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‘Abstract. The authors give formmlas for the detenmination of a generalised polynomial asso-
cated with a differential operator whose Lig—-normis a minimuum Problenrs of optimal extrapolation
and interpdlation within the cless of generalized polynomials ase also treated.

We give the forrmla determining the polynomial of the minimnm deviation from
zero in Ly—metric for a large class of the generalized palynomials induced by a differ-
ential operator. In the class of generalized polynomials the problems of the optimal
extrapolation and interpolation are salved too.

Now, we give the exact forrmlations of the above problems.

Let

Dz() = 20 () + a1 ()=""D() ++ - + aema ()2() + ()

be a differential operator of the order r (r € N) with the variable coefficients
ai(-) € 0""'(10,1]), 1 £ i < 7, such that there exist 7 linear independent salutions
#1(-)y+++19r(-) of the equation Dz = 0 satisfying the condition

Wal(t) =W = det(u” P i k
1) 2(8) = Wi, ..., wa) := det(u} (:))‘_”_o> , 1SkSr.
If the operator D satisfies the condition (1), then it can be represented in the
form
LI S SR R Sl . R
we(’) dt weg () &t wy() dt wol)

where wo(t) = w;(8)

wi(t)=ﬂﬂ,%":3i“—’, 1€iSr, (Woml, Woay =W,)

(see [1]).
By the expression of wi(-) and from (1) it follows that w,(-) > 0, ¢ € [0,1] and :
wil) €CTV([0.1)), 0S5 < .
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Let’s consider the fdlowing extremal problems

@ llz(-Mesfoay —=inf; Dz() =1
(m 2™ (r)] — sup ; Jlz()llLs(oay S 1, Dz()=0.

HD = (£)" then the solutions of the problem (1) are the Legendre palynomials
(see [2]).

Definition 1. The solutions of the problem (I) for r = 1,2,... we call the
generalized Legendre palynomials.

The problem (II) is called the problem of the optimal extrapolation (r ¢ [0, 1])
and Interpolation (r € [0, 1]) in Ly-metric for the generalized polynomials.

1. The generalized polynomials of the least deviation from gero in
Ly—metric. We solve the problem (I). Let’s introduce the following notations

Diz() = % :EITT )i Do) mnt)-
Liz(-) == D;Di_y...Doz(-), 1<s<r

It is mown (see [3]) that the general solution of the differential equation Dz(-) = 1
can be written in the form

z(t) = wrqa(t) + tzw;(t) ;

im]
where
w1 (t) = wolt)
wa(t) = wolt) / wi () dby
°
] 1Y
(2) “3(‘)=“’0(‘)f“l(‘l)/"’!(‘i]“3al

to-n

(] &y
wn®=wo(®) [@r(0) [eatta)--: / wr(tr) de, ... de,
0 0

Using the above representation of z(-) one can write the problem (I) in the form

: (3) /(z)-'inf;2=(xh“'vz')en'f
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where

f(x)= “'rﬂ(') & zr:ti'i(')u"

o{({0.2)

It is the convex finited dimensional problem without restrictions with the function
J(-) which is strictly convex and continuous. Then there exists a unique solution of
the problem. The existence follows from the Weierstrass theorem, as f(-) € C(R",R)
and f(z) — oo with |z] — +oo and the uniqueness follows from the strict convexity
of f(=).

The salution of the problem (I) is denoted by

20) = ra () + 3 Bwil)

=]

In what follows we write the necessary condition for extremmm in the problem (3) (in
our case it is also sufficient).

By the Fermat theorem f'(Z) = 0 i.e.

(@ fs(:)-.-(:)a=o. 1Si<t

Since #1(-),...,8,(-) form the generalized Tchebycheff system (see {3], page 30),
and the condition (4) is satisfied, fallowing the proposition 1,4 (see [4], page 41) Z(t)
has exact 7 sign changes on (0, 1).

Let's denote by {Tap, ()}7%; the system of functions which are the solutions of
the problem (I) for r = 1,2,... . It followa from (4) that it is an orthogonal system.

Now we obtain the formulas for the determination of the explicit form of the
salution Z(-).

For this purpose we use the Lagrange principle (see [2]).

Introduce the following notations:

z 1 d ’
3|=;:. 2.'=;"z¢-—|. 2Si<1,

and reduce the problem (I) to the following one

1
’ . - 3 A s » w . L . i
/’l(‘)d‘ —inf; 2) =Wz, 23 T wWaTg .eoy Tpo) S Wrai Ty, I = Wy
0

The Lagrange function can be written as {allows

o= Ao/z}(t) ¢!t+j[§p.-(i.- —w.ri+|)+p,(é,u,)] dt

0 =)
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a) The Euler equation

-pr+Ar2z; =0
~pi—wi-1pi-1=0, 2<i<r

b) The transversality condition:
pi(0)=pi(1)=0, 1<igr.

If Ao = 0 then by the conditions a) and b) we have p;(¢) =0, 1 < ¢ < r, and thia
ocontradicts the Lagrange principle. Thus Ao # 0 and we can put Mg = (—1)7+!/2.
Now from the Euler equation we easily obtain the following equation

L T 500 VY s A T
dt wi() dt wi(-) dt  we—y(-) & wo(-)

On denoting the operator on the left-hand side of the last equation by D and intro-
duding the notation

Lozt)=2(), Liz()=- . 1Sigr-1,
the conditions a) and b) can be transformed as fallows
=0 3
(5) DP'( ) 5 Uo(’)
(6) Lipc0)=Lip(1)=0, 05j<r-1

Now, from the expansion of Z(-) and from (3) it follows that

sr4a(t ) U ‘
m Bp.() = +z; =

where w;(t) is determined by (2).
By integrating both sides of the equation (7) and using the boundary condition
L,_1p,(0) = 0 we obtain

t
b [ 25
n =]

Then by multiplying the last equation by wi(-) and integrating it from 0 to ¢t we
get

L,-:p,(l)-o el )/ '+Eg) d€ dty +Zz./wz(t )/ ‘(?) d dt,
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By induction we see that

P (1) = v,41(8) + Y Ziwilt)

=1
where
] [ PP ta ¢,
w®) = [wrrtrn) w,-.(z,-a)---fw.(t.)fE-'fe-’)-dea....dzr-.
0 1] 0 (1]

- wo(§)
r 1
R IV P By
=1 0

3 Eei(1) = vrqa (1)

Let’s denote the coefficients in the system (8) by aix, 1 S S 7,18k S T,

Since
det( (!)(')) e >0, te€fo,}
and . 1 ) rr=|
de‘(a")o,k-l = m de‘(u‘ (l)).'-l.j-o >0

we conclude that the system (8) has a unique salution.
Thus we have proved the following

Theorem 1. The solution of the probdlem (1) is unique and it can be written as
follows

z(¢) = uo(t)ijp,(t) =u,41(t) + Zf.u;(t)

where T; are determined from the system (8).

2. The optitnml extrapolation and interpolation of generalized poly-
nomials in Ly-netric. Consider now the problem (II) which is equivalent to the
following one

(m 2™ (1) — inf ; l2(WE,qoap S 1+ Da()=0
0<m<r-1, r€R
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Since the general solution of the equation Dz(-) = 0 can be written in the form
r
z(t) = 3 ziui(t), the problem (II) is a problemin the convex programming which has

=l
the solution under the assumptions of compactness and continuity of the functional
J(z(-)) = 2™ (r). We solve the problem by Kyhu-Tucker theorem (see [2]).
Since the Slater condition is satisfied, the [.agrange function has the form

£(z.o\)=z("‘)(r)+‘-;-jz’(¢)dt v 2= (Zr4e012y)
0

Denote the solution of the problem (II) by #(r) and write:
1. The minimmum principle

! ]
rtg'g:_ (z(m) (r)+ %/;’(t)dt) = Z(m)(r) + ;/53(‘“‘

2. The condition of the supplement nonrigid

A(j?(t)dt—l):()
0

3. The condition of the nonnegativity
A20

It is obvious that A > 0. Then by the minimnm principle and the Fermat theorem
Wwe get

|
® - ™+ fros0a=0, e’
[1]

where PP = {z(-)lz(l) = z':z.'u.'(t), z € R.}.

i1=]
Putting Z(-) instead of z(-) into the equation (9) and using the condition of the
supplement nonrigid we see that A = =2 (7).
Let ex(-) = T2p,(-)/|1Tac, (*)llz,(s) be the orthonormal system of the generalized
Legendre polynomials. Then z(-) can be represented in the form

(10) z(t) = Z?.'c.'(l) .

Putting e (-) instead of z(-) in the equation (9) and using the representation (10)
we obtain :
r

cimj(r) + AJ/ S Ziei(t)es(t) dt = ¢I(l""(y) +A%, =0,

il
o V=1
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(m)
Hence 2} = _:._.\(—fl and as a consequence of (10) we get

20)= Y ™ (r)erlt) /2" (r) .

kw]

Differentiating m times both sidea of that equality at the point £, we obtain

[2(*)(:)]’ = ij(.{"" (n)*.

k=l
Hence . -
#(r) = - (L (™)’
Am]
Therefore

30 =- Y 4™ e/ (X))

k=) km1
As a oorallary of that result we get the following inequality for the generalized

palynomials,
N (m 1/2
@) < (X d™6?) " IOl ygoan -

'This inequality can be proved using the Cauchy-Bunyakowsky inequality.
Thus we are lead to the fallowing result.

Theorein 2. The solution of the problem (II) ts unigue and Aas the follounng

form
0 =- Y " mae/(S 6"
Ami1 [ L1}

where ex(-), k= 1,...,7 is the orthonormal system of the generalized Legendre poly-
nomiala.
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STRESZCZENIE

Autorzy podaja waory poawalajaoe wyznaczy# w klasie uogélnionych wielomaanéw swiazanych a
pewnym operatorem réinicakowym nogélniony widomian o minimalnej Lg-normie. Zostaly réwniea
roswigzane dla klasy uogdnionych widlomianéw problemy optymalnej ekstrapolac)i i interpolacji.



