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Generalization of Legendre Polynomials 

Uogólnienie wielomianów Legendre’a

Abstract. The authors give formulas for the determination of a generalised polynonial asso­
ciated with a differential operator whose L j -norm is a ninimum Problems of optimal extrapolation 
and interpolation within the dess ci generalized polynomials are also treated.

We give the formula determining the polynomial of the minimum deviation from 
zero in Lj-raetric for a large class of the generalized polynomials induced by a'differ- 
ential operator. In the class of generalized polynomials the problems of the optimal 
extrapolation and interpolation are solved too.

Now, we give the exact formulations of the above problems.
Let

Px(-) = X<'> (•) + «,(><'-*>( ) + • • • + «,-,(•)»( ) + «r ( )

be a differential operator of the order r (r € N) with the variable coefficients 
aj ) e 0T~ * (¡0,1]), 1 < i < r, such that there exist r linear independent solutions 
«i sr (•) of the equation Dx — 0 satisfying the condition

(1) W*(t) = W*(m,...,«*) := det(«p)(O).=i > 0 , 1 < k < r .

If the operator D satisfies the condition (1), then it can be represented in the 
form

___ I_ £ 1 £ 1 £ 1
1 "" «r(") df “»r-lO di W,() dl w0( ) *

where w0(t) = «i(<)

«<(<) =------ ’ 1 - ’ -r ’ (W,° ~1 ’ łVr+* = iVr'

(see [1]).
By the expression of Wj(') ““d from (1) it follows that w,(-) > 0, l€ [0,1) and 

u,.( ) e C’r-‘((0,1)), 0 < .• < r.
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Let’s consider the following extremal problems

(I) lk(-)IU»|o,i» —*inf ; *>*(•) = 1
(H) !*(m> (r)| — rap ; ||*(-)lk,«o,i|) < 1 , O*(') = 0 •

If D = (^)r then the solutions of the problem (1) are the Legendre polynomials 
(see (2]).

Definition 1. The solutions of the problem (I) for r = 1,2,... we call the 
generalized Legendre polynomials.

The problem (II) is called the problem of the optimal extrapolation (r £ (0,1)) 
and interpolation (r 6 ¡0, lj) in Lj-metric for the generalized polynomials.

1. The generalized polynomials of the least deviation from zero in 
£j-metric. We solve the problem (I). Let’s introduce the following notations

Lix( ) := AA_i... jDoz( ) , 1 < i < r

It is known (see [3]) that the general solution of the differential equation Dx(-) = 1 
can be written in the form

t
l(t) = «r+1 (<) + 52I<** W ’

t-1

where

(2)

«,(t)=W0(0
(

•j(l) = w0(<) y Wi(ti)dti 

o
< <t

«»(£) = w0(l) y wr(h) y

o o

t t, t,-t*r+i(o=wo(i) y «r(<i) y y wr(<r)dir...dt,
0 0 0

Using the above representation of x(-) one can write the problem (I) in the form

• (3, f(x) — inf ; z = ,,xr) € R-
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where
/W = |«^() + É«‘«(-)Liw»

It is the convex finited dimensional problem without restrictions with the function 
/(•) which is strictly convex and continuous. Then there exists a unique solution of 
the problem. The existence follows from the Weierstrass theorem, as /(•) € <7(Rr, R) 
and /(x) —» oo with |x| —» +oo and the uniqueness follows from the strict convexity 
of /(«).

The solution of the problem (I) is denoted by

*(f) = «r+l(O +£*<«<(0
«»1

In what follows we write the necessary condition for extremum in the problem (3) (in 
our case it is also sufficient).

By the Format theorem /'(x) = 0 i.e.

>
(<) y»(«)«»(o =°»12»»*

0

Since «i (•),..., Ur (•) form the generalized Tchebycheff system (see (3], page 30), 
and the condition (4) is satisfied, following the proposition 1,4 (see [4], page 41) x(t) 
has exact r sign changes on (0,1).

Let’s denote by (•)}r^»i th® system of functions which are the solutions of
the problem (I) for r = 1,2,... . It follows from (4) that it is an orthogonal system.

Now we obtain the formulas for the determination of the explicit form of the 
solution x(-).

For this purpose we use the Lagrange principle (see (2j).
Introduce the following notations:

x Id
X| = — , X, = — — X,_l , 2 < I < T ,

wo W{ at

and reduce the problem (I) to the following one I
1

y xj(t)dt — inf ; x, = wjx3 , ij = wjx» ,..., xr_, = wr_,xr , ir = w, 

o

The Lagrange function can be written as follows

» • r-l
£ = A0 y«?(0 <& + y -W.^+l) + Pr(irWr)] dt

0 0 •-»
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a) The Euler equation

- Pi + Ao$i = 0
-p, - w,_ip,_i = 0 , 2 < > < t

b) The transversality condition:

P,(0) = p<(l) = 0 , 1 < » < r .
\ •

If Ao = 0 then by the conditions a) and b) we have pi(<) = 0, 1 < » < r , and this 
contradicts the Lagrange principle. Thus Ao # 0 and we can put Ao = (-l)r+*/2. 
Now from the Euler equation we easily obtain the following equation

dt Wj(-) dt Wj(’) dt 1(-) dt Wo(')

On denoting the operator on the left-hand side of the last equation by D and intro­
ducing the notation

Lo»( ) = *(•) , £<«(•) = —) , 1 < »' < r - 1 ,
Wr-ilJ

the conditions a) and b) can be transformed as follows

<s> 5"H=â7

(6) lypr (0) = Zypr(l) = 0 , 0 < j < r - 1

Now, from the expansion of *(•) and from (3) it follows that

(7) £pr(i) = «r+l (<)

wo(<)

where «,(<) is determined by (2).
By integrating both rides of the equation (7) and using the boundary condition 

^r-iPr(O) = 0 we obtain

«r+l(j)
wo«)

«»(j)
wo(<)

df.

Then by multiplying the last equation by wi(-) and integrating it from 0 to t we 
get

A*
•frr—jPr (f )

0 0
¿¿dt I
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By" induction we see that
r

pr(o = or+i(i)+52 £»¿(0
i=i

where

1 L-i l, «.
*’•(0 = y "r-l^r-l) y Wr-j(tr-j) ••J W|(<l) j d(dli ...dtr-i

0 0 0 0

Using the boundary conditions Ljpr(l) = 0 we get the following linear system

= vr+,(l)
i=i

Let’s denote the coefficients in the system (8) by an,, 1 < » < r, 1 < A < r. 
Since

and

det(«’?)(<))|_r| ._0 > 0 . ‘ € 10, lj

det(«,*)r. = ——------ — det(»jn(l)) > 0
'•.*-i m,(l)...Wr_,(l) \ ' /,=i,,»o

we conclude that the system (8) has a unique solution.
Thus we have proved the following

Theorem 1. The solution o] the problem (1) is unique and it can be written as 
follows

i=i
i(t) = vo(t)Dpr(t) = ur+i (t) + 52 i»«40 

where if are determined from the system (8).

2. Tile optiiiud extrapolation and interpolation of generalised poly­
nomials in Lj-metric. Consider now the problem (II) which is equivalent to the 
following one

(ni *‘m‘(r) —* inf ; ||*(-)Hi,(|o.,n 1 » *>»(•) = 0 .
0 < m < r - 1 , r € B
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Since the general solution of the equation Dx() = 0 can be written in the form 
r

x(t) — 22 ». «.(<), the problem(II) is a problemin the convex programming which has

the solution under the assumptions of compactness and continuity of the functional 
f (*(•)) = (f)- We solve the problem by Kyliu-lAicker theorem (see (2]).

Since the Slater condition is satisfied, the Ingrange function has the form

Z(*,A) = x(m)(r) + |y x’(<)dt, x= (x,,...,xr) 

o
Denote the solution of the problem (II) by x(r) and write:
1. The minimum principle

l i
min (x<">(r)+ £ J x’(t)dt) = x(m)(r) + £ J 29(t)A

o o

2. The condition of the supplement nonrigid
i

x(J x’(<)di-l) =0 

o

3. The condition of the nonnegativity

A>0

It is obvious that' A > 0. Then by the minimum principle and the Fbrmat theorem 
we get

«
(9) x‘"*>(r) + Ayx(t)x(t)dt = O, x()€Fr®

0
r

where Pr° = |x(-)|x(t) = £2xi«i(l), *> € R.J.

Putting x(-) instead of x(-) into the equation (9) and using the condition ci the 
supplement nonrigid we see that A = —x(,n)(r).

Let e*(-) = rjo»(-)/||TjjQt(-)||i,(/) be the orthonormal system of the generalized 
Legendre polynomials. Then x(-) can be represented in the form

(10) *(‘) = ¿*¿«.(0 •
I«1

Putting e* (•) instead of x(-) in the equation (9) and using the representation (10) 
we obtain

+ A f VwltMt) dl = e‘m,(r) + Ax* = 0 .
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Hence i* = - -— and as a consequence of (10) we get

/

*■>1

Differentiating m times both sides of that equality at the point r, we obtain 

[«<”•>(,)]’ - .

Hence

tai
Therefore f

i(o = - ¿4m)(^^(0/(r(4m)(t))’)l/’

tai *»1

As a corollary of that result we get the following inequality for the generalized 
polynomials.

tai
This inequality can be proved using the Cauchy-Bunyakowsky inequality.

Thus we are lead to the following result.

'Hieorern 2. The solution of the problem (II) is unigue and hat the following
form

tai Sat

where <*(■), k = l,...,r is the orthonormal system of the generalized Legendre poly­
nomials.
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STRESZCZENIE
Z

Autorzy podaj* wzory pozwalająca wyznaczyć w klasie uogólnionych wielomianów związanych z 
Dawnym operatorem różniczkowym uogólniony wielomian o minimalnej Lj-nomie. Zostały również 
rozwiązane dla klasy uogólnionych wielomianów problemy optymalnej ekstrapolacji i interpolacji.


