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Struktury na podrozmaitodciach rozmaitoéci Riemanna z 3-struktury

Abstract. This paper deals with 3—structures on some 3- and (4m — 4)dimensional Rie-
mannian manifolds A" with a given S-stocture (E} Both manifolds are submanifolds of a
bypersurface embedded in M ™ with an induced S—structure. Also connections induced on these
manifolds and integrability conditions of distributions determining the above mantioned submani-
folds are considered.

Intreduction. In this paper we will study structures on certain submanifolds (of
the dimension 8 and 45— 4, respectively) of a Riemannain manifold with a 3-structure.
Both submanifolds are sabmanifolds of a hypersurface in the given manifald and they
are defined by the given 3-structure. We will prove that the structure on one of these
submanifolds is generated by the original 3-structure given on the manifold ; but on
the other ones the 3-structure is that induced on the hypersurface. Finally, we will
consider connections induced on these submanifolds.

1. Induced structures on submanifolds. Let be given the 3-structure {{‘},
o=1,2,8, on a Riemannian manifald M*" with the metric § such that
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Let M*"~? be smooth, oriented hypersurface immersed in Af*", We assume that
there exists a smooth vector field N normal to M*"~! with respect to metric § and
g(N,N) = 1. Then for an arbitrary vector field X € TM*" we have the decomposition

(1.3) FX=FX+ew(X)N, a=1,23,
a o aa
where F denotes the tensor field of the type (1,1) , 1:5{ € TM'"~! , w - tensor

field of‘;he type (0,1) , ([1]).
We introduce the notations

(1.4)

In particular we have

(1.5) {':N:z-*':éN.
With respect to (1.3) we get

(1.6) §‘x= FX+ew(X)N
for X € TM*"-1.

In this way the 3-structure {{‘) on the manifold M*" induces a 3-structure
{F,w,n} on an oriented hypersurface M 4"=! satisfying the following conditions (The-
a a o .
orem 2, {1}]) :
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for @ = 1,2,8 and for an arbitrary )l(,);( € TM*". The existence of this metric was
proved in Theorem 1, [1].
On the hypersurface M*"~! we introduce the metric g induced by § as follows

(1.10) ’(%,{) =,(¥'¥) f°r¥,¥ETM‘""

For the metric g and the fields w,n we have
(]
(1.11) 9(X,9) = w(X)
a

for arbitrary X € TM**~! (Theorem 4, [1]).
Moreover, we have

(.12 HEXEP) = o6 ) -2 (ep -

We will assume that the vector fields 5,9, 9 € T'A/4"~! are linearly independent.
133
The conditions of existence of these fields are given in Theorem 3, [1]. At each paint

p E M*"~! wedefine a&dimdmdlinwnbspwegenen&edbythevecmq,:.g:
1
W, = (h'n ?.z.z)' 5
Then we have W, C (TM*"~1), . Let W;" denote the orthogonal complement with
respect to g. Therefore, we get
(TMY), =W, oWt .

Wy = U W W#-c“ U W:'
pENM-! pE M-

are amooth distributions. We will assume the integrability of these distributions. Let
M®, M*~4 be integral manifolds of the distributions W3, W, _,, respectively (at
least locally). The conditions of the integrability of these distributions will be studied
later.

For each vector tield X € TAM**~! we have the fdlowing decomposition
(1.13) EX =pX+9X, a=1,338,
where p, ¢ are the tensor fields of the type (I,1) on AL*™*, fXé Wa, !x € Win-q,

a o

'(2x, rX) =0,

Lesmwma 1.1. [JY €W, then {'Y € W;.
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Proof. From the definition of the distribution Wj it sufficies to demonstrate
that {‘r),{q € W3 , a # B. Namely, from (1.7) and (1.8) we get
aop

Fo=-c¢cln€EW;,
@a

aa g
SRR AL
1t ends our proof
Lemomn 1.2. [fZ Wi _,, then FZe Wik o
Proof. Let Z € Wi _,. For any o = 1,2,3 we have g(Z,7) = 0. From the
formmla (1.11) we have :

(l'l‘) ) ‘:(Z) = ’(zv") =0, a=1,2,8

for each Z € Wi, _,. Making use of (1.14) and (1.7), (1.8) we obtain
§(FZ,n) = (wo F)(2) = —¢ A w(Z) =0,
(EZo)= (3o F)D)= £ u(B)-¢}u@) =0, a#f.

ar 7
The above conditions imply FZ € Wi _.-

The lemmata 1.1 and 1.2 imply

Theorem 1.1. The distributions Wy and Wik,_, are invariant with respect to
the mappings {'

Theorem 1.2. The mappings o, ¢ satisfy the follounng conditions
a o

(1.18) Y =0 JorY eWy
a

(1.16) pZ=0 for Z € Wen—s ,

(1.17) pog'=0 s Yop=0 forenya=1,23.
a a B

Proof. Namely, from (1.13) and (1.7), (1.8) we obtain

Fp=-elng=pqg+e¥n
Ggq aagqg aa aoa
Fg= -cAn=
SRt I Al 4 R4

Then we have
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From the above equality and from the definition of the subspace W3 we obtain (1.15).

However, the condition (1.16) follows from the decomposition (1.13) and Lemma
1.2. For Z € W, _, we have

0= a(fz.z) = c(fZ. z) + v(tZ,g) y  wherea,f=1,2,3.

Therefore
vZ=0 for each 2 EW‘L

in-4 *
The equalities (1.17) are consequences of (1.15) and (1.16)
Corollary . The restrictions EIW, , ‘F;l%)‘l;‘-‘ of F coincide un'thg: (f),

Flw=v¢ , Flys =9.

b a in-4 o

We will investigate the structures on integral submanifolds M® and M4"~*4 ge
nerated by the structure {F,w, 5} on the manifald M**~*. From (1.13) and (1.17)
a

we get
(1.18) Fl=
(1.19) FoF

(1.20) :(I—tg@q) =p? +¢?
s Syl ecytiey

From the above equalities and (1.15), (1.16) we get
for the subspace W :

and for the subspace Wi _, 1

¢l=el
fo ;") = :’ f
We will say that the 3-structures {{'} and (v} (or {{‘.2,1’) and {g.tg.z}) are of the

same type if they satisfy conditions of the same form (1.1) (or of the forms (1.7) and
(1.8) ). Thus we obtain
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Theorem 1.3. | The $-structure {{'.I:,:} on the submanifold M4~} im-
mersed in M4", generated by 8-structure {{'} on M*" induces 3-structure {g,g.z)
on integral submanifold M® and 8-structure (¥} on submanifold M*"~*%. Moreover,
3-structure {{}, {g} and {E,g,z}, {f,lg,:} are of the same type.

2. Induced connections. The equations of Gauss and Codazzi for the hyper-
surface M4"=! in M" are of the form

r 6{ ¥ = VAI' ¥+ ’l(¥,4¥)N

e 1 Vx N=-KX+KON

where )lf,)’{ € TM*"=! | V — the operator of the Levi-Civita induced connection

on M¢-1 h — the second fundamental form on Mé*=! , K : TMr-!
TAf*~! — the fundamental Weingarten tensor with respect to the normal vector N ,
k:TM*"~! — R — the tensor of the type (0,1) on M*"~1,

o -
If V is an operatar of {F'} — connection on the Riemannian manifold AM“*, i.e.

0. 0
Vf = 0 for @ = 1,2,8, then the induced connection V on the submanitald Af4"-?
satisfies the relations :

¥ D@ =k x+igpn

(VX 260 = A ROE ) - AL EY) - 2k

(2.2) o 4 . a
VX2=:ﬁKX+k(|X)z—(£‘oK)(¥)

8X 3 =-¢ h(X,n) - (wo FOD)

rX,Xe€ TM=1 ([2)).
From the above considerations we have the fallowing :

Theorem 3.1. The distridution W is integrable if and only if

0 0 0
ggK;-1§°K)(;)-;»)K:+(§°K)(:)eWs

Jor arbitrary a, .
This result immediately follows from (2.2).
Theorem 2.3. The distribution W,_, is integrable if and only if

(23) ks,
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for any %,% EWE_,, a=1,238.

Proof. The distribution Wi _, is characterized by the condition (1.14) :
g(Z) =0 for arbitrary Z € W, _, .
Hence we have .
g 1
vf g(%)—o, %v%ewﬂl-d
and % .
(Vzu)(2) +u(Ve 2) =

Hence and from the formula (2.2) there anses

w(Vz §) =~ (V5 0)(Z) = -1 K(Z,5) + £ hZ.ED)

0 0
Since h(?, %) = h(g,%), 8o we have

4o

w(Z,2) =

&

(V2 2- Vs 2)=u(¥: 2)-u(Ve ) =g(hZ.ED-RE2.2).

htz(%):g(Z) =0. Thenw([ g]):Oifa.ndonlyif

ha.Ep=hez.g).

Replacing in the above equality % by F% we obtain (2.3).
Fram the fornmlas (1.3) and (1.13) we have

FX=pX+9pX+ewlX)N  for X €TM',
since pX € Wy, 80 we can take
X =4°(X)g, B=123
¢/ 8

Then we have y
FX = ¢X+ﬁ"(X)q te cg(X)N -

Using the decomposition TM*~! = W5 & W..,_‘. we rewrite the formulas of
Gauss and Codazzi (2.1) for a hypersurface M*"~! in the following form :

VX Z=Vx Z+h°(X.Z)+b(X,Z)N
Ux n=— - l
i ¥x ==L X+1°(X)+ XN

Ux N ==K X +k°(X)q + k(X)N
o
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where X €TM'™) |, Z€Wi_, , VxZ,L(X), K(X)eWh_, ,
h°(X,2), 1°(X), F"(X) €R.

g8
Let V 1: = 0 for @ = 1,2, 3. Then from the formnlas (2.5) and the decompasition
(2.4) we get

92 (9X) + 8x 4P(X) + A2 (X)(~LX + 11 (X)n + L(X)N)+
4% Te ) e N TET T T A
(38)  +£0x QN+ 9K X +5(P)n + KON) =
: 53 ;
=£(Vf ¥)+-;1 (V,f ¥)g+:tg(V1" J’()N {

L. HX=XeTM", )’(=ZeW¢,_. muéﬂ(zho,g(m:o,
¥(n) =0, ¥(N) = 0 and from the formmlas (2.5) we obtain
a A o

0 0 0
Vx(¥2)+ M (X, $2)1+h(X,$Z)N =
0 0 0 0 0
=¢(Vx 2)+ AP(R(X,Z)n + h(X, Z)N)z + e w(A(X,2)n + A(X,Z)N)N .
a [ ] 9 o a 9
Since é‘ (N) =62, then

(9x $)(2) =0

2.7 FRhoix,92) - hx, 2)A%(a) - hX, )68 = 0

0 0 0
h(X,$2Z) - A(X,2Z) w(n) - A(X,Z)A=0
A o 7]
where .:’ (n) is derived from the relation
4%
=Fp= A’
SRR

and from the fornmlas (1.7) or (1.8).
Now we obtain

Corollary . The {ollowing forrmla halds

(Vx $)(2) =0
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for X e TM*"~! , ZeW{,_,. Thus {‘i;'} ~ connection on the manifold M*",
0. :
(VF = 0) induces on the integral manifold M*"~* {¢} - connection (V¢ =0) .
@ o

2k IfJF:XETM"‘" , )’f=Y€Wa.then¢(Y)=0.¢(N)=0ande_-ha.ve
a a
from (2.6)

0 0 0 0 0
(Vx ag")mg +4°(Vx Yin+ A2(V)(-LX + 17(X) + L(X)N)+
0 0 (4] o 0
+e(Vx wlY)N +cw(Vx Y)N + e w(Y)(-KX + k‘(X)g +k(X)N) =

0 0 0
=¢(VxY)+ AP (Vx Y)n+ew(Vx Y)N .
= a g aa

Putting Y = n we obtain
(Vx #)(0) = -4 @00 - ¢ k()
7
0 o 0 0
(Vx w)(n) = ~¢ A2 () {(X) + w(L X) = w(n)k(X)
a’ ', aa "5 a'q a’,

0 o 0
AP()LX+ew(n)K X -9(LX)=0.
a 4P ooy a7
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STRESZCZENIE

W pracy tej badane sy 3-struktury na pewnych podroamaitodciach wymiaru 3 i dn — 4
rommaitodci Riemanna M 4" 3 madany na niej S—struktury {f} Obie rommaitodd sy podros
maitoéciami pewnej hiperpowierachni sanursone) w M ‘" 3 indukowans S—struktury.

Nastepnie roxwazane sy koneksje indukowane na tych podrommaitadciach oras warunki callo-
walnoéci dystrybugji wysnacsajacych te podrozmaitodd.
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