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On the Enestrom — Kakeya Theorem HI 

O twierdzeniu Enestrema - Kakeyi HI

Abstract. Let J>(r) = Zn + O | tn 1 + Oji” * + • • • + be a polynomial »nth complex 
coefficients such that

(I)

(n)

|arg o* - 3| < a £ x/2 , fc=l,2,...,n
for some real /J

and

1 > Oi > Qj > • • • > On > 0 ,
where

Ok — Qk+iPk,

We have obtained strips, containing all the seroe of />(■*), which help us to obtain, in many cases, 
the regions smaller than those obtainable by other known results.

1. Introduction and statement of result». The following result is well 
known in the theory of the distribution of zeros of polynomials.

n
Theorem A (Enestrom-Kakeya). If P(z) = E«*tl it a polynomial of degree 

twO
n inch that

(LI) a„ £ £ «»-j £ • • • > «i £ Oo > 0 .

thenP(e) doe» not vanish in |r| > 1.

There already exist in literature (1 ; 4, Theorems 1-4 ; 5, Theorem 3 ; 6) some 
extensions of Enestrom Kakeya theorem. Govil and Rahman (4, Theorems 2,4) 
generalized this theorem to polynomials with complex coefficients, first by considering
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the moduli of the coefficients to be monotonically increasing and then by assuming 
the real parts of the coefficients to be monotonically increasing, and obtained the 
following

Theorem B. Let P(z) = J2 a*** a polynomial with complex coefficient»

such that

I arg at - 4| < a < rr/2 , A: = 0, l,...,n ,(1-2)

for some real f), and

(1.3) |an| > |an—1| > Ian-a| iî ial| |ao| > 0

then P(z) has all its zeros on or inside the circle
I

For « = f) = 0, this reduces to Enestrom-Kakeya theorem.
n

Theorem C. Let P(z) = £ a*x* a polynomial of degree n. If Re at = «*,

(1.4) Ùn > «n-1 > - > “1 > <*o > 0 , O„ > 0

then P(z) has all its zeros on or inside the circle

W-1+7- ¿IAI-

Govil and Jain (2, Theorems 1, 2; 3, Theorems 1, 2] refined Theorems B 
and C and obtained annular regions, instead of discs, containing all the zeros of the 
polynomial

In this paper, we have considered, polynomials with complex coefficients satis
fying (1.2), (1.3) and also the polynomials with complex coefficients satisfying (1.4), 
and have obtained strips containing all the zeros of polynomials. More precisely, we 
prove

Theorem 1. Let

p(z) = sn + a,z,,“1 +a,«"-a + ••• + «„_,* + a„

be a polynomial with complex coefficients such that

(1.5) |arg .*-41 < « < */2 , A: =1,2
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for tome real 0, and

(1.«) 1 > |«11 > |«3| >-">|a„-lI > |«»n| > 0 .

Then all the zero» ofp(z) lie in the »trip

—Max (1, A) < Re » < A ,

where

r (l-Rea,) + {(l-Rea,)i + 4A/}‘/»
«, =----------------------- ’
f -(l-RfiaO + ni-ReaO’ + lA/}1/»
"» — J ——* ,

ft
M = (l«i I “ lan|)(cos a + sin o) + 2( £ |a*|) sin a + |a„| .

Theorem 2. Let

p(z) = zn + ai*n~l + «j«"-’ ■+------ b an-i* + an

be polynomial of degree n. //Rea* = or*, Ima* = Ai/or Jfc = 1,2,...,«, and 

(1.7) 1 > «1 > a» > • • • > a„-i > an > 0 »

then, all the zero» ofp(z) lie in the »trip

-Max(1,i)i) < Re» < ij ,

where

(!-«,) + {(1 -«,)’+ 4(«r, + |A| + 2 £ |AI)),/J 

’«------------------------------------- 2---------------------2---------------’

-(1 - «,) + {(1 - «.)’ + 4(o, + |A | + 2 £ |A|)P'’

»• =---------------------------------j------------------- 1------------ ’

One can obtain, almost analogously, the (blowing strips also.

Theorem 1*. All the zero» of polynomial

p(s) = s"+ «,»"-1 +«,«"-* + . + a„_ix + a„ , 

with coefficient» »atitfying (1.5) and (1.6), lie in the »trip

-Max (1, A) < Imi< Max (1, A) .
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where

—
—Imai + {(Im<n)* + 4A/}I^a

2 »

Im fl| + {(Im «i )J-f 4A/}l^3 
«4 —----------------- ------------------

Theorem 2’. All the zero» of the polynomial

p(z) = zn + aizn~l + ajzn~3 + • • • + an~iz + a„ ,

with coefficients satisfying (1.7), lie in the strip

—Max (1, «!<) < Im» < Max (1, qs) ,

where

-0» + {0i’ + <(«i + |0i| + 2 E|0*|)},/1
------------------------- 5—-1—

0i + {0i3 + 4(«i + |0i I + 2 22 |0t|)}1^ 
i

Remark. Consider the polynomial

Pi (*) = ** + *’ + (-3«)»* + -05» + .05« ; a = f , 0 = 0 .

By Theorem 1, we get that all the zeros of pi(») lie in the strip, —1.35 < Re z < 1.35, 
while the result [3, Theorem 1] gives that all the zeros of pi (») lie in the region 
.15 < |»| < 1.95. So, we can say that all the zeros of pi (») lie in the region

$ = {» : .15 £ |»| < 1.95, -1.35 < Re z < 1.35} ,

a region much smaller than the one given by the result [3, Theorem 1].
By Theorem 1’, we get that all the zeros of pi (») lie in the strip —1.35 < Im z <

1.35. And so, we can further reduce the region, containing all the zeros of pt(») and 
obtain

S, = {s:.15< |s| < 1.95, -1.35 < Re z < 1.35, -1.35 < Im« < 1.35}

as the region, containing all the zeros of pi(»), Obviously 5| is much smaller than 
the region, given by the result [3, Theorem 1}.

Thus, in many cases, we can get a reduced region, for zeros of polynomial satis
fying (1.2) and (1.3), by use of Theorem 1, Theorem 1’ and the result [3, Theorem 
U.

Now consider the polynomial

p,(z) = «* + .2»’ + (.2 + 1.2«)«’ + .05» + .05« .

X
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By Theorem 2, we get that all the zeros ol’pz(z) lie in the strip 

-1.3 < Be z <2.1 .

By the result [3, Theorem 2], we get that all the zeros of Pa(«) lie in the region 

.042 < |z| £ 2.18 .

By Theorem 2’, we get that all the zeros of pj(r) lie in the strip 

— 1.65 < Im z < 1.65 .

And so, all the zeros of pt(z) lie in the region

{«: .042 < |z| < 2.18, -1.3 < Re z < 2.1, -1.65 < Im z < 1.65} ,

a region much smaller than the one given by the result [3, Theorem 2].
Thus, in many cases, we can get a reduced region, for zeros of polynomial satis

fying (1.4), by use of Theorem 2, Theorem 2’, and the result [3, Theorem 2].

2. Lemmas.

Lemma 1. IJ |arg ak - 0| < a < f , |arg «*+i - #| < a and |<t*| > |a*+i|,
iAen

12.1) |«t- a*+i| < {(|a*| - |«*+,|)cosi»+(|«*| + |«fc+i|)sinor} .

Lemma 1 is due to Govil and Rahman (4).

3. Proofs of Theorems.

Proof of Theorem 1. Consider the polynomial 

(3 11 i(*) = (l-«)?(*) =
= -»"+* + (1 - 0|)«n + (<u - aa)i""* + •• • + («„-i - «„)* + «„ 

Let

(3.2) i(*) = 0 , Re z > 1 .

Then

-»n+1 + (1 - ajz" + (a, - aj)in~* + • • • + (a„_, - «„)« + an = 0 .

So,

1- /. . u ✓ l«i “«al . H-as| , , |a„_,-fl„| ,
kl"

|a| - aa| |«2-fl8| -Un[ _W_ <
~ (Re») (Re»)3 (Re»)'*-‘ (Re»)”“(Re*)' (Re*)"

w

- (¡¿I) I £ I+ la"l) • ( by t3,2))
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which implies

1 1
Re{z —(1 —a,)} < {(|a*| - |«*+i|) cosa+

+ (|o*| + la*+iI) sina} + |an|] , ( by (2.1) )

Re* —(1
1 MRe«i)< [d«t| l«n 1) (cos O + sma) + 2^ la*l) «» a + la"lj

Re z

i.e.

or

(Re *)’ — (1 — Re a,)Re z — M < 0

(3-3) (Re* --y,)(Re* -¿,) <0 ,

where

(3-4)

(3-5)

(1-Rea,)- {(l-Rea,)’ + 4A/},/i
71 ” 2
t (l-ReaO + lil-Reuj’ + iA/}1/’
A,_ 2

Now, we assume, that a # 0 and n > 2. Then

Ai = (|a1|)(coso + sin a) + |<jn|(sina - cosa-b 1) +2(y^ |ajt|) sina > 

> |«j ¡(cos a + sin a) > |<s11 > Re <h

4Ai + (1 — Re aj)1 > (1 + Re ai 

{4A/ + (l-Rea,)’}l/i > (1 + Rea,)

t _ (1-Rea,)+ {(1-ReaJ’+O/}'/» .d, --------------------------------------------------- > i

Hl <«

And hence,

i.e.

which implies

(3-6)

(3.7)

And so, by (3.3),
Re z < <$, .
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Hence all the zeros oi g(*) lie in the region

Re t < .

Therefore, all the zeros of p(z) also lie in the region

(M) Re , < <, =

One can trivially show that, in all other cases (i.e. when the condition (or # 0 and 
» > 2) is not satisfied) also, all the zeros of p(z), satisfy (3.8).

Now, let us consider the polynomial 

A(z) = (-l)"+1i(-z) =
= -zn+1 - (1 - a,)z" + (oj - aa)x" *+••• + (—l)n(a„_, — a«)« + (—l)n+,a„ . 

Let

(3.9) A(z) = 0 , Res>l.

Then, one can obtain very easily

Re z + Re (1 - a,) < y-i-r A/
(Rez)

(Rez)’ + (1 — Re«i)Rez — A/<0

(Re z — 'rj)(Rez — ¿3) <0

= "(I ~ He«,) - {(1 - Rea,)2 + 4A/}1/2 
7’ “ 2
, -(l-ReaO+iil-ReaJ’ + iA/)’/»
<> =----------------------- 5-------------------------

73 <t>

Consider two possibilities

(i) A/>2 —Rea, (ii) A/<2-Rea, .

If we consider (i), then

4A/ > 8 — 4 Re a,
{(1-Rea,)’+ 4A/}*/’ >3-Rea, ,

i.e.

or

(3.10)

where

(3.11)

(3.12)

(3.13)
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which implies

(3.14) t, = + + .
2

And so, by (3.10), (3.13), (3.14)

(3.15) Re »<5, ' <

If we consider (ii), then

(3.16) 5, < 1 .

And so, by (3.9), (3.13), (3.16)

(Re« - 7j)(Re* — 5,) > 0 ,

which contradicts (3.10). Hence, in the second case, zero » of h(«), with Re « > 1, 
can not exist. So, in the second case, every zero « of h(z) will satisfy

(3.17) Re z < 1 .

On combining the two possibilities, we can say that all the zeros of h(x) he in 
the region

Re z < Max (1,5,) .

So, all the zeros of jr(«) lie in the region

Re (—») < Max (1,5,)

i.e.
Re z > —Max (1,5,) .

Hence, all the zeros of p(«) he in the region

(3.18) ' Re » > —Max (1,5,) .

On combining (3.8) and (3.18), Theorem follows.

Proof of Theorem 2. Theorem 2 follows, almost on identical lines, with the 
help of

n—l n-J
52 ia* “ a*+lI + la"l = 53 H(a* - «*+l) + »(0* - 0*+l)}| + |o + »0n|
Jt»I jbasl

n—I n—1
531°* - °*+«i+5310* - 0*+«i++i0«i> (by (L7))

*=i
n—1

< (oi -<!„)+ 53(10*1 +10*+*I)+ + I0"l> (by (i-7))
Aral

n
=«J + i#i i+2 53 ¡0* i= .

t»3
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STRESZCZENIE

Niech p(i) = Zn + fli Zn~1 + ■ • • + ®n bydne wielomianem ze mpćtczynnikarri zespolonymi 

takimi, że dla pewnej liczby rzeczywistej fi

largajfc - fi\ < a < jt/2 , fc=l,2,...,n

i albo
1 > |<»l| > |«j| > ••• > |«n| > 0

albo
1 > Oj > Oj > • • • > On > 0

dla ot = Re aic, k = 1,..., n.
W pracy wyznaczamy pasy zawierające wszystkie zera wielomianu p(c) i to pozwala nam 

otrzymać w widu przypadkach mniejsze od wcześniej znanych obszary zawierające zera wielomianów.




