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Lista problemów

riepeseitb npoójieM
, I

V/. HEMGARTNER Departeinent de riatheaiatiąues, Unlversitc
Laval, Quebec, Canada

Let E be a domain of G and lot a be a e,iven analytic 

function of E such tnat |a(.z;|<1 for all z t D . ,e say 

that a »lapping f s EC D—>G is in h(.E) if there is a neigh

borhood VE of E such that f satisfies the P.E.E.

f=U7 = atzJfjAz) .

i'or E^CE ,-we denote by the uniform closure of n(.E

on E^ .

a) Characterize the compact sets K. of E seen tnat 

WJK = CU)Ah(.K°)

bj Characterize the compact sets K of D such that

hU)K = C(.K)A h(.K°J

J.G. KRZYŻ (.Lublin, Poland)

1, Let f denote the fumiliar class of normalized unrva 

lent functions and put for n<N

Jz / ffa)]D = 1 + b5jn\fj z + b^n\f? z2 + ... .

shown by ¿. G. Eizyż Jiinn. Univ. i.ieriae Curie-SEŁonowsUa 

.ect. A 5H19GO), we nti/e for any fixed n€H
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where m = i,2,...,n+1 , f£S and K(z) = z (1 + z)~ ,

(i) Given n€M , find tne best possible mn such that (m) 

holds for all 1^m^mn .

(Ooviously n + 1^inn^2n ; Big = )).
(ii) Kind stiarp estimates of b^R\f) for m^mß » or possib

ly for m^2n .
•

2. Let f be locally univalent in the unit disk D . If the 

values of log f' are situated in a horizontal strip of width 

5f tuen obviously f is univalent in D . Does this statement 

remain true under a weaker assumption: The intersection of every 
vertical straight line with the set |log f*(z) : ztüj has 

linear measure at most SC ?
I

R. KDUMAU (Halle, GDR)

Zur (geschlossenen) Jordankurve C auf der Zahlenkugel 

seien Xg (mit der reziproke kredholmsche Eigen
wert (vgl. z.B. £l], [jjJ) und qc (mit ü^qg der

"Spiegelungskoeffizient" von C . Dabei sei Qq = (1+qc J/U-qg) 

das Infimum der Dilatationsschranken, die flir quasikonforme 

Spiegelungen an C möglich sind. Es ist Xq 1 bzw. q^ 1 

genau für C = quasikonformer Kreis, ferner Xg = qg '= 0
J

genau fUr C = Kreis oder Gerade. I'Ur witere Zusammenhänge und 
Literatur vgl. man tt-

1.) Es gilt

U) Xc ¿q? / 3-Xc •

Der linke Teil dieser Ungleichung (Ahlfors) i3t scharf, waghrsche

inlich stets nicht der rechte Teil. Man verbessere dementsprechend
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die Ungleicnung 3Xq bzw. suche die zugehörige scharfe

Ungleichung der Fora Qq f(,X q) !

2.) wie au aan die Aussage " C sei nahe einem Kreis"

(.in einem möglichst schwachen Ginne) präzisieren, uaait (.womög- 

lich'mit einer expliziten Ungleichung) Hieraus folgt, daß Xq 
und q^ nahezu = 0 sind ?

5.) Nach gilt bet C oo für 1/2 , daß C

in einem konzentrischen Kreisring mi.t dem Radienverhältnis

2 rS-1/2 - Xc> ' n
. (2) J~»(1 ----Xq) ~ t 1 - hulersche Gamwafunktion)

liegt, ferner für qc < sin^Y?- 1)JT/2| = 0,605... , daß C

in einem konzentrischen Kreisring mit dem Radienverhältnis

13) 4Jt' arc cos2qc]4 sinQ1+2JT “^arc

liegt. Diese Grö en (.2), (.3) lassen sich wahrscheinlich stark 

verkleinern, inan verbessere dementsprechend (.2), (.3) !

4.) Hach Schiffer (vgl. z.B. £lj, s.36) gilt

falls es eine schlichte konforme Abbildung des Ringes r^|z|^R 

(.0 r ^1 ^R 4 + °°) gibt, bei der |z| = 1 in C übergeht.

Gilt (.4) auch bei Ersetzung von Xq durch- q^ ? Sine entspre

chende Frage entstecht bei Verallgemeinerungen von (.4)- - vgl. r'J. 

Selbst die Grenzfälle r = 0 und R = + 00 von (4) sind 

ungeklärt.

5.) Ist d der transfinite Durchmesser von C 00 f p 

der Radius der größten von C umschlungen Kreisscneibe, dann 

gilt die (sicner unscharfe) Abschätzung [2]

(.5) (.1^) R/d^. exp ^2K +-6log2 + 2 ^-arc cosqG )

Jabei Dezeicüiiöt R ~ O>5>77*»* nife Julerache Konst;ante und
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= P */ J1 die Bulersche Psif unktion. man verbessere {$) b2w. 

bestimme gar die zugehörige scnarfe Ungleichung !

o.) i'Ur die regulären Polygone C ist die möglichst 

Konforme Spiegelung nicht eindeutig bestimmt Gilt dies fUr

jede Jordankurve C , die ein Polygonzug ist ?

Schriftum

[1} Gaior, 1)., Konstruktive methoden der konformen Abbildung, 

Berlin-Göttingon-Heidelberg, Springer, 1964.
JpJ Kühnau, R., möglicnst konforme Spiegelung an einer Jordankur

ve, Jahresber, lA.iV«

[3J SchoDer, G., estimates for Fredholm eigenvalues based on

quasiconformal mapping, Lect. Kotes math. 333(1973)» 211-217.

R.J. LIBARA, B.J. ZLOÏKIBJICZ (Kewark, USA ; Lublin,Poland)

1) Suppose f(.z) is univalent and convex in A and its 
2 5

inverse is x(,w) = w + f + ¥?> ♦ ••• •

Because there are convex functions for which the series for J(w) 

converges only in Iw|<2 + 6 , the Cauchy - Hadamard formula

shows . sup cannot De bounded.

However the following is known:

(a) IÎnI ’ ¿»2,3, •••»8

Several autnors have given this bound for n=2,3,4 . References 

are given in "Barly coefficients of the inverse of a regular 

convex function", R.J. Libera and B.J. Zlotkiev/icz, Proc. A.id.S. 

35(1982), 225-230, wnere proof is given for n=2,3,4,5,6,7

I.T.F. Campschroer, "Coefficients of the inverse of a convex 

function", Kov. 1983, iiept. of Math., Catholic Univ. of Kÿmegen,



Llet of Problems 313

The Letnerlands, uas given a proof for n=b.

(.b) sup ^>1 , for n=10 .

This wa3 snovtn by «V.L. u.irwan and G. Bchober, "inverse coeffi

cients for functions of bounded ooundary rotation", a. i/analyst 

Math. 36U979), 1Ô7-178.

Consequently, tnese problems can be posed!

Ci) Is sup |j-9| ?

(li) Find sup I'Jf'nl ’ n=1O,11,12..............

p
2) Suppose F(.z) = A^ z + A2 z + ... , F(.O) = 0 ,

F(.a) = a , 0<a<1 , and |f(z)| <( B , B>1 .

In the manuscript "Bounded univalent functions with two 

fixed values" (.to appear, Complex Variables) R.J. Libera and 

B.J. Ziotkiewicz have shown

la) |AJ 4C^3)2 •

and

l»> |a2I 2^,2 - I .

(.a) is sharp, however (,b) is not likely to be sharp for all 

a and B . Little else appears to be known about other coeffi

cients. Hence, we suggest finding sup ¡A^l , k^2 .

'f.H. LAC GREGOR (.Albany, DBA)

Throughout let U denote the set of functions tnat are 
analytic and univalent in (3 = fz : |z| and let 3 uenote

the subset of U given by the- normalizations f(.O) = 0 and 

f'(.O) = 1 .
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1. A sequence {i‘nj o£ families of analytic functions is 

defined in tne following way. Let Fq = S* denote the subset 

of S for wnich f(/\) is starlike with respect to the origin, 

inductively, f€ F provided that f is analytic in A .and 

tnere is a real number ot and g£Fn_^ such that 
lie j 0 for |z|^1 • Note tnat F^ is tne set of

close-to-convex functions.
(a) Find a geometric and an intrinsic characterization of F^rt S 

for n^2 .

(.b) Lind the closed convex hull of i'n for n^2 .

(.c) is S contained in the closed convex hull of F (.for
oo

some n ) or of U Fn ?
n=1 n

2. Let F denote the sot of functions having the represen-

tation

flz)
I

1x1=1

1
11-xz)

for |z| ^1

wnore jy. is a complex valued Borel measure on ?A . It is 

known tnat each spirallike function and each cldse-to-convex 
function belongs to F , but it is not true tnat UCF ^Indiana

\ "I
Univ. i.iatn. J., to appear!.

(.a) Are tnere other interesting subsets of S which are contained 

in F ?

lb)

lc)

ld)

Characterize Ur)F . 

If fill/,? what can 

Loss each function in

be said about inf l/UI ?

S have the representation 

d^lx ,y) for |z|^1 , where

is a complex valued borel measure on 1' = x ”?A ? 
le) Characterize those functions analytic in £l which also
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belong to F .

3. Find the linear span of U . [T.n. macGregor and

G. ochober, J. math. Appl., to appearj.

4. Characterize pairs of sequences fzQJ , such

that there is a function f € S (,or U) for which fiz^.) = w^ 

for k=1»2,...

5. Let zk = e
i*t

Oi < . ..< et / otn+2Jf

<k=1,2,... ,aj where

and (J2< ... < (5,1+2jr
wk = e

'l'hen there is a polynomial p such that p is univalent in A 

p(.zk> = ior lc='l,2,...,n and |p(.z)| O for |z| ^1 

and z / zk r [j. Math. Anal. Appl. 111(.1^b5), 559-?7o] . How can 

the smallest degree of such polynomials p be descrioed in 

terms of °tk and p> k ?

6. Let I =
-1 i2* 

^Jo dQ where 0^r<1

X>0 , n=O,1,... and f is analytic in A

(a) Find the maximum of I where f satisfies Re f<z)^ 0 

for |z| 1 and f(,0) = 1 . This problem has been solved
for A^1 ^Linear Problems and Convexity Techniques in 

Geometric Function Theory, Pitman, Boston 1984, see p. 79j • 

It is open for 0 A ^1 and n^1 .

Qb) Find the maximum of X wnere |f<z)|^1 for ,z( 1 .

This problem has been solved for 0 A ¿2 [Ann. Univ.

M. Curie-Sklodowska Sect. A 36/37 (19^2/d3), 101-111} 
Complex Variables 3(19^4), 135~'l67j. It is open for A 2 

and n^, 1 .
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0. aUR'JIO (.Jyvit3kyJ.a, flnlund)

1, It is possiolo to find a set iiCR and a quasi symmetric 

function : H—>R such that for some oc , 0i€(0,1)

X*U) 0

/ 0 >

..i re X denotes iiausdorff measure.

. Let p : fo,40)'---- > ¡d,w) be a houioomorphism, i)CRn ,

n^. : and £': L —-Vitn . Then f is p -quasisyuimetric if

P<1-> • Whenever 4 * •

Problem: Is there u bounded domain 1) C Rn and a p-quasi- 

symmetric function f : 1) —»Hn such that

|f'|^Lr(D) , <y>n .

fit, LUdCimJaYH (wilrzburg, •Vest Germany)

1. Let S be the usual sot of normalized univalent 

functions in the unit disk D . lor f€ S «rite

«O
TO7 a ZZ v"

■ k=0

and A = max Ja^ | , ki»i , It h... been shown ^huseneweyh, i.iath. 
¿>

Anu. 256U976), 21?-22?J tnet a° , >.=1,2,3, , if a£

are the .coo£X'icie&fca of 1/f^ , f0 the hoebe function. On the 

other onad tuore exisx.,» an exaiupj.G Jt)xj.ui>chkG*>he.ucchiidj
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Pommerenke, J. reino angew. ¿.ath. ,j$b7U93o), 172-I66J wnicu 

prove8 that

' Ak / Otk**) , X= 0.0642 .

Determine the correct growth of the sequence A^ , k —*<5°

2. Let n*N . Then there exist constants mn 1 with 

tne following property: if a polynomial p(.z) = z + ... + anzu 

satisfies

min |p'(.z)| > m 
|z|^1 n

then p is univalent in D . It is Known (.Luscheweyh, Thapa: 

to appear) that

Or 7t n+1
“n = 1 cos nTT 7 cos 2HT2 5

is a possibly choice, «/hat are the best values for mn ? 

J. Let TCH and let A,j, be the set of functions

) = 1 + zftz
kef

akz

which are analytic in D and satisfy f(.z) / 0 , z6D . l’he 
following was conjectured ^tuscheweyh, Wirths, preprint]:

At is compact if and only if A^ does not contain non-constant 

entire functions which do not vanish in C . This is known to be 

true in tne following cases:
i) 22 1/k' Z eo rRu-ii’l], and

k£T L J
ii) T contains only finitely many even numbers {huscneweyh, 

Salinas, preprintj , where Ay, turns out to be compact.

4. Let f(.z) = z + a->z + ... , g(.z) = z + b2z + ... 

in co(S) , the closed convex hull of S . Is it true that

be
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k=1

;nat if one replaces 3 by the class of close-to-convex

functions ?

■j, T0PJ1LA (.Helsinki, ¿'inland)

J. ¿awrynowicz and 3. Toppila proved: 

l.C £ is an entire and transcendental function then

lim sup

•Open question: Joes there exist an absolute constant 

¡uch that

or any transcendental meromorphic function f ?
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