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e—almost Contact Metric Manifolds

Rozmaitosci metryczne ¢-prawie kontaktowe

Abstract. Let M3"*! be a Riemnannian manifold with a certain structure called " £-almost
contact structure”. In this paper we study properties of this structure and the existence of a metric
and a linear connection compatible with an €-almost contact metric structure. Further we will
consider structures induced on the hypersurfaces immersed in a manifold with given an £-almost

contact metric structure.

1. Introduction. The purpose of this paper is to introduce and study a new
general class of almost contact metric manifolds, which will be called e-almost contact
metric manifolds.

In the section 2 we recall some definitions and properties of the e-almost contact
metric structures on a manifold. We will show the existence of the almost contact
metric.

In the section 3 we discuss affine connections in an £-almost contact metric
manifold. In the section 4 we study the structure induced on certain hypersurfaces
immersed in manifold with the e-almost contact metric structure.

2. e—almost contact metric structures.

Definition 2.1. An odd dimensional differentiable manifold M*"*! will be
called the manifold with an e-alinost contact structure ( F,w,7.X), if there exist on
M1+ g tensor field F of the type (1,1), a vector field 5. a 1 form w and a function
A satisfying

" F2=¢I-w®n)

= —€A
(2.1) ) E(n) = - et
|w(n)=l—eA #0
lwo F = —glw

where I is the identity mapping on TA ™" +! and ¢ = +1.
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Deflnition 2.2. Let (F,w,n,)) be an e-almost contact structure on M4"+! and
g be a Riemannian metric on M*"+1 such that

(2.2) {?J'(FX.FY)=§(X,Y)—N(X)‘U(Y)
vy a(X,n) = w(X)

for any vector fields X, Y on M*"*!; then M*"*! is called an ¢ almost contact
metric manifold an it will be denoted by M*"*!(F,w, 7, \,g) (see for exp. [1]).

Theorem 2.1. For any c-almost contact structure (F,w,n,)) on a manifold
MAn*1 there ezists a metric g satisfying the conditions (2.2).

Proof. Let g be an arbitrary Riemannian metric on M4"*+! and put

9(X,Y) =g(X,Y) +g(FX,FY) + Alw(X)g(Y,n) + w(Y)g(X, n)]
+ Blw(X)g(FY,n) + w(Y)g(FX,n)] + Cw(X)w(Y),

where A, B, C are arbitrary constants.
Then we have

#(FX,FY)=g(FX,FY)+¢(X,Y) - w(X)g(Y,n) —w(Y)g(X,n)
+ (XYY )g(n,7) + Al-X(X)g(FY,n) - eXo(¥ )g(FX, )]
+ Bl-Mo(X)g(Y,m) — ew(Y )g(X,n) + 22 X )oY )g(n, )
+ C (X )w(Y) .
The condition
W(FX,FY)=g§(X,Y) - w(X)(Y)

implies the relations

A+AB=-1
amn)(2AB+1)+ (M2 -1)C=-1.

Hence we get
-1 EA

T1-ex T1-e
(in view of the condition (2.1) we have 1 — eA\? = w(n) #0) and

g(n,n)(1+eX?) + (1 —¢e)?)
ey o

A

0%

Thus we have
JXY) = 9X,Y) + o(FX, FY) = T [w(X)g(¥,m) + (¥ )g(X, )

4 T W(X)(FY.) + (¥ )o(FX,m)

g(n,m)(1 +X?) + (1 —eX?)
(1 —eX?)(1 - A2)

+ w(X)w(Y)
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and /\2
R
9(X,n) = w( \')
(if e = =1, then A =0, [2]).
We see that the metric § defined by (2.3) satisfies the conditions (2.2) and we
can take

7 =w(X)

9X,Y)=4(X,Y).
It completes the proof.

3. Existence of a linear connection compatible with c¢—almost contact
metric structure.

Deﬂnltion 3.1. Let V denote the covariant d)fferentlatlon with respect to linear

connection F on manifold M*"*!. We say that connection I‘ is compatible with e-
almost contact metric structure (F,w,n,\,g) on M4n+1 if

VF=0, Vn=0 and w(VxY)=0
for any vector fields X, Y on Mir+!,

Theorem 3.1. Let e-almost contact metric manifold M*"+! (F,w,n,,g) be

.
given. There ezists on M"*! a linear connection I' compatible with ¢ -almost contact
metric structure (Fyw,n, A, g).

Proof. Let V denote the covariant differentiation with respect to Riemannian
connection defined by the metric § satisfying the conditions (2.2). We define a con-

-
nection I' as follows

VxY =a[VxY + eF(VxFY)| + {VxFY + F(VxY)]

(31) S (XY ) +w(¥)Vxa)
+ 20 (X FY )0 + o)V

where a,b € R. Then for any vector fields X,Y on M*"*! we have
(VxF)Y)=VxFY - F(VxY) = a[ VxFY +cF(VxF?Y)]

eAb —
+ b VxF*Y + F(VxFY)) +3 [w (VxFY )+ w(FY)Vxy |

A (VX F*Y )y +w(FY)F(Vxn) !

—a[ F(VxY)+ eF}(VxFY)] - b F(VxFY) + F}(VxY)]
‘;‘“’ 3 [W(VxY)Fy +w(Y)F(Vxn) ]
Aa —

7 [w(V,\'FY)Fr) +w(Y)F*(Vxn)] =
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= a[ VxFY + F(VxY) + eXVxw(Y))n - w(¥)F(Vxn) |
+b[eVxY = e(Vxw(Y)n - ew(Y)Vxn + F(VFY))]
Ab

1—'—- [W(VXFY)) —edw(Y)Vxn ]

1‘ > [ew(VxY )y —e(1 = eX?)(Vxw(Y))n

5 6w(Y)w(Vxn)n —ed(Y)F(Vxn)]
—a[F(VxY)+ VxFY —w(VxFY)y |
— b F(VXFY) +eVxY —ew(VxY)n]

eAb —
'i__e'/\_ [ —ed(VxY)n +w(Y)F(Vxn)]
Nk

5 1_-{157 [ —edw(VxFY)n + ew(Y)Vxn

—ew(Y)w(Vxn)y]=0

and hence

VF=0.

Moreover, for any vector fields X,Y on M*"*! we get

Vxn=al Vxn +eF(VxFn)|+b[VxFn+ F(Vxn)]
eAb -
1- )A’
Aa
i:ﬁ [w(VxFn)n +w(n)F(Vxn)]
=a[Vxn+eX(@xA)n — AF(Vxn)]
+b —5(3x1\)'l —eAVxn+ F(Vxn)]
eAb —

+ = [W(Vxn)n +w(n)Vxn ]

tioon 2 [w(Vxn)n + (1 - eX)Vxn)
—’53—'2 AxA)(1 — eA?)n — eAw(V
+ 1o [—8(0xA)(1 — €AT)n — eA(Vxn)y

2eAb —a(1 +eX?

1—e)? ) W(fol)'l

+(1-eA)F(Vxn)] =

and
(Vxw)(¥) = xuw(¥) - o(Vx¥) = dxw(Y)
-a [w(VxY) - M(VxFY)]-b[w(VxFY)—elw(VxY)]

EM 7 [W(TxY )L = eA?) + w(¥ o(Vixn) |

[W(VxFY)(1 — eA?) = edw(Y (Y x7n) ]

2eAb — a(1 4 €)?)
1—e)2

_i“___
1—¢e)\?

= dxw(Y) —

w(Y Jw(Vxn) .
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If
2e\b

= T¥en
then
Vxn =0 and (Vyxw)(¥)=dxw(Y)
for any vector fields X,Y on M4"+!,
The above considerations imply that
w(VxY) =0
for any vector fields X,Y on M4n+1,

Corollary . If for any vector fields X,Y on M*"*! and a,b€ R
2e b

UxY = T on VXY +eF(VXFY)| + HVXFY + F(VxY))
(3:2) - W(TXY )0 +u(¥)Vxn)
~ o BTXFY 0+ w(V)F(Txn)],
then
(3.3) VF=0, Vxn=0, w(VxY)=0.

Let W denote the distribution orthogonal to vector field n with respect to g.
Then for arbitrary vector field X € W we have

g(X,n)=w(X)=0

(see (2.2)).

Theorem 3.2. The distribution W is integrable.

Proof. Let X,Y € W. Then w(X) = w(Y) = 0. From (3.3) we get

w([X,¥]) =w(VyY) - w(VyX) =0,

what implies that [X,Y] € IV

4. The structures induced on hypersurfaces. Let us assume that M4"+! js
a Riemannian manifold with a metric g satisfying the conditions (2.2) and ¢-almost
contact metric structure (F,w, 1, A, §) satisfying (2.1). Moreover, let M*" be smooth,
oriented hypersurface immersed in M%"*'. By N we denote the local vector field

such that N is orthogonal to TM*" and q(N.N) = I. Then for each vector field
X € TM*"*! we have the {ollowing decompositiou

(4.1) FX=eNg=0:\))
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where o 15 a tensor field of the type (1,1), X € TM*™, €} is a tensor field of the
type (U.1) (see, [2]). Then

(4.2) (wo F)NX) = (wop)X)+eX)w(N)

We introduce the notations

(4.3) :(532(:;)6 Hm
The conditions (2 1) imply
(4.4) —edw(X) = (wo )X + QX )w(N) .
For any vector field X we have
FY(X)=F(pX + e X)N) = 9> X + eQX)E + e(Qo ) X)N + AQX)N

The above relation and (1.1) lead us to the following condition

(4.5) eX — ew(X)n = 92X + eQ(X)E + (o p)(X)N + AQ(X)N

I. If N = n, then g(pX,n) = (wop)(X) = 0. Substituting X = 5 to the
condition (4.4) and using (1.1) we obtain

—€A(1 - €A?) = (wo p)(n) + eQn)(1 — eN?).
Hence we get
(4.6) QAn)=A=-]A

and

A

Ll b

X)=0 for X € TM*"
Making use of (4.6) we can write
(4.7) p2=¢€l on M*"

The above implies that if M*" is an integral manifold of the distribution W
(Theorem 3.2), then we have the following:

Theorem 4.1. The c-almost contact metric structure (Fyw,n, A, g) given on
the (4n + 1)-dimensional Riemannian manifold M4"+! induces the structure p on ¢
hypersurface M*™ which satisfies the condition (4.7).

IL. If g(N,n) = 0, then w(N) =0 and (w0 p)(X) = —elw(X) for X € TM*" |
w(€) = —eMw(N) = 0. Moreover, from (4.5) we get on M*":
pl=e(I-w@n-28¢)
Nop =—cA
p€ = —eAf
Q(€) =1-¢A?

(4.8)
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The above implies that if the manifold M*" is orthogonal to the field N and
g(N,n) =0, then we have

Theorem 4.2. The c-almost contact metric structure (F,w,n, A, g) on the
(4n + 1)-dimensional Riemannian manifold M4"+1 induces the structure
(p,w,€,n,A) on a hypersurface M4™ which satisfies the conditions (4.8).
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STRESZCZENIE

Niech M4n+! bedzie rozmaitoéciz Riemannowskg z pewng struktury zwang "strukturg -
prawie kontaktowg”. W pracy badamy wlasnoéci tej struktury oraz istnienie metryki i konek-
sji liniowej zgodnych ze struktury metryczng E-prawie kontaktows. Ponadto rozwazamy struk-
tury indukowane na hiperpowierzchniach zanurzonych w rozmaitosci z zadang £-prawie kontaktows

strukturg metryczng.






