset of {1,2,...,n}.
Then
Db < [ @) ] e Il A(2)
! - |1—wz|3 \l—sz
1EQ
1
< C’/ lo
o 'H |1—wzz|2H ]

_14e 1
h(z 1 2 ——dA
<IN ’HH_ Zz,]H o8 1_’90wz(22)| (=);



Products of Toeplitz and Hankel operators... 63

where the last inequality follows from

H(l—wj 31—‘[ CH‘I_U_}JZJ‘S

JEQ
]

Lemma 2. Let ¢ > 0, u € (A%, f € L2(D"), a = {a1,a9,...,an} C
{1,2,...,n}, o < ag < ... < apy. Then

oy - 1 (1+e)/2

=1 1_"2]’

2

‘ 1 S 1
X / |’LL(Z)|2 H m H log 1—e 7dA(Z)
b j=1 77 =1

1= opuw; (2)]

Proof. The proof will proceed in three steps as above. Suppose first that
a = (. Then

n n

. 1 . 1
(Hju, Ku) =[] m(fffuaku) = ] = (w Hikw).
j=1 ! j

In view of [8, Proposition 1] we may write

Hyky = (f — P(f © puw) 0 pw) kuw

and

n

(#u, ) = T] T (7 = PUT o 0) o 00 )
j=1

Thus, by Holder’s inequality, we obtain

[(u, (f = P(f ©pw) © ow) ku(2))]

i 1te 1
_ /D nu(z)]Hllog S0 PT R e e DR

n
1+e 1
% TTog™s ——_dA(»
Lles g, i)
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1
2

<{/n(fp(f°¢w)0@w | i ’2H10g “low (ZJ)dA(Z)}

2 - —1—¢ 1 P ’
X {/]D)n lu(z)] jl;[llog . |<Pw]-(2’j)’dA( )} :

By the change-of-variable formula z — ¢,,(2) and using that |1 — z;w;| < 2,
we have
[(u, (f = P(f o puw) 0 pu) ku(2))|

1

(f o ow = P(f 0 uw)) H log(HaW 17”

j=1

<C

I

1

9 n 1 = —1—¢
y 'z . log — = dA(z

This proves the first case. Now, let « = {1,2,...,n}. Then

Hju(w) = o)) = [ T[] =y A

Jj=1

Hence
n

o pr* 2ZJ
D*Hpu(w) = H A= w5 dA(z).
]:1

Let
Fy(2) :P(foSow)o(Pw(Z)H#?ijg-

iy (1= w5z)

The function F,, belongs to € A?, thus

2Zj

(u, Fyy) = /n u(2)P(f o pu) 0 pw(2) ]1_{ mdA(Z) =0
So,
D*Hpu(w) = D*Hpu(w) — (u, Fyy)
= [ w06 = P o pu o eul) [T =t dA),

Jj=1
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Using Holder’s inequality, we get
| D Hpu(w)|

N[

- 1 a 1
<C / ()2 T ———— [Tlog™ 5 ——dA(z)
D" E \1—2jwj2j:Hl 1= |w, (2)]

1
Al
j=1
1
1 2
<3 [ 1G=PE w0 pa) P k() Hlog o dA(2)
n |80w](zj)‘
" 1
-¢ H 1 — w;|?
7j=1
1
1 2
X (2)]? log™ 17— dA(2)
/ H |1—Zgw |2H 1 — Jow, (2))]
i 1
X (focpw—P(focpw))Hlog(1+€)/21 ]
=1 |
Suppose now that a={a, as,...,a,} is a nonempty subset of {1,2,...,n}.

Then
poHu(w) = [ FEue) [[ 21 1_1 ___dA(2).

jop (= wiz)® Sp (1 - w;z))

Putting

Ful2) = P(Foow) o e [ r—a [ oo

jop (1= wizg)? S (1= 525)
and using the fact that

2z; 1 1
— — C T4 = |2
11 (1—wj2’j)3j¢l_£ (1 —wjz)*| ~ H 1 —wjz;?

jep

we obtain

| D Hju(w)|

< 5 .
C ‘U ‘H‘l U)]ZJ‘ ) (fOQOw ngw ‘H“—w]ZJPdA(Z)
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Using the same arguments as in the proof of Lemma 1, the stated result
follows. O

Now, we give the proofs of the main theorems.
Proof of Theorem 5. Let u,v € H>*. We show that
[(TyTgu, v)| < Cllulll|v]].
By (1), we get
(T Tyu,v) = (Tyu, Tyv)
~ [ T Tataaw)

= Z DaT u(w) DT pv(w)dpia (w).
Using Lemma 1, we obtain

(TyTyu,v) y<CZ/n (/nH e B[ f*(w))

1

2 - # - o -1-e_ - P
- (/n“@’ H Tomar L o ))
| M=o Bl

i=1

D=

N

N

1

n 1 n .
X (/Dn \U(Z)|2£[‘1_W1;[10g ! WIMCM(ZO dpia(2)
<€ sup {B.[1£1](w)Bellgf) }Z/H1_|w|

weDn™

2 - # - 7175;
X (/]D)” lu(z)] Z1_[1 TR zHllog - |@wi(zi)|dA(Z)
X / [v(2)[? f[ S — ]ﬁ[log**f ;dA(z) dpia(w).
b i=1 ‘1 _@izi‘g i=1 1—- ‘Sowi(zi” “

N|=

N
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Since
dp (2 H (1= 12?2 T] (5 = 2l2)2dA(21)dA(z2) . . . dA(2n)
JEa
H (1= |2*)%dA(21)dA(22) . . . dA(zy,),
we get

(T Tgu, v)| < ¢ sup {B[1£P)(w)Bellgl*)(w)} ?

. 1 - 1
2 - 1 717576@4
<[ (/D o) T = Ioe ™ )
1
2

n 1 n . 1
X (/Dn |U(Z)|2£Ill_wizi2£{10g ! (Zz‘)|dA(Z)> dA(w).

1- ‘Sowi

N

Now, applying Holder’s inequality and Fubini’s theorem, we have

(T Ty, )| < C sup {Be]|FP)(w) B (") (w))
2 - # - o —1—8; ~ w
X (/n/n‘“(z)’ l;[1 |1_wizz,|2i];[11 T T o A@Al ))

o 2 o e 1 z w
(//\ 2| Hu_wzpﬂl B T (e A )>
=C sw {B. 1721w Bellgl?)(w) }

1*8; w 5

</ /nHu— |2Hl°g T Jpu Gl A )>
vz 2 - # - o —1—5; w 5

</D‘ O f, M g Do g et )>

It remains to prove that the integral

- 1 - 1
I = _— log71=f —— _dA
/n ZH1 |1 _@ZZZ|2 H Og (w)

1 — |pu, (2i)]

1
2

VI

1
2

N|=

is convergent independently of z. Indeed, the change-of-variable formula
¢ = p.(w) and the fact that |@u, ()| = |z (w;)| imply
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n

_ Z%wl’ 1—¢ (1 B ’ZZ’
= /nH TP Hl"g e w}}lu—m Aw)
|1*2Z30z1 Cz
/n.H 1—\z\ Hk’g 1—rcz|dA(o

n (- |Zz

2iGi e 1
/,,H SEDE Hbg oA
B | S N
zHl/Dl—ZiCi’Z tog 1—|Q,d (Gi)-

We need only to show that

1
I=e = _qA(¢ o
/ ‘I_Z]CJ 1_‘Cj| (CJ)S

for j =1,2,...,n. Let (j = re
According to Theorem 1.7 in [14], we have

27
/ 71 ——df < ¢ < ¢ .
o 11—zre?|? 1—|zlr — 1—7r

1 1
Ijgc/ "
™ Jo 1—

By the change-of-variable formula,

Therefore

1
logflfs
r

dr.

1—r

+o00
I; <C/ 7175 (1 — e Y)dt

+o0
_C/ 175 —et)dt—i—/ 71761 — e Y)dt
1

—+o00
< C/ tsdt+/ =12 dt.
0 1

Clearly, for € € (0,1) the integrals I; are bounded by a constant which is
independent of z. Finally, we conclude that

(T Tyu, v)| < Cllull][v]],
which proves the theorem. O

Proof of Theorem 6. To prove the theorem we need to use Lemma 2 and
the method used in the proof of Theorem 5. The details are left to the
reader. O
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Now, we propose one additional theorem concerning products of Toeplitz
and Hankel operators TyH;. The following result can be proved in much
the same way as Theorem 5 and Theorem 6.

Theorem 7. Let f € A% g € L2(D"). If

- 1
sup Bel|fP)(w) {(g 0 ¢ = Plg o ou)) [[10g™ /% 1=
n ol | L2

< 090,

then the operator TyHj is bounded on (A2)+

It is clear that the above condition also gives the boundedness of HyT’.
The next proposition reveals that Theorem 5 extends Theorem 2.

Proposition 1. Let f,g € A? and € > 0. Then for all w € D",
2/(2+
B(IfP)B:llg?) < € {BII 1] Bollgl*)} ).

Proof. Let w € D™. Then by the change-of-variable formula and Holder’s
inequality we have

Bs 2 — 2 1 1+e ( J dA
(P10 = [ 15 T Jiog = el T A
2
n p=
(1 — |w;[*)?
<3 [ rer e [ = riedae)
n i=1 — U)JZj
n c c 1 n 1— 12)\2 2te
/ Hlog<l+ )@+e) (1 | ) (1 |’EU?")4 dA(2)
. Tie
(+e)(2+e)
= {B[|f|*** : ] c — )dA
@) [ H o (12 ) date
Since the last integral is convergent, our claim follows. O
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