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On a Decomposition of the Riemannian Manifold with a 3-structure 

O rozkładzie rozmaitości Riemanna z 3-strukturą

Abstract. This paper deals with a representation ai a 4n-dimensional Riemannian manifold 
as a Cartesian product of R" and three »-dimensional manifolds with suitably chosen structures. 
These structures generate a 3-structure on the 4ft-dimansional manifold and the corresponding 

construction is based of the notion of vector field and distribution.
Also integrability conditions of intervening distributions are given.

Introduction. This paper is a continuation of the study on the Riemannian 
manifolds M*n with the 3-structure satisfying certain conditions, cf.[l)-{3]. On the 
basis of the results shown in the quoted papers, the Riemannian manifold was obtained 
in the form of the Cartesian product whereMf, Af£, MJ* are the
manifolds of the corresponding structures G, G, G satisfying corresponding relations. 
Each of the manifolds is invariant in relation to a corresponding structure. As the 
whole construction is based first of all on the notion of vector fields and distribution. 
Conditions of integrability of corresponding distributions were studied to obtain the 
required decomposition.

1. Properties of the tangent bundle to Riemannian manifold with a 
3-structure. Let A/4" be the Riemannian manifold of the dimension 4» with the 
metric ff and with the generalized 3-structure {F} satisfying the conditions :

(1)
(F)’ = rf

Fo/’ 
a 0 'F afi 1

- 1,2.» , .#,#,0.. J « = .
r v m r * a r , F are tensor fields of the type (1.1) on M*nt I - the iden- 

ofi ai fia 70 a a
tity mapping on M*n ([1]). Moreover, it is assumed that
(2) i({X,{Y)=i(X,Y)

Or Or
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for any vector fields, X,Y e TMin , TM*n - the tangent bundle on M*n.
Let ns introduce the notation: TM4" = Vj. Let N\ be & given differentiable

vector field on M4n , Ni € TA/4" and j(Xi, Afi) = 1. We denote by Vi , Vi C Vj the 
distribution on A/4" orthogonal to the field Ni with respect to the metric j. Thus : 
dim V, = 4n , dim Vj = 4n — 1.

Fbr any field X € V| we put

(3) FX = X,+X,,
Or Or Or

where X\ 6 Vj , Xj € {M }. Let us denote O Or

X, =F*X, X, = ew‘(X)X, ,a or | a Oro

where Fl : Vj -* V, - the tensor field of the type (1.1) on A/4" , w* : V\ —» R - the
Ct Or

tensor field of the type (0,1). We have so the decomposition

(3') FX«F*X + rw‘(X)Afi.
Or Or Or Or

Particularly, for the vector field X € Vj there is

(4) fX = F‘X + e«‘(XM,

but for the vector field N\

(5) FX, = »,*+ »A1X, ,

where •/’ = FlNi € Vi , A1 = w1 (Ari ) € R. It follows from the Theorem 2,(1] that
a Or Or O

tor the distribution Vi the following conditions are satisfied :

f(f)’ =£(/--* ®«r’)
ur1 ©

(•)

Or ' or' or

Fl = -cAlu?
Or Or Or Or Or

F'v'
Or o OrO o

and

F1 o F1 = e F1 - «u* ® i)*
or 0 off i a
w* oFl — e w1 — eA’w* o 0 0ti 0a 0
Flql = -eA'ij1 a 0 o0i 0 0 à
w* (if1 ) = » A* - r A*A*
<• 0 hi 8° 0

(7)
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Moreover, for the vector fields X, Y € Vi the following relations take place :

ii*(X,,,) = w*(X)
(8) , ° °

/ (F* X, rv) = i* (X, r) - w* (X) w* (V),
Or a Or Or

where gl is the metric induced on the distribution V| i.e.

j*(x,y) = ?(x,y), x,yev1(

( Theorem 4,[1] ).
Let us assume that the fields tj1,!,1,»,1 € V, are linearly independent. Con- 

1 3 3
ditions for existence of such fields were given in the paper [1], Theorem 3. Let
Wi = Unfa1, i/1, i}1). Let TV x C Vi denote orthogonal complement to the distribution 

1 3 3
TV, C V, in relation to the metric gl. Thus, dim TV, = 3, dim = 4» - 4 = 4(n — 1) 
and

V, = {X,}®TV, , {.V,} = UnN,
V, = TV, ®TVX

where the above distribution means that (Vi)* = ({.V, })* + (TV,), + (TVX)* and 
(V,), = (TV,), + (TV,X), for each x € Min.

Fbr any field X 6 TVX from (8) there takes place

(9) w‘(X) = 0, a =1,2,3.

It follows results that the 3-structure {F,} cut off to the distribution TV,X agrees

with the initial 3-structure (F) - Theorem 1.3,(2). The paper (2] (Theorem 1.1)
showed that the distributions TV, and TV,X were invariant in relation to (Fl}. Thus, 

Or

the 3-structure {F*} on the distribution TVX satisfies the conditions (1). Moreover,
the metric j* for the fields X,Y € TV, satisfies the condition (2), what follows from 
(8) and (9). The above construction can be repeated for the 3-structure {F1} on

the distribution TV,X which is still denoted by Vj , TV,X = Vj. Then it is made 
one after the other (totally n limes) for the 3-structures obtained from the for­
mer ones on corresponding distributions. Thus there is obtained 4» vector fields

and 3» scalar functions A*,A*,A’,...,A",A",A", whereas for each « = 1,2,...,» - 1 i a a l a a
the following relations take place. Namely, if we assume V<+1 = TV-1 C V< and j* is 
the metric on VJ cut off to V,+, and Ni+i € V+, is any differentiable vector field on 
A/*", i‘(JV,+I,AT,+i) = 1, V<+| C Vj+i is the distribution on Min orthogonal to the 
field .Vj+, in relation to the metric, then we obtained

FX = F+lX + f w,+l(X)M+i for X € Vj+i
Or O O Ct
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and
FM+, = i»,+‘ + » A<+,M+1,
or q a a

where /*+* : Vi+1 - K+i , «<+1 : Vi+l - R , ,’+* = F<+*M+, ,
or a a <t

A,+1 = w,+1 (M+i) . Then for each upper index, the relations (6) and (7) are satisfied.
Or O
Fbr the metric tf‘+1 induced on F<+i by the condition

?+* (X,y) = /(X,y) for X,Y € K+1.

the equalities (8) take place. As before, the decomposition is made

Vi+l — {M+i} © W<+i © Wj+i ,

V<+1 = Wi+i © W*+i »
{M+i} = Lin(M+i) , Wi+1=Lm(,<+1,j<+‘,,*+*).

From now on, it is assumed that each three vectors n’+1»T,+,»V<+I *■ the linearly 
l » s

independent system; TF^i. “ the distribution orthogonal to the distribution W,+i in 
relation to the metric ir<+1. Then dimVj+i = 4(i» -»+1), dimVj+i = 4(n—i +1) -1, 
dimiVi+i = 3, dimfV^j = 4(n — »).

It follows from (8) that w’+I (X) = f‘+I (X, tf*1) = 0 for X € WA,. 
a a

On the basis of these considerations, the tangent bundle TM*n can be represented 
as the direct sum:

TM*" « {X,} ® • • • © {X„} © VF, © • • • © Wn ,

whereas

Fk : W„ - W„ , fc=l,2,...,n,o
F*,* s -» A*,* ,

a a
: « If* — S A*l|* 
*4 4 fifiiF*.‘ • 5 /

(equalities (6) and (7)).
It fellows from this construction that for each a — 1,2,3 the vector fields 

ate orthogonal each to others and TM*n = Fi O Fj D ••• O Fw.
• • fc *

Lat us note that 1-forms w* : V* -» R satisfy the conditions : o

«*(,*) = 1 - »(A*)’

«*(«»*) 
° fi

— ($)i(7)> where A* so w*(N*) and 
o o

; » A* — » A*A* 
fill fia fi

ï*w = 0 forXePF*1.

Z
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l-forms w* are extended to the whole tangent bundle Vj = TM*n. Namely,
Of

l-forms
w* : TMin — R
or

are defined in the following way :

w*(X) = w*(X) for X € V* 
or a
wk(X)=0 for X € TM*n - Vk .

This extension is natural as each form w* can take values different from zero only on
Or

the distribution IF*.

2. On certain distribution of the tangent bundle related to the 
3—structure. Now let

a" = Lin {¿.-.f}

Then

(10) TMin = Un ® Un ® Un ® Rn ,

dim Un = n and the vectors tj" make the orthogonal base of the distribution
a Orun.a

By means of the mappings Fk, a = 1,2,3, k = l,...,n, there are defined three 
mappings G, G,G of the direct sum of the distribution Un($Un$)Un into Un®Un($Un 
in such a way that

G : Un —► £f"
(111' ' G : tfn —»IT" ® If"

a fi a 1

These mappings are defined by their values on the vectors ij* in the following way :
a

Gif = Fk»fk = — e \kifQ a Cr a Ö « o
Gif = F*«ik = « nk - e Xktf 
aff a J oS-i fi fi a

Hence, in the base of the vectors «J1,..
i

G, G, G are of the corresponding forms

_n■»*f »1 1 3
_n «i1 ’ »*1 >13 3

,«j" the matrices of 
3

r-»o
i i

-iC
3 3 -i<r • 0 0 e 1

33

B,= 0 0 e I
13

B,= -tG 
i l

’J? ’I?

0 '1 0 e I 0 0
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• 0 e I sa 0 ■

Bt = e I si 0 0

-sG -fC -eCL i i a a S 3
the identity matrix n x »

rA> 0
A’o a = 1,2,3(7 = a

A"a

Fbr any vector field X eUn , X = ¿ X* there is then
*-i

GX = ŸxkG^ = -iŸxi A*n‘ ,
a a a a L a a a 1a a a a¿■1

but for X € Un : 
« 3

GX=VXk G r¡k = 52x*(e ii*-eA*ij*) • 
a > ¿I * ‘ ’ ¿Í “ °9 ’ gg °

Hence the conditions (10) are satisfied.
On the distribution Un ® Un © Un 1-forms wk a = 1,2,3 , A = l,...,nare 

. i a s
also defined in the following way :

**<*)="‘(«h)» =** «*(«»*)=yu - îq*)’)O Cl O O a 0O/> O O rt O O O>-l ° ;-l

«*<?>=êf "V>=Êr s‘(f »-j* =y }* - ? î‘î*) ■
jsl p i»l p

Then as it can be easily checked for the distribution Un the following relations take o
place :

*Zi a

n
GoG — t G-iY ûk ®iik 
o f afin 1

3. Conditions of integrability of Un distribution. We shall find integra- o
bility conditions of Un distribution. Any vector X € TAf4n can be written in the©
form

3 n

x = ££*V +£/(*)**
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where

Then

/(X) = j(X,X*)

n
Ax = 52 [x*Fi»* + x*Fi»*+x*f .»* + /(*)*’Mt] =o *—a a fi a g i a akwl

n
=V[X*(rS* + » «*(«»*)** + X*(F*n* + e w*^*)ATt)+

a—<‘o a a Or or a fi 'a g aa g

+ X*(F*,* + » «*(•»*)**) + AXHl“ + e A*JVk)] =
7 Or Q O 1 Q Q Q

= 52 [** (-» + (e - (A*)’)Xk) + X‘(e ,‘-t AS* + e(« A* — e A*A*)N*)+
“i" ' a a 2 'o 'o'7 ' J '„y’ 9 8 a °tn 8 ° 9 '

+ X*(e ,‘-eA*,* + e(e A*-eA*A*)X*) + /(X)(,* + eA*Xk)l .
7 'oi g 11» ® J 1 a i 1 r ' ''o a a !

Then

« — E Ij ¿T+J }***+«|‘X» - <■*(*));•+. £ X* ;*+

(12) +/, £?*’*+¿I**»; - <!*>’)+: $*</, i‘ ■ s

•%-. 9 1 *-1 “ ° • •4 *1 909
+ e X*( e A* - e A*A*) + t AS*(X)1,V* .

O"| 18 8 Tai oo ',J

The Gauss-Codazzi equations for the distribution (10) take the form

vxr = vxy + h(x,y) 
txAT =-XjyX + ,

where X, Y, VXY, ANX € Un ® Un 9 Un , N, k(X,Y), V±N e R" =
= {X,} ® • • • © {Nn}, K(X,Y) = k(Y,X).

Hie following notations are introduced

(13)

AN,X = A'X 

A'l’ = E E «’'*•»*
O 4«1*=1 8

V ,X* = £ b'>kNk .
1 *-i •o

0If V is the operator of (F) - connection on the Riemannian manifold A/4" ((3]), 
o

0 .
i.e. VF = 0 for a = 1,2,3, then for

FN, = n‘ + < AW,
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there is obtained

<1<)

= v,,;‘ +
Or Or Or 0»

+ v^Ni) . V ,y+,,‘) + f(a )A')A’i+ o a ’I la a a a 'I a

+ eA’(-A’^ + V<M).a a a V

Using the above notations and relations and putting in (12) 

X‘=-a°* , /? = 6U*
g ag o,

there is obtained from (14) :

y^fe A* a ,,*+e A* a u*+e A* a ,,*+hv*]«j*-e V' a ’52 a u*ij*+
f-* lo a aa g g off 11 »1 a J a m oi 3 ag ag n Jkxsl «ail ««1

n
-V[a**(e-(A*)#)+e a’>*(e A*-^A*A*)+e a«*(e A*-e A*A*)-e A*6,'t]JVt= 

'aa 'a a 1 a ag 'gq 1 g a g ' a a-/ '^g g i a i ' a a a J

=V .ij‘+fc(ni,n<)+e(a„JA<)Ni^a‘ ¿[ a «*,*+ a/V+«°V]+« A‘ £ bijkN Vo a *a o Iffir a a *-^kaor a ap & J a o oo o Jk»l M ' A*1o

Then

V »•«f,“-A(«r,,1<)+y'[e a <,*+a A* a 1,4+e A*
Io « a f-'/caaa ^g g ag nay oa tel

-e 52 52 a‘^*«,*+e A’ 52[*<^*’I*+*<^*W*+«*^*>I*]’
tel

Hence, there is :

tel

toW]=v .y-v
a a "a ” o a o

¿15 ¿‘<a"*-x'“h? iV-A'"’“?
*«1

n

*> O QQ Or Orflr O op O Op p O O'] O 0^1 /y
*»1

n
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The necessary and sufficient condition of integrability of the distribution 17" there
Of

axe the following identities

(15) «£(«**-• '**) ~ ' VAX* a ijk - X’ a >ik) = 0 .
afi afl ' at—^aai » «1

t=l *=1

So, the following theorem is obtained :

o
Theorem . IfV it the operator of {F} - connection on the Riemannian mani­

fold M4n then the necessary and sufficient condition of integrability of the distribution
Un = Lin{t)*,...,ij"} is satisfying the eguation (15) where the coefficients a,,k are 
° a a ofi
given by (13).

I
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STRESZCZENIE

W pracy tej rozważany jest rozkład rozmaitości Riemanna wymiaru 4łl na iloczyn prosty Rn i 
trzech n-wymiarowych rozmaitości z zadanymi na nich odpowiednimi strukturami. 3-struklury te 
generują pewna 3-struktur» na rozmaitości 4ft-wymi arowej. Konstrukcja ta oparta jest na pojęciach 
pola wektorowego i dystrybucji. Zostały podane również warunki calkowalności tych dystrybucji
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