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Struktury na podrozmaitościach rozmaitości Riemanna z 3-atrukturą

Abstract. This paper deals with 3—structures on seme 3- and (4n — 4)-dimensional Rie­
mannian manifold* M*n with a given 3-stucture {FI. Both manifolds are submanifolds of a

hypersurface embedded in M*n with an induced 3-etructura Also connections induced on these 
manifolds and integrability conditions of distributions detemnining the above mentioned submani­
folds are considered.

Introduction. In this paper we will study structures on certain submanifolds (of 
the dimension 3 and 4n—4, respectively) of a Riemannain manifold with a 3-structure. 
Both submanifolds are submanifolds of a hypersurfaoe in the given manifold and they 
are defined by the given 3-structure. Ws will prove that the structure on one of these 
submanifdds is generated by the original 3-structure given on the manifold ; but on 
the other ones the 3-structure is that induced on the hypersurfaoe. Finally, we will 
oonaider connections induoed on these submanifolds.

1. Induced structures on submanifolds. Let be given the 3-structure (F), Or
a = 1,2,3 , on a Riemannian manifold M4n with the metric j such that

(1.1) o o FoF= < F
afi afi 1

» = ±1 , r=±l,a/3#7#a ((!])> where F is a tensor field of the typea afi o
(1,1) on M*" , / - the identity mapping on TM*n. The coefficients s, e satisfy the o <*3
following identities

(1.2)
s t = e t 
a fii afi 1

t s — » » = 9 
afi m fia io ®

foro#0#7#o ((I]).
I
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Let A/4"-1 be smooth, oriented hypersurface immersed in Min. We assume that 
there exists a smooth vector field N normal to A/4"-1 with respect to metric g and 
g(N, N) = 1. Then for an arbitrary vector field X e TM4n we have the decomposition

(1.3) FX = FX + e v(X)N , o= 1,2,3,
Or Or Or Q

where F denotes the tensor field of the type (1,1) , FX € TM*n~ 
field of the type (0,1) , ([1]).

We introduce the notations

»1 = FAT 6 TA/4"-1
(1.4) ° °

X = v(X)eX. a a

In particular we have

(1.5) FN = r, + ' A N . a a a a

With respect to (1.3) we get

(1.6) FX = FX + eu(X)Na a or a

u - tensor Or

for X € TA/4"“1.
In this way the 3-structure (F) on the manifold A/4" induces a 3-structure 

o
{F,w,i,} on an oriented hypersurface A/4"“1 satisfying the following conditions (The- o a o
orem 2, [1]) :

F3 = e(I — w ® «,)
Or or or Q

(1-7)
u o F = —e A w
Or Or O Or Or

F rj = -e À Tf 
or a Or or o

2w(»j) = 1 -e(A)

and

F oF = e F — e w ® » a ff off t ff » a

(1.8)
UoF = e U■ off ffn e Xu 

ff a ff

e X —
ffi 1

e XX 
ff » ff

F n — e n - e X n 
« fi off \ ff ff a

We will assume that the metric g on A/4" satisfies the condition

(1.9)
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for o = 1,2,3 and for an arbitrary X, X € TM*n. The existence of this metric was 
proved in Theorem 1, [1].

On the hypersurface M*n~l we introduce the metric g induced by g as follows

(1.10) f(X,X) = g(X,X) kT X,X € TA/4""*

Fbr the metric g and the fields w, tf we have 
• o

(1.11) f(X,,) = w(X)
a a

for arbitrary X € TA/4""’ (Theorem 4, [1]).
Moreover, we have

(1.12) ^X,FX) = f(X,X)-«(X)w(X).

Mfe will assume that the vector fields if, q, if € I’A/4""* are linearly independent. 
1 s >

The conditions of existence of these fields are given in Theorem 3, [1]. At each point
p€ A/4"”* we define a3-dimenaicnal linear subspooe generated by the vectors q,q,q:

its

W, = (linq,j,q)F .

Then we have Wr C (TA/4""’)F . Let Wf- denote the orthogonal complement with 
respect to g. Therefore, we get

(TA/4*-’), = W'F©W* .

Then
Wt= ¡J W, , = J Wï

pel/*"’ pel/*-*
are smooth distributions. We will assume the integrahility of these distributions. Let 
A/*, A/4"-4 be integral manifolds of the distributions TV», nz^_4, respectively (at 
least locally). The conditions of the integrahility of these distributions will be studied 
later.

Fbr each vector field X € TA/4""* we have the following decomposition 

(1.13) FX = ?X + ^X , a = 1,2,3,
® a a

where y>, are the tensor fields of the type (1,1) on A/*" ’, f>X € Wt, f>X € fV4n.«, 
a a a a

f (*>X, ffrX) « 0.
1 O Or

Lemma 1.1. ffY € then FY € Wt.
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Proof. FYom the ¿dilution of the distribution it sufficies to demonstrate 
that Ft), Ft) € TVs Namely, from (1.7) and (1.8) we get

“or ap

Ft) — -e X t) € Wt , “o “ a a
Ft)= e n - e A t) € Wt .
Q fi QP i P fi a

It ends our proof

Lemma 1.2. If Z € thenFZ eOr

Proof. Let Z € Fbr any or = 1,2,3 we have g(Z,t)) = 0. From the
or

formula (1.11) we have

(1.14) W(Z) = j(Z,n) = 0, a =1,2,3
I “ a

for each Z € Making use of (1.14) and (1.7), (1.8) we obtain

i(FZ,,) = (woP)(Z) = -eA«(Z) = 0,
Or or Or Or O O

f(FZ, ,) = («. F)(Z) = e w(Z) - < A w(Z) = 0 , a # 0 .
“4 4 “ «11 a fi a

The above conditions imply FZ € Wf-n_4.o

The lemmata 1.1 and 1.2 imply

Theorem 1.1. The distributions Wt and _4 are invariant with respect to 
the mapping» F.

Theorem 1.2. The mappings <p,t/> satisfy the following conditions

(1.15) +Y = 0
Or

Or Or

JorYeWt,

(1-1«) = 0
Or

for Z € lV4n_4 ,

(1.17) po<=0 ,
“ 4

tf> o ip = 0 for any a ss 1,2,3.
“ 4

Proof. Namely, from (1.13) and (1.7), (1.8) we obtain

Ft) = -e X t) — <f> t) + t/> i)
“or “ “ a a a a a
Ft)= e t)-eXti = ipt) + tl>i) 
° P “4 <» 4 4 a a P a 4

Then we have
t) = t/> t) = 0 . 

a a a fi
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FYom the above equality and from the definition of the subspace TV» we obtain (1.15). 
However, the condition (1.16) follows from the decomposition (1.13) and Lemma

1.2. Fbr Z € Wfa-t we have

0 = g(FZ, ti) = g(pZ, t/) + g(pZ, ij) , where a, fi = 1,2,3.
° fi a fi a fi

Therefore
if>Z — 0 for each Z € .
a

The equalities (1.17) are consequences of (1.15) and (1.16)

Corollary . The restrictions , F|r«i ofF coincide with p (ip),
a ”8 a "in—4 « a a

We will investigate the structures on integral submanifolds M9 and M*n~* ge­
nerated by the structure {F,w,ij} on the manifold A/4“-1. FYom (1.13) and (1.17)O O o
we get

(1.18) F2 = p2 + f ,
° a a

(1.19) FoF = pop + pOp .
® P O fi a fi

These conditions and (1.7), (1.8), (1.13) imply

(1.20) r(J - « ® tf) = p2 + ip2 
o a a a a

(1.21) sip + ifr)-5w®n = pop + ifro0 
ofi a a fi fi a » fi a fi

FYom the above equalities and (1.15), (1.16) we get 
for the subspace TV’s :

= «(/ - w ® ij)
a a a a
pop = e p - ew®ti
a fi ofi fi fi a

and for the subspace TV'v,-* :z
p2 = e I
a a 
* • * « e p a fi °fi 1

We will say that the 3-structures {F) and {tf») (or {F,w,«j} and {p,u,q}) are of the 
or a a a „ a a a

same type if they satisfy conditions of the same form (1.1) (or of the forms (1.7) and 
(1.8) ). Thus we obtain
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Theorem 1.3. The 3-strueture on the submanifold Af4"”1 im-a a a
merged inM*n, generated by 3-strueture (F) onM*n induces 3-strueture {p,w,9} o a a a
on integral submanifoldM9 and 3-structure {^} on submanifoldM*n~*. Moreover, 

a
3-strueture {F}, {^} and (F,«,«,}, are of the same type.

3. Induced connections. The equations of Gauss and Codazzi for the hyper­
surface Af4"-1 in Af4n are of the form

(2.1)
(VxX = VxX + A(X,X)J\r 
1,3 ,3 13

[VxN = -KX + k(X)N

where X,X € TMin~l , V — the operator of the Levi-CSvita induced connection
on A/4"”1 , h — the second fundamental form on Af4"-1 , K : TA/4"“1 —» 

— the fundamental Weingarten tensor with respect to the normal vector N ,
k : TM*n~l —* R — the tensor ci the type (0,1) on A/4"-1. 

o
If V is an operator of (F) — connection on the Riemannian manifold Af4", i.e.

Or

0 - 2. .. . 
VF = 0 for o = 1,2,3, then the induced connection V on the submanifold Af4"-*o
satisfies the relations:

(2.2)

(vxr)(x) = ,ï(x)xx+i(x,i),

(vx «)<$) = > mx,$) -. Mf.fP - »(x)l(?)
VX , = j A K X + Î(X), - (F . X)(X)

1 a ® O' 1 1 «ÿ Or 1

ÔXA = -»Â(X,,)-(«oK)(X)
» 1 a a1 a ‘ 1

fnrX.XeTJtf4"-1 ([2]).
Horn the above considerations we have the following :

Theorem 3.1. The distribution Wt it integrable if and only if

<AK,-(FoJn(,)-»AK, + (£«»tf)(l)eW, 
a a j a p P P a P «

for arbitrary a,0.

This result immediately follows from (2.2).

Theorem 3.3. The distribution is integrable if and only if

(2-3) *(FZ,FZ) = r*(Z,Z)
0 10 2 Or 12
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¡or any Z,Ze Wj-n_t , a = 1,2,3.

Proof. The distribution is characterized by the condition (1.14)

u(Z) = 0 for arbitrary Z € .

Hence we have
Vzw(Z) = o, z,zewfn_i

1 O’ 3 13

and
(Vz«)(Z) + W(Vt Z)=0.

1 O' 3 Or | 3

Hence and from the formula (2.2) there arises

o o o o
«(Vz Z) = -(VZ w)(Z) = —A h(Z Z) + e h(Z,FZ)
Of j 3 j a é Or 13 Or 1 Or 3

0 0
Since A(Z, Z) = h(Z,Z), so we have

3 iI 3

w([Z,Zl) = w(Vz Z-VzZ) = w(V2 Z) - w(Vz Z) = e( k(Z,FZ) - k{FZ,Z)) 
a'll 31 a' , 3 » 1 o' , 3' o' , l' o' '103' 'ol’j"

Let w(Z) = w(Z) = 0. Then w([Z, Z]) = 0 if and only if

h(Z,FZ) = A(FZ,Z).

Replacing in the above equality Z by FZ we obtain (2.3).
Prom the formulas (1.3) and (1.13) we have

FX = <f>X + *X + e w(X)X for X 6 TM4"-* ;
o a a a a

since <pX € so we can take
Or

v>X = A4(Xb, 3= 1,2,3.
O ° i

Then we have
FX = i>X + A*{X)ii + e w(X)X . 
o a a fi O o

Using the decomposition TM*n~l = H's © we rewrite the formulas of
Gauss and Codazzi (2.1) for a hypersurfaoe A/*"-1 in the following form:

( Vx Z = Vx Z + h“(X,Z) + h(X,Z)JV
Vx^ = -IX + P(X), + l(X).V 
ft tat

Vx AT = -K X + ka(X)i + Jfc(X)JV
(2.5)
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where XeTM*n~' , Z eWj-n.4 , Vx Z , L(X) , K(X) € Wj-n_4 , 

h°(x,z), f®(X), k°(X)efi.

0 ~
Let V F = 0 for or s= 1,2,3. Then from the formulas (2.5) and the decomposition

• Of

(2.4) we get

Vx(*X) + 9x A'(X)n + A*(X)(-IX + f (X), + ?(X)X)+

(2.6) + e dx »{X)N + e tf(X)(-X X + *“(X), + k(X)N) =
a i a 2 a a 2 l l a l

= tfix X) + A*(Vx X)„ + r w(Vx X)X . 
a »3 • i » p a a i »

1. If X = X € TM4n~l , X = Z € W^n_4 then A*(Z) = 0 , w(Z) = 0 ,
^(tj) —— 0 , ^(X) = 0 and from the formnlas (2.5) we obtain
a fi a

Vx U>z) + h>(X, + k(X,4Z)N =
a ofi a

= ^(Vx Z) + A’(k'’(X,Z)'t + *(X, Z)X)v + e «(*’(X,Z)i» + h(X,Z)N)N .
a ° 1 fi o a 7

Since A^(N) = 6%, then

(2-7)

'(Vx ^)(ZT) =0
Or

kff(X,*Z) - V(X,Z)A>W - k(X,Z)6g = 0
a <* n

k(X,if>Z) - P(X,Z) «(,) - h(X,Z)X = 0
a ° 7 «

where A^(jj) is derived from the relation

p q = F ti = A3(ij)7 
<* 7 ° 7 ® 7 fi

and from the formulas (1.7) or (1.8).
Now we obtain

Corollary . Ibe following formnla holds

(Vx i>)(Z) = 0
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for X € TM*n~l , Z € Thus {F} - connection on the manifold M*n,
Or

Ô .
(VF = 0) induces on the integral manifold M*n~* {^} - connection (V^ = 0) .

° or or

2. 1SX = XeTM*n-' , X = Y € W3, then i>(Y) = 0,0(X) = 0 and we have
1 2 or Or

from (2.6)
(vx A*)(r)n + Afi(vx y), + a»(y)(-lx + px) + ?(x)n)+

+ e(Vx w)(y)AT + e w(Vx Y)N + s u(Y)(-KX + kfi(X)t, + k(X)N) =
Or Or Or Or Or or ' &

= t&x Y) + Afi(Vx Y),, + e W(VX Y)N .
a ° fl » o

Putting Y = rj we obtain 
a

(Vx a’)W = -x4(,)hx) - e «(^(X)
<* Or «y 6 Ot Q

(Vx «)(•») = -< A'OlKQQ + w(I> X) - »(r,)k(X)
Q 7 Q Q i P a 1 a 7

Afi(f,)LX + s uiOOK X - 0(L X) = 0 .
° 1 P a a Q f
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STRESZCZENIE

W pracy tej badane są 3-struktury na pewnych podrozmaitościach wyrnaru 3 i 4n — 4
rozmaitości Riemanna M*n z zadaną na niej 3-strukturą {F}. Obie rozmaitości są podroż- 

O
maitośdanz pewnej tuperpowierzchni zanurzonej w M*n z indukowaną 3-strukturą.

Następnie rozważane są koneksje indukowane na tych podresmaitośdach oraz warunki całko-
wałnośd dystrybucji wyznaczających te podrozmaitośd.
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