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On the First Order Natural Operators Transforming 1-forms
on Manifold to the Tangent Bundle

O operatorach naturalnych pierwszego rzedu transformujgcych
1-formy na rozmaitosci do wiazki stycznej

Abstract. In this paper all first order natural operators transforming 1-forms on a manifold
to tangent bundle, are detcrmined. Fundamental operators of this type are a complete lift and a
vertical lift of a 1-form. All first order natural operators form a 3-parameter family with coefficients

being smooth functions of one variable.

The aim of this paper is to determine all first order natural operators transforming
1-forms on a manifold to the tangent bundle.

We deduce that the fundamental operator here are a complete lift and a vertical
lift of a 1-form.

In the paper we use an invariant function theorem developed by I. Kolaf , [2].

The author is grateful to Professor 1.Kolaf for suggesting the problem, valuable
remarks and usrful discussions.

1. Let M be a smooth n-dimensional manifold. We denote by ppy : TM — M
a tangent bundle and by qps : T*M — M a cotangent bundle.

A classical field of 1 forms w on the manifold M can be interpreted as a linear
map w : TM — R with respect to the vector bundle structure pys : TM — M. If a
1 form w has in a local chart (U, z') on M the local expression w = b,(r)dz’, then
the linear map w : TM — R in a local induced chart (p,'W'(U),.t',X') on TM is of
the form w = b;(z)X".

Consider the tangent map Tw : TTM — TR = R x R. The second component
of the tangent map Q = pr, o Tw, where pry : R x R — R is a projection on the
second factor, defines a linear map Q = pry o Tw : TTM — R with respect to the
vector bundle structure prpas : TTM — TM.

Definition 1. A field of 1-forms Q on TM defined by the second component of
the tangent map Tw, i.e.

(1.1) Q=praoTw:TTM - R

is called a complete lift of a field of 1-forms w on M.
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Definition 2. A field of 1-forms 2 on TM defined as the image of a field of
1- forms w on M under a dual map p}, of the projection pyy : TM — M, i.e.

(1.2) Q=pyw=woTpy : TTM - R
is called a vertical lift of a field of 1-forms w on M.

If a field of 1-forms w on M has in a local chart (U,z') a local expression
w = b;(z) dz', then the complete lift = w° and the vertical lift = w® in the
local induced chart py; (U), z*, X*) on TM are of the form

(1.3) W = bj; X'dz? + bdX*
(1.4) W® = bidz’ .

If ry : TTM — TTM is a canonical involution, then we have a field of 1-forms
woryy on TM

(1.5) w® oty = bj; X'dz’ + bdX*
We need the following invariant function theorem developed by I. Kolaf , [2].

Theorem 1. Let f: R® x---x R®" x R™ x---x R"* — R be a smooth and
k-times -times
Gl(n, R) invariant map. Then there ezists a smooth function ¢ : R*' — R such that

(1.6) f(zi,v%);

We will use the following

Lemma 2. Every Gl(n, R) tnvariant smooth map G : R" x R" x R" x
®2R" — R is of the form

(1.7 G(y', X' bi,bi;) =
= P(y*bi, X'bi, y' v bij, y' X bij, Xy b, X X7by5)

where ¢ : R® — R is a smooth function.

Proof. Consider any Gl(n, R) invariant smooth map G: R" xR" x R™ x R™ x
R" — R such that G =G o ®, i.e.

(1-8) 6(yigxltbnunvi)=G(yi’xi’bhul’)vj) .

By the invariant function theorem there exists a smooth function ¢ : R® — R such
that

(19) é(yiv Xivbisuiq Ui) = (p(y'bi’yiuisyiviaXibl'vxluiaxivl') .
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Taking into account the invariance with respect to u, — k- u; , v;
k € R\ {0}, we obtain the relation

- v; for

T

(1.10) e(a,B,7,6,6,w) = gp(a,k-ﬂ,i 7,6,k - €, % ‘w) .

By the invariant function theorem for n=1, there exists a smooth function y : #* —+ R
depending on two parameters a,é such that

(111) w(a,ﬂ,‘y,&e,w) T 1/)(0,6,/3 i ‘77/3 TWHE T, E 'w) '

Thus, we obtain

(1.12) G(y', X", bi, ui-vj) = Y(y'bi, X 'bi, y'y uiv, y' X wpv), X 'y uwy, X Xuum,) .
This proves the lemma, if we put b;; = u; - v;.

2. In this part we determine all first order natural operators transforining 1-forms
on manifold M to the tangent bundle TM.

Theorem 3. All first order natural operators F : T*M — T*TM set up a
3-parameter family of the form
(2.1) F: bidz' —a(bx X*)[bidz") + b(be X*)[bi, X7 dr' + b,dX*]+
+c(be X*)[bji X dz' + bdX'],

where a,b,c are three arbitrary smooth functions of one variable.

Proof. Any map F : T*M — T°TM inlocal coordinates (z') ou M and (z', X')
on TM is of the form

(2.2) F: bj(z)dz’ — ei(z*, X*)dz' + gi(z*, X*)dX" .

The first order natural operators F' : T°M — T*TM are in bijection with natural
transformations F : J'T*M — T*TM and L?-equivariant maps of standard fibres
F:(J'T*R™);, = (T*TR"),.

The group L2 acts on the standard fibre § = (J'T*R"), in the form

(2.3) b = b;a
We denote by (‘a";, dj, ) the coordinates of the inverse element a~! of anelement a € L2
with coordinates (aj, aj; ).
The group L? acts on the standard fibre W = (T*TR"), by formula
(24) X" = a;X"
€; = ejii{ + gﬁif,-a?X’

9i = 9:55 3
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Any map F : (J'T*R")y — (T*TR")o in coordinates (b;, b;;) and (X", e;, i) is
of the form
(2.5) ei = e;( X", b;, bij)

gi = gi( X", b, bij) .

Our aim is to find a general form of an L2 -equivariant smooth maps e; : R" x R"* x
®*R"> — R": and g; : R" x R x ®2R"* — R"-.

We define an L} -invariant smooth map G : R" x R" x R"* x ®”R"™ — R by
formula
(2:6) G(y*, X', bi,bij) = gi( X", bi, bij) - ' .

Considering equivalence with respect to homotheties y* +— ky' of L} -invariant
map G = g;3* of the form (1.7), we get
(2.7) Y(ky'bi, X bi, K2y bij ky' XTbij, kX 'y’ bij, X' X7 bij) =

=k-y(y'bi, X7,y v bij, y* X7bij, X'y bij, X' X)) .

From this, the map ¢ is linear in y'b; , ¥'X?bi; , X'y’b;; and is independent of
y'y’ bi;, where coefficients are three arbitrary smooth functions p, ¢, r of two variables
depending on b; X' and b;; X' X.

Thus, every L} -invariant map g¢; : R" x R"* x @*R"* — R"* is of the form
(2.8) 0i(X* b, bit) = p(br X*, by XEXYb; + (b X, by XXX )b X7 4

4+ r(be X5, b X X5 X0
with arbitrary smooth function p, ¢, r of two variables. In the same way, we obtain
L:,—invariant map e; : R® x R"* x ®*R™ — R"™ of the form
(2.9) ei( X, b, br) = a(be X*, b X X')b; + b(be X*, b X* X")b,; X7 +
+c(be X*, by X  Xby; X7

with arbitrary smooth functions a, b, ¢ of two variables.

We will consider L?-equivariance of the map F : (J'T*R")y — (T*TR"),. If
the map F is L2-equivariant, then for every vector A = (A}, Ajy) of the Lie algebra
12 of L2 the corresponding fundamental vector fields A, on S = (J!T*R"), and 4,

on W = (T*TR"), must be F-related. This gives the following system of partial
differential equations for maps g; and e; with parameters A}, 47, :

(2.10) -Algj = 56% (—bk AF, X'X™)b; — pAlb;+
+ % (—bk AL, X' X™)hi; X7 — b AF X' — gbe AF; X7 +
+ 3_0:7 (—bx Af, X XM )by X7 — rby ALXE - rby A5 X7
(2.11)  —Ale; - AL XIg, = ;"5 (—bk AL, X'X™) — aA’b;+
+ {%’{, (—hxAf, X'X™ )by, X7 — bbg AE X' — bbe Af; X7+
de

A b A, XUy, X7 — chy AL XY — by AN X0
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First, we consider the differential equation (2.10). Setting A% = 0 in (2.10), we obtain

dp dq or
52 R N
(2.13) gt =00 .

By means of (2.12), we get that smooth funetions p, ¢, r of two variables are indepen-
dent of the second variable. Thus, the map g, : R" x R x ®2R"* — R"* is of the
form

(2.14) g X5 by, big) == plb X* )b, — g(be X* )b X7 — q{bx X*)bji X
Now, setting .4} = 0 in (2.11) and using (2.13), we obtain
da b dc
= il 2= 8
(2.15) =0 =0, 35=0
(2.16) p=b+c , ¢=0.

By means of (2.15), we get that smooth functions a,b, ¢ of two variables are inde-
pendent of the second variable. Thus, the maps ¢; : R" x R™* x @*R"* — R"* and
gi : R" x R x @2R"™ — R" are of the form
(2.17) ed(X*, be, bir) = a(be X* )b + b(be X*)b;; X7 + c(be X*)bji X7

gi(X*, b, brr) = [ b(bk X ") + c(bu X*) 18, .
Finally, using (2.17) in (2.2), we obtain the 3-parameter system of natural operators
of the form (2.1). This proves theorem.

The geometrical interpretation of the 3-parameter system (2.1) of first order
natural operators F: T*M — T*TM is
F:wr abX) w’ +bbiX") w4+ c(b;X') - wory

where w" and w° are the vertical lift and the complete lift of w.
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STRESZCZENIE

W pracy wyznacza si¢ wszystkie operatory naturalne pierwszego rzedu transformujace 1-
formy na rozmaitosci do wiazki stycznej. Podstawowymi operatorami tego typu sg podniesienie
zupelne i podniesienia wertykalne 1-formy. Wszystkie operatory naturalne pierwszego rzedu stanowia

3-parametrowa rodzing ze wspdlczynnikami bedacymi funkcjami gladkimi jednej zmienne;.






