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On a Decompoasition of the Riemmannian Manifold with a 3—structure

O rozldadzie rozmaitodci Riemanna z 3-strukturg

Abstract. This paper deals with a representation of a 4n-dimensional Riemannian manifdd
as a Cartesian product of R"™ and three n—dimensional manifolds with suitably chosen structures.
These structures generate a 3-structure on the 4n-dimensional manifold and the corresponding
construction is based of the not.on of vector field and distribution

Also integrahility conditions of intervening distributions are given.

Introduction. This paper is a continuation of the study on the Riemannian
manifolds M with the 3-structure satisfying certain conditicns, cf.[1]{3]. On the
basis of the results shown in the quoted papers, the Riemannian manifold was obtained
in the form of the Cartesian product M{* x M7' x MJ' X R™, where M7, M7, M7 are the
manifolds of the corresponding structures C'.'. ?' ? satisfying corresponding relations.
Each of the manifalds is invariant in relation to a corresponding structure. As the
whole construction is based first of all on the notion of vector fields and distdbution.
Conditions of integrability of corresponding distributions were studied to obtain the
required decomposition.

1. Properties of the tangent bundle to Riemennian manifold with a
3-structure. Let A" be the Riemannian manifald of the dimension 4n with the
metric § and with the generalized S-strocture {F'} satisfying the conditions :

(l) o ﬁ‘

ofy=128, a#¢ B8 #9#a, gB*l.:’-d:l- th =&

e =¢g¢ =¢, F are tensor fields of the type (1.1) on M*", [ - the iden-
afan fa 90 (] a

tity mapping on M*" ([1]). Moreover, it is assumed that
(2 i(FX,FY) =§(X,Y)
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for any vector fields, X, ¥ € TM*" , TA4n — the tangent bundle on M4".

Let us introduce the notation: TM*" = V3. Let Ny be a given differentiable
vector field on M*" , N; € TM*" and §(N1, Ny) = 1. We denote by V; , Vi € V, the
distribution on M " orthogonal to the field N, with respect to the metric §. Thus:
dimV; =4n ,dimV; =4n-1.

Fbra.nyﬁeldfeVl we put
(3) ﬁ‘i = X| +X, "

] a a

where JQ(. eV, %(3 € {N1}. Let us denote

Xi=F'X, Xi=ed(X)N,

a a \ o aa
where f' : ¥} = V; - the tensor field of the type (1.1) on M*", ::' :Vy = R - the
tensor field of the type (0,1). We have so the decomposition
(3) FX=F'X + ew (X)N,.
i a a ao

Particularly, for the vector field X € V; there is

(4) EX=F'X +eu*(X)N,,
a o ao

but for the vector field N;

(8) le =z'+:£'N. ,

where q = F'Nl eV, 4\' = w'(Nl) € R. It {ollows from the Theorem 2,1} that
for the -dxstnanOn Vi the fdlomng conditions are satisfied :
((£') =e(I-u'@n')

[ ]

'"oF! = —eAlW!

(0) 4 E" elly!

il etoatY

and
1. pl O S ey
A R T
WoF!= ¢ w! —eAlW!

(7) ‘ a A B po g
Fip! = cen' =eAlp!
az 0‘5: 5:2
Ipll= ¢ A} = g AINS
S 7o)
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Moreover, for the vector fields X,Y € V; the {ollowing relations take place :
[ o) =)

%) | (XY ) =0 (X, Y) - (X' (7).

where g! is the metric induced on the distribution V} i.e.

g (x Y) g(x Y) ’ X|Y eVI ’

( Theorem 4,[1] ) .
Let us assume that the fields n',9%,4' € V; are linearly independent. Con-
1 3 3

ditions for existence of such fields were given in the paper [1}, Theorem 3. Let
= Lin(n',9',n'). Let Wit C V; denote orthogonal complement to the distribution
1 3 3

W, € Vj in relation to the metric g'. Thus, dim W, = 3, dimW; = dn—4 =4(n—1)
and

Vi=(MleWeWl, (M)}=LaN,
=W, oWt

where the above distribution means that (V}): = ({Mi})s + (W1)a + (Wi)s and
(V1)s = (W1)s + (Wit)s for each z € M*"
For any field X € Wit from (8) there takea place

(9) ::'(X):O, a=1,2,3.

It follows results that the 3-structure {f.} cut off to the distribution W' agrees
with the initial 3-structure {{'} - Theorem 1.3,[2]. The paper {2] (Theorem 1.1)
showed that the distributions W; and Wt were invariant in relation to {1:' }. Thus,
the 3-structure {f'} on the distribution Wit satisfies the conditions (1). Moreover,

the metric g* for the fields X,Y € Wit satisfies the condition (2), what follows from
(8) and (9). The above construction can be repeated for the 3-structure {F '} on
the distribution Wit which is still denoted by Vs, Wi = V3. Then it is made
one after the other (totally n times) for the 3-structures obtained from the for-
mer ones on corresponding distributions. Thus there is obtained 4n vector fields
N;,q',q',q‘, N,.,q",q"q" and 3n linear form fields u',u‘,w‘ ...,w",«;”,«.‘;"
andanscalufucumsx' A' ++A" A", A", whereas for each i =1,2,...,n -1

the fallowing relations ta.ke plwe Na.mely. lf we assume Viy; = WitcV,andg'is
the metric on V; cut off to V.+| and N..H € V..H is any differentiable vectar field on
M, g (N......N....l) = 1, Vig1 C Viq is the distribution on M*" orthogonal to the
field Nj41 in relation to the metric, then we obtained

FX=FYX+eu""'(X)Nig1 for X €Vipy
o a ao
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and
{"N.-.n = zi'*' +e 2‘*'”«-: )
where F‘“ : Vigr = Vigr (g”" : Vit = R, ﬂ""' F‘“M-ﬂ )
4\"“ = w"“ (Ni41) . Then for each upper index, the relations (8) and (7) are satisfied.
For the metric g*+! induced on V;4; by the condition
FHNXY) =g (XY) forX.Y €Vip.

the equalities (8) take place. As before, the decomposition is made

Vitr = (Nip1} @ Wi 0 W5, ,

Viri =Winn 0@W3, ,

{Nis1} =Lin(Nis1) , Wiy =Lin ('ll‘“o"’mvg“") .

From now on, it is assumed that each three vectors g'+!, o' t! gé+! i the lineardy
U T

independent system ; Wy}, is the distribution orthogonal to the distribution W;4 in
relation to the metric g““ Then dimV;4; = d(n =i +1), dimViyy = 4(n=i+1) -1,
dimW.-.H =3, d.lmW T = 4(n {)
It follows from (8) that w*+!(X) = ¢+ (X, 4**") = 0 for X € W4,.
) a
On the basis of these considerations, the tangent bundle TAf 4" can be represented
as the direct sum:

TM™ = (N} ®--- & {Na)} OW1 ©--- @ Wp ,

whereas
{‘:W‘, —W,, k= 1525 S nl
P'q‘s-c 4\‘ a0
Y B
(equalities (6) and (7).

It fdlows from this construction that for each @ = 1,3,3 the vector fields
N'goa-.N."".-t.'.mmh%ondmtoo&mudru‘”=vl po ] p’ o XX ) v.c
[ ] L 4

Iatumuthnl-lorml:'zf’.-ollnni-{ythoondidmx

w'(q') =1- UQ.)’

— (6),(7), where 5* = :;"(N.) and

:,‘(x)=o for Xe Wit .
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1-forms (:. are extended to the whole tangent bundle V; = TM*". Namely,
1-forms
o :TM'" — R

are defined in the following way :
Q"(X) =wk(X) forXe Vi
g“(X) =0 for X e TM* -V, .

This extension is natural as each form tg“ can take values different from zero only on
the distribution W;.

3. On certain distribution of the tangent bundie related to the
S-structure. Now let

2 = Lin {" ’e s" "}
R" ={N, } G {N.} r
Then
(lO) TM‘":[{”@[’]"@(.]”OR"’
dim U™ = n and the vectors g',...,7" make the orthogonal base of the distribation
un. R
a
By means of the mappings {", a=1,2,3, k=1,...,n, there are defined three
mappings ?‘. ¢S of the direct sum of the distribution y~ey"ey" into qﬁet’jnet"n
in such a way that
n Uﬂ

() " U"eU" ed it rda.

QQ oQ
‘Q S

These mappings are defined by their values on the vectors n* in the fallowing way :
a

kb _ kok

'Sﬁ 2
k ¢ Ak k
oﬁ B8 o

Gb
a

()
»
0

e Q
n
ey o'
v 09
]

n

8

Hence, in the base of the vectors g5!,.. .,vlp".;p'.....,;,",t'p',...,;)" the matrices of
1

?,?,g are of the corresponding forms

-9 -39 ¢ T ool AR

Bi=1 0 fang ov g L1 Bl MRS

0 el 0 g I 0 0
13 11
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0 el 0
3
By = .eII 0 0
-0 —-eC -¢eC
e
where I — the identity matrix » X n
y °

‘\3
-4 a=1,23.

°Q
0

0 A"

For any vector fild X €U, X = Z:X" ¥ there is then

kmi @ ¢'
GX x=Y x*¢ .," —ad L X by
@ ety P O b o n‘_-_
but for Xe U™ :
e s
A = & Ly k
g)ﬁ:E,x gq .EX(eq %z)

Hence the conditions (10) are satisfied.
On the distribution lll" @I’I"GU" l—forrm * a=1,23, k=1,...,n are

ahodeﬁ.nedinthefolh;wingway-

*X)=3 X'd (»’)-Zx' ") = X* o (0" = X*(1- 1))

Jml J-l
a*( Tate) = DXt =X oMt = XM (g A - gt
p-Lyep-Lrs L

Then as it can be easily checked for the distribution l‘{" the following relations take
place :

(G)’=c(f Ew Qq

km)
-~k k
Geg=H§sk e

3. Conditions of integrability of lg ? distribution. We shall find integra-
bility conditions of U™ distribution. Any vector X € TM*" can be written in the

form
X= Z 2x*.*+§:u (X)Ni

fu) k=] kwm]
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where y )
st (X) = §(X, M) .
Then

FX x*r b XEFo*+ X Fot X)F Ni] =
F ;Z:_l[ o+ X Eat 4+ X E ot 46t (OE M

=.Z[,°Y*(€‘q'+ew“(q")Ng+X'(F'q +ew"(z")N|,)+
k=) @
+ X (Fra* + e * (") Ni) + p*(X)(n* + € A*N,)] =
7 ‘a 4 aa 4 arh ol

= LI+ (g QM)+ X ot~ g gl 20 - g

A b_ gk k h_ _\kyk k(2 (ah 0
X1 - el )t AOM) + G g2t

n
f(= Z: e,\*x"+e,\"x'=+e,\"x*-,. (X)]-, +e Zx" n"+
k=) .-l
(12) +°¢ X* !’1' + Z[X"(c - (A') ) + g X‘( : A‘ ul A'.\')-{-
l kmil

t k__ ykyk k &
+ X5 1 - et
The Gausa—Codazz equations for the distribution (10) take the form
vxy =V, Y +h(X,Y)
va = —ANX'FVi'N 5

where X, Y, V.Y, AnX € l{"@(’l"@l{" » N.MX\)Y), ViIN € R* =
={N}®--- & {Na}, MX,Y) = h(Y. X).
The following notations are introduced

AnX = A'X
A-q)_ 8 2 auk k

] fml k=i ﬂ

v iN'= > BIEN,

(13)

km) @

0 .
If V is the operator of {F'} - connection on the Riemannian manifold A{" ((3]),
a

0.
i.e Vf =0 fora = 1,2,3, then for

ey

Ni=n'+e¢ AN,
o a o
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there is obtained

F{% Ni)"_ ";" +‘(aﬂ“'\ )N.'i"a\ V',N,

(14) {‘(—A‘f+v;,-1vs)= g1 A0 0Y) +e(8, XN+

0
T L ar
+e X AZH'V':’N')'

Using the above notations and relations and putting in (12)

h _ _ 5k k ijk
i el
there is obtained from (14) :
n n
k _ijk & _igk A uh ok ik _k_ - iyk_b
Zlgﬁoa -‘féop +g)‘ +b ]q aqz:.aq : :‘k-l: "+

iy i5h k\3 [ ] Ak kb iik ] kyk kpisk =
Dla ) g (s g2 e 8 g T

-:V',q +h(q’.q‘)+e(8 A‘)N.-c A' E[ [ ‘" by ‘”q"+c i "] +s 4\‘ 2 b N,
l-l

Then

o n
v, i feiaif E: H l,h [ l)h g sk pijk
Z'Z rh(:’,:)"'. [=£ aa +§‘) ap +“f‘1 ay +‘ ]' *

n n
i ifk_k_ uh [ U ljt / i,h (] sk _A
e PR a3 ¢ +¢A +a +¢
oy lt‘]‘ A qj ., Z[oo ]

Hence, there is :
[z" ’ 2'.]"%3;':"-321 :’ =

"Z[‘ A¥(a ¥ _&ju)_'_‘ '\.(: m_: 5ty e Au(.m_‘jq)_._(tm_t{u)]'n_'_

‘-l oTa oao
"“Z[("“ iﬂ_‘\j ju)'l _’_(Ai ijl_“j ﬁt) ke aih)S o ﬂl).l] +
l-l a ao a ap a a9 a a1

_-"‘2(5‘,.—:"‘.)' — E(. ijl_. }il)z
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The necessary and sufficient condition of integrability of the distribution {{ " there
are the following identities

o ay

(15) :‘g(:‘i" = aﬂk) =5 Z(o 01 -\ a!‘t) =0.

So, the following theorem is obtained :

0 .
Theorem . IfV is the operator of {F'} - connection on the Riemannian mani-
o

fold M*™ then the necessary and sufficient condition of integrability of the distribution
U" hn{q ,...,q"} is satisfying the equation (15) where the coefficients ap"* are

given by (13)
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STRESZCZENIE

W pracy tej r zany jest rozkdad roamaitoéci Riemanna wymiaru 4n na ilocsyn prosty R™ i
trzech N -wymmarowych rozmaitoéa 3 sadanyini na nich odpowiednimi strukturami. 3-struktury te
generuja pewna 3-strukiurg na rozmaifodc dn-wymiarowej. Konstrukcja ta oparta jest na pojeciach
pola welitorowego i dystrybucji. Zostaly podane réwniei wanunli calkowalnodd tych dystrybucji.
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