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e-almost Contact Metric Manifolds

Rozmaitości metryczne e-prawie kontaktowe

Abstract. Let 1 be a Rieinannian manifold with a certain structure called "e-almost
contact structure”. In this paper we study properties of this structure and the existence of a metric 
and a linear connection compatible with an £-almost contact metric structure. Further we will 
consider structures induced on the hypersurfaces immersed in a manifold with given an £-almost 
contact metric structure.

1. Introduction. The purpose of this paper is to introduce and study a new 
general class of almost contact metric manifolds, which will be called £~almost contact 
metric manifolds.

In the section 2 we recall some definitions and properties of the £-almost contact 
metric structures on a manifold. We will show the existence of the almost contact 
metric.

In the section 3 we discuss affine connections in an £-almost contact metric 
manifold. In the section 4 we study the structure induced on certain hypersurfaces 
immersed in manifold with the £-almost contact metric structure.

2. £—almost contact metric structures.

Definition 2.1. An odd dimensional differentiable manifold A/4n+l will be 
called the manifold with an £ almost contact structure (F, w, >/. A), if there exist on 
Af4n+1 a tensor field F of the type (1,1), a vector field »/. a 1 form lv and a function 
A satisfying

(2.1)

' F2 = £( I - UJ ® 1/ )
F(r/) = -£À»/ 
w(f?) = 1 — eA2 0 

, woF = — e Aw

where I is the identity mapping on FA/," + l and £ = ±1.
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Definition 2.2. Let (F,w,»/,A) be an e-almost contact structure on Af4,l+1 and 
g be a Rieiuannian metric on Al4n+1 such that

g(FX,FY) = g(X,Y)-co(X)U(Y) 
p(X, r/) = w(X)

for any vector fields X, Y on AL4n+1; then Ai4n+1 is called an e-almost contact 
metric manifold an it will be denoted by Al4n+1 (F, w, rj, X,g) (see for exp. [1]).

Theorem 2.1. For any e-almost contact structure (F,u,r},X) on a manifold 
M4n+i there exists a metric g satisfying the conditions (2.2).

Proof. Let g be an arbitrary Riemannian metric on M4n+1 and put

j(X, Y) = ¡tfX, Y) + g(FX, FY) + ¿[u,(X)<?(y, r,) + u(Y)g(X, ^)]
+ B{u(X)g(FY,r,) + w(y)«,(FX,r/)] + Cw(X)W(y) ,

where A, B, C are arbitrary constants.
Then we have

ff(FX,FY) = p(FX, FY) + g(X, Y) - U(X)g(Y,rj) - u>(Y)g(X,i)
+ u>(X)u,(y)g(rj, rj) + A[-eAw(X)g(Fy, r>) - eXu(Y)g(FX, r,)] 
+ B[-AW(X)ff(y, r,) - eu(Y)g(X, r,) + 2X^X)^Y)g^,r,)}
+ CA2w(X)w(y) .

The condition

implies the relations

g(FX,FY) = g(X,Y) - u(X)u(Y)

A + AB = -1
eXA + B = 0
g(rj, g)(2XB + 1) + (A2 - 1)C = -1 .

Hence we get
-1 eXBA =

1 — eA2 1 - eA2
(in view of the condition (2.1) we have 1 — eA2 = w(*?) 0) and

sr(»?,i?)(l + eA2) + (l-eA2)
(1-£A’X1-A2)

Thus we have

g(X,Y) = g(X,Y) + g(FX,FY) —
1 — eA2

[w(XMy,n) + w(y)ÿ(x^)]

eA ^x^Fy^+^y^FX,^)

w(X)w(y)

1 - eA2 
9(r?.n)(i + £A2) + (i-£^2)

(! - eA2)(l - A2)
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and
3(X,n) = w(X)y^=W(X)

(if c = —1, then A = 0, [2]).
We see that the metric g defined by (2.3) satisfies the conditions (2.2) and we 

can take
g(X,Y) = g(X,Y) .

It completes the proof.

3. Existence of a linear connection compatible with s-almost contact 
metric structure.

*
Definition 3.1. Let V denote the covariant differentiation with respect to linear 

♦ *
connection T on manifold M4n+1. We say that connection T is compatible with e- 
almost contact metric structure (F,u, rj, X,g) on Af4n+1 if

VF = 0 , Vrç = 0 and u(VxK) = 0 

for any vector fields X, Y on Af4n+1.

Theorem 3.1. Let e-almost contact metric manifold Af4n+I (F,ui,r/, X,g) be 
*

given. There exists on a linear connection F compatible with e-almost contact
metric structure (F,u,r), X,g).

Proof. Let V denote the covariant differentiation with respect to Rieinannian 
connection defined by the metric g satisfying the conditions (2.2). We define a con- 

nection T as follows

VXK =a[VxY + eF(VxFy)] + b[XxFY + F(VXF)]

(3.i). + k(vxyh + w(y)vx>?]

+ +w(y)F(Vxr?)] ,

where a, 6 G R. Then for any vector fields X, Y on Af4n+1 we have

(vxF)(y) = VxFy - F(vxy) = «[ vxFy + £f(xxf2y) ]

+ b{ VxF2y + F(VxFy)] + [ u»(VxFy)7 + u(FY)Vxi, ]

+ [ W(VxF2y)r? + w(Fy)F(Vxv) ]

- «[ F(Vxy) + eF2(VxFy) ] - b{ F(VXFY) + F2(Vxy) ]

[W(Vxy)Ff/+w(y)F(Vxr?)]

- rz?F (u;(VxFy)F^ + W(y)F2(Vxî?) ] =
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= a [ VaFK + F(Vxr) + £A(VxW(r))r/ - w(K)F(VAi/) ]
+ b [ eVA-r - £(VAw(r))»7 - ew(K)VAT/ + F(VAFK) ]

+ [w(VAFy’)», -£AW(K)VA^ ]

+ 1 ew(v*r^ - -^2)(vAW(r)b

- e^Y^x^r, - £Aw(r)F(VAf?) ]
- a [ F(VAy) + VaFK - W(VAFK)n ]
- b [ F(VaFK) + eVAy - eu(VxY)fi ]
" HHa? [ -£MVxy)n +u»(y)F(VAf/) ]

- [ -^(^xFY)r, + eu(Y)Vxri 

-ew(y)w(Vx»?)»? ] = 0

and hence
VF = O .

Moreover, for any vector fields X, Y on Al4n+1 we get

Vxl = a [ VAr/ + eF(VAFr/) ] + b [ VAFr/ + F(Vxrj) ]

+ r=7^ l ^xFr,^ + w(»j)F(VxH) ]

= a [ VAn + eA(3AA)rj - AF(VX»?) ]
+ b [ -e(dXA)n - eAVxr/ + F(VAr?) ]
+ f^^MVxn)n + (i-^’)vA>?]

+ eA2 [ -e(3xA)(l - eA2)»/ - eAw(VAr/)»/

+ (1 - <A’)F(VXn) ] = 2gAfc^+eA>) W(VA»/)»,

and

(vAW)(y) = 9AW(y) -w(vxy) = aAW(y)
- a [ w(VAy) - Aw(VXFY) ] - b [ u>(VAFy) - eAw(VAy) ]

- 1 U'(V*KX1 - eA’) + “WWVxr,) ]

- [ “’(VxFy)(l - eA2) - eAu>(y)u>(Vxr?) ]

_ .... 2eA6 - a(l + eA2) .... .
= axw(y)---------1 _eX2—- w(y)w(vxt?).
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If
2eA6 

1 + eA2
then

V%t7 = 0 and (V%w)(y) = dxu(Y)

for any vector fields X, Y on Af4n+1.
The above considerations imply that

w(VxK) = 0

for any vector fields X, Y on M4n+I.

Corollary . If for any vector fields X, Y on A/4n+1 and a,b 6 R 

2eA6
= T7ÏV [VxK + £F(V*FK)] + WxFY + F(VxK)] 

e\b
[u,(VxY)r,+U(Y)Vxr,] 

[w(VxFr)r/+u;(r)F(Vxn)] ,

(3-2)

then

(3-3)

1 + eA2 
b

1 + eA2

VF = 0, Vxr?=0, w(Vxy) = 0.

Let W denote the distribution orthogonal to vector field rj with respect to g. 
Then for arbitrary vector field X € W we have

g(X,»,) = w(X) = 0

(see (2.2)).

Theorem 3.2. The distribution IV is integrable.

Proof. Let X,Y eW. Then u>(X) = w(K) = 0. From (3.3) we get

w([x, r]) = w(vxv) - w(VyX) = o, 

what implies that [X, y] € Il

4. The structures induced on hypersurfaces. Let us assume that M4n+1 is 
a Riemannian manifold with a metric g satisfying the conditions (2.2) and e-almost 
contact metric structure (F, w,»/, A, gT) satisfying (2.1). Moreover, let M4n be smooth, 
oriented hypersurface immersed in A/4"41. By A we denote the local vector field 
such that JV is orthogonal to TM4n and </( A’. N ) I Then for each vector field 
X G TM4n + 1 we have the following decomposition

(4.1) FA' \ 1 • «h \ iA
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where ¡p is a tensor field of the type (1,1), y.Y fe 7’A/4”, ii is a tensor field of the 
type (0,1 ) (see, [2]). Then

(4.2) (woF)(X)==(u>o<p)(X) + eii(X)w(7V)

We introduce the notations

, p(N) = ^TMin
A = ii(JV)

The conditions (2 1) imply

(4.4) —eXaj(X) = (wo^X +eQ(X)w(7V) .

For any vector field X we have

F2(X) = F(<pX + eSî(X)N) = <p2X + e«(X)< + e(fi + AiI(X)W

The above relation and (1.1) lead us to the following condition

(4.5) eX - ew(À> = <p2X + eQ(X)£ + e(fi o <p)(X)N + AQ(X)7V

I. If N = r/, then g(<pX,Tj) = (w o p)(X) = 0. Substituting X = »; to the 
condition (4.4) and using (1.1) we obtain

-eA(l - eA2) — (w o y?)(r/) + eft(»7)(l - eA2).

Hence we get

(4.6) Q(r,) = A = -A

and
fi(X) = A— w(X) = 0 for XgTAI4"

1 “■
Making use of (4.6) we can write

(4.7) <p2 = el on A74n

The above implies that if Min is an integral manifold of the distribution W 
(Theorem 3.2), then we have the following:

Theorem 4.1. The e-almost contact metric structure (F,u,tj, A,</) given on 
the (4n + 1)-dimensional Riemannian manifold M4n+1 induces the structure p on a 
hypersurface M4" which satisfies the condition (4.7).

II. If g(N,rf) = 0, then w(AT) = 0 and (w o ç>)(X) = -cAw(X) for X G TM*n , 
w(£) = —eAw(IV) = 0. Moreover, from (4.5) we get on Ai4n:

(4-8) (
p2 = e(I - w®rç-fi®£) 
Q o p = —eAQ 
vt = -eA^ 
n(C) = l-eA2
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The above implies that if the manifold M4" is orthogonal to the field N and 
g(N, rf) = 0, then we have

Theorem 4.2. The e-almost contact metric structure (F,u,rj, \,g) on the 
(4n + l)-dimensional Riemannian manifold Af4n+1 induces the structure 
(93,w,Q,r;, A) on a hypersurface Min which satisfies the conditions (4.8).
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STRESZCZENIE

Niech Af4n+I będzie rozmaitością Riemannowską z pewną strukturą zwaną ’’strukturą £- 
prawie kontaktową”. W pracy badamy własności tej struktury oraz istnienie metryki i konek­
sji liniowej zgodnych ze strukturą metryczną £-prawie kontaktową. Ponadto rozważamy struk­
tury indukowane na hiperpowierzchniach zanurzonych w rozmaitości z zadaną £ prawie kontaktową 
strukturą metryczną.




