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1. Introduction and notations. Let f and ¥ be functions

analytic in the unit disk K = {z : IZI(‘l] . 'he function £
is said to be subordinate to the function F in tho disk K

(we write f-dF ) if there exists en analytic function (J such
that @W(0) =0, |w(z)] 1 for z€K and f(z) = Flw(z)) .

For classes of functions and for sets we assume the following

notations:

S 1is the class of functions f analytic and univalent in the

disk K and such that £(0) = £ (0) = 1 =20 ;
8,CS 18 a fixed family of functions such that for any function

€S, and for any s , Is1{1, we have f(sz)/s €5, ;

§° and S: are the well-known subclasses of S of functions

convex and starlike of order o , 0& & {1, respectively;

A, (n=1,2,...) is the class of functions analytic in the disk
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K of the form f(z) = anzn + am,lzn” teeo %} 03

B, (n=1,2,e..) 18 the class of functions w analytic in K

and such that (2) = c;z® + cp 2™ eil, ¢ D0 and

lwez)) 1.
H(z) = {w(z): ‘“’“’n} , z€K .,

Hn(z) is the generalized Rogosinski’s set whose boundary

is composed of three arcs [5] :

(1.1) w=z°(9)= lzln”eie , arg 2By !2-{ O ( erg 22+ %3( s

(1.2) w=z,(a) and w=2:(a) , Wwhere 31(1)% o
0\< a \( 1 o

Properties of the set H (x) .

(1.3) H.,(ze“’) = eitﬂ.,(f-) v Hy(s42) C By(8y8)

where t 18 en arbitrary real number end 0 e ¢ 8, 1.

Qulz,8,) = {u tu= F(b)/F(z) , F € so} ;

where 2z€ K and the point b ,runs over the set Hn(z) 5

The following relations hold [2] 3
(1.4) Q1(zoso) =] Q1(lz|oso) ’ Q1(ros°) (4 Q,l(R,So) ’
0dr R {1 ,

D(a,5,) = n Dy(a) 4 Dg(a) = {zex 12z £ ,f(a)l}.
165,

For any real t snd 0 rd R {1 we have [5]:

it t
(1.5)  D(ae’ 18,) = ot D(s,5,) and D(r,S)) C D(R,S.) .
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In paper [5] the authors determined, among other facts the
set D(R,S') » 0dR < 1, whose boundary has in polar coordi-

nates the following equation

(1.6)  ¢(8) = - [R2+4Rsin% +1- ﬁzmnam-% +1)2 a2,
0 6 { 2x.

In 1935 M. Biernacki posed and partially solved the following

problem: determine the number
(1.7) r, = r(4,8)) = inof ©(L,F) ,

where f€A , FES £4F and

r(L,F) = sup {r : [:¢F A 0d)1z| (r)] = |f(z)|<\F(z)l}.

From (1.7) it follows that if z€K and |2} =R r  ,
then the inequality’ |f(z)|< [F(z)] ceases to hold for all func-
tions £ and F . The aim of the present paper is to solve the

following problem:
Let R, 0(B{1, £6a , F€S,, fHF and f4F,

t(R,2,F) = sup {c : (0121 ¢R) = |1zt L |E(2)| >} .
Find the number E
t_ = t(R,A.,S ) = inf t(B,f,F) .
ol %’ t,F
1t 0(RY Ty s

IS <R 41 . In this paper we are going to determine the numbers

¥ c
t(R,An.SO) for SO = s* ’ S1/2 , &and S~ .

then to=1 , hence we may assume that
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2. Main results.

Lemma. Lot p=r2(1+R%) , q=TR(1+T2) , A=A(r,R,a)=
2 452 h 2 4 .2 -
=pa“=2qa+r R“+1 , B=B(r,R,a)zpa®~2qa+r +R“ , G=G(r,R,a)=

1+r M“r PR . G1=G(r,r,a) 5 A1=A(r,r,a) . B1=B(r,r,a) ]

172r{R {1, 0&€ag1 . Then Gé"’l“

Proof. 1t is known [4] that G,' ‘g r/(1-r) . Theref‘ore it is
sufficient to establish the inequality G £ G, , that ia

—
(1+1)2 fAB £ (1+R)2 A.B 1+(R-I‘)(1-1‘R)N » where W=2r2a2+2r(1+r2)as

S o
+1+r . Since fA,‘B,‘ =1'('1+I‘2)(1-8)1H ’ H=!‘2('32-251)+’l-r2~u:4

on taking the squares of both sides of the above inequality and
dividing through by 2r(1+r°)(R=r)(1-Rr)(MR)%(1-a) we get

(2.1) ar%k £ wy®'

K = ra5+(1-r+r2)a2+ (r"1~1-r-r +r5)a~r0 5(r~ -1-2r—r +r4)

since 0 B {1, the inequality (2.1) is a fortiori satis-

tied when 2r°k { WH , and it takes, after some transforaations,y

the form P(a)), 0O, P(a) = 2r [a“+(1\-2)a3+(0,5r"2-r""..2..2m1'5;):
+(r" 14 2-r-2%13)arr~ 141 5-r +0, 51‘] #
We easily see that P “(a) &£ 0 und min P(a) = min [P(O) P(1)]
0 e
which completes the proof the lemma.
Let r  {r K= lz| , r, bLeing defined by (1.7), Let us

now set
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(2.2) L(B,r,n,S)) = sup{\r(ﬁz)l/lrun t L€A, , FES, , 24 p},

and l(r,n,So) = L(r.r,n,So) .

Theorem 1.
I‘2 +
BB yr nov,

(2.3) L(R.r.n.s,f/z) L

n
r_ As+R
———-n if n) 2 .

'Proof. It is known [7] that for fixed a,b€ K the range
of the functional

TG i
(2.4) [ﬁ & :] ; Pesy

is a closed disk whose boundary is given by the equation

2(Q) = (4;ae1°)/(1-be"9) , o 6% .,
Hence we obtain for & = 1/2 that the boundary of the range of
the functional {r(b)h(a)-, res172} is the circle
2.5)  w(0) = 21-a0"1® )/(1-0e1€) , 0g B L2x

with center 8 and radius § » where

(2.6) 8 = QL‘—-—&EE y Q= -|—+ lblz

1 -1Ibl

From (2.2) and (2.5) it follows that (2.3) is equivalent to

|P(w(gz)) -10 |

FG 'l/2| F(z)

|w(§z) 1-ze
. 20p z T
6w 1-W(gz)

where 0(6\(21 » WAaB .,
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It is therefore sufficient to find the maximum of the functior

-16 .
h(b, ©) = I%-‘“‘-‘i—"_i—o—' , 0£06L2% , ve VE (fz) ,
-be
The variable b is restricted to the boundary of Hn(ﬁz) , since
the right member of (2.5) is an enalytic function of that variable.
Suppose first n=1 . By (1.4) we may assume that 2z = R,
'The boundary ?Hq(r) takes on the form

(2.7) =%l Bl 3T
and
(2.8) W = 21(a) and w = Z;(a) , 2-1(&) = %—2 .
0 a1 .
lience if b belongs to the arc (2.7), then
0,00« || ¢ £ 2es,

On the other hand, if b belongs to the arc (2.8), then, on
account of (2.5) and (2.6), we have

h(b, ) 4 Is| + g = J(R,b) and J(R,b) = J(R,b) .
Now -2
JEaqa)) = LR, o

/a8
m
aN
-

gla) being defined in the lemna,
If a=0 , the point b=2,(0) belongs to the arc (2.?) and

we find, by virtue of the lemma, that

2
1+ R
max h(O,b) = & -
beHy(r) S P




On a Generalized Problem of M, Blernackl .. 301

which proves (2.3) for n=1 .,

Let now n 22 . It is easy t9| show that if b belongs to
n+

the arc (1.1), then h(b,8) H— —1'—*—17?3 .
-r

If, on the other hand, b belongs to the arcs (1.2), that is, if

n
b=(§z) %—E——g—i , then Ibj{x™ , whence

no,8) { & ++Ba .

If now a=1 , 9:% and z -= Reix/“-n) » then h(0,@) =

n
= i— -1-1&-5 and the proof of theorem 1 is thus completed.
1-r

Theorem 2. L(R,r,n,s%) = L(R'r’n’s'I,Z)‘

Proof. 1t is known [6] that S©C 81‘/2 . From theorem 1

we get 1@
@9)  Jege)] 4 )] € LR,zm,5,%)

c
it t€A, , ¥€S® ad t AP,
Since for the pair of functions

. 2
F(z) = T% € s¢ . f(ﬁz) = F(- -:-;-222) for 2=R and n=1 ,

and
F (2) = € s° - F (5ol 1T /(7w
al2) = nX /(o= ’ fn(ﬁ'lf DLZ’F‘Z ) for =z=Re

and n>2 y the formula (2.9) becomes an equality, the theorem 2
is tnus established.

Prom theorems 1 and 2 we get for r = R the resulvs obtained
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vy 4. bogucki and J. #aniurski.

Corollary 1. [4L

“$/(1-r) 12  n=1 y T2,

l(r.u'sc) = l(r,n,b‘,"/z) = P
o1, Jek if o2 , olrd1 .

3. The generalized problem of M, Biernacki.

From Corollary 1 we ovtain

Corollary 2.

/2 it n=1 ,
r, = A, , 8% = T4, s,;z) =

r, 12 a2 ,

waere .r_ is the unigue Toot of the equation 2r® + r21 . 4.9,

Ineorem 3. 1f-r £ R& 1, then

-
if =1
{R(1+2R) B 4

(3.1) CR, A ,8%) = c(R,An,s,:,z) =JW

) 1
= if nd2.
'fn“' (1+2R)

—

Proof. It is suificient Lo use Theorem 2 and determine the

desired numbers (3.1) from the equation L(R,r,n,s¢) =1, Q.E.D.
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In tne case wnere k=1 , ‘Tneorew 3 implies:

.C .
Corollary 3. If fE€A_ , FES® or F€s,,, aud tl Y,
then

lece2)| £ Jrez)l for ol ,
where
1 it n=1 ,
EE;
Gage=
n
L ir a2 .

B

The number ¢t is best possible.

It is known [4] tnat

b
r/(1-1)° ifh =4 5,
1(r,n,s%) =

2
n=-1 1+
r .( e ) it n>2 .
1-r® <
Hence ( -
J 5-2“? IpE-in= A=
r: = r(An,S') =
l 78 if np2 ,

where rg is the unique root of the equation rn"‘(-'—l--‘-'--r—n)r'd = 19
¢ 1=-r

Toeorem 4. If r LR {1, taen

2

1? (1+R+ 1 1+6R+R€)
. g 2/n
_____éliE:___ if o ;}2 J

)
ek | 1e6ReR2

R
(3.2) t(R,4,,58%) =

!
R
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Proof., waking use of (2.4) and (2.5) with ® =0 and proce-

edings as in the proof of Theorem 1 we show that

n 2
L(R,r,n,8%) = E— (%) if n>/2 :
-7

whence we imuediately obtain the number (3.2) for n 2 .
Suppose now n=1 . In view of (1.3) and (1.5) the inequality
’1‘(2&)' < IF(z)l tor 0¢ Iz|<R e L t(R,A,],S') takes on the

equivalent foru .
(3.3) Flwie))] PR, r=Re ,
which i1es satisfied if

(3.4) H,(r) C D(R,s%) .

The vboundary QHq(r) has in polar coordinates the equation

-
%[(rz—'l)sine + ﬂ-ra)asinae +4r2] .
86 {o,2%)- (Ms2 , 3Xx/2)

\r2 , 0el2, 332) .
L : .
Hence the relation (3.4) holds if

R(Q) < S(Q) for 86(0.'1-) ’ .g(e) being defined by (1.6).

siuce tae fuucilon 3(9) is decreasing in the interval <0,I)

it is sufficient to show that
(3.0) . R(6) L ¢6) , 0L BLX/2 wnd RX) = ¢(T) .

Puging account of (1.6) aud (5.9) aud usiung the notations

1+ Kk
R

(3.7) A = H=ns8in® , P =R+ R'1 + 48in@/2
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the inequality in (3.6) takes oa the form

% FEAR "Pz-?<P+ o, 046 ¢ Rs2 .,
dence, in view of (3.7) we have
(3.8) (a%+481n 0/2)° - 4(a%+4s108/2)
{ 4%sin@(4%-2+45100/2) + 2%(s10%0 +1) , 0 O X/2.

Suppose first that 0 { @ & 2arc cos4/5 . Tnen sin6 >
2 1,68106/2 . Setting u = sin®/2 , to prove (3.8) it suffices
to show that the following inequality holds:

(4%4u)2 = a(a2esu) & 1,6u%(a%uu-2) + 25(2,560%1)
0du 4 oR6. e

whence  16(0,56A%=1)u° + (5-42) [Az = 1,6LA2-'<)u] >o.
Now, this latter inequality does hold, since 4 4% {5 .

Let now 0,6 .{u < ﬁ/2 . Taking into account the fact that
1-2‘31110/2 <ein6 12 0 0{X/2, we find in a similar way
that in this case, too, the inequality (3.8) holds,

Finally, we find tnat the inequality in (3.6) vakes on the

form

5 =1 .
% = e | B2s4R-1- 1(B244re1)2 - 4R? ]= [RtLR.S. )]‘ .

Since the sets H,(r) and D(R.S‘) are extremal, tne number
(3.2) is best possible and the proof of Theorem 4 is thus couple~
ted. \

Corollary 4. If f(-An 1 F€s® and t"\F s then

lecs2 2]  Jeeed)] 1 o€ 2 &0y

where
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{E‘—‘1 £ 1= 1%
(¥2- %" 42 ada.,

is best possible.

Loe nuuber l;:
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STRESZCZENIE

Niech So bgdzie ustalonq podklasq klasy S | niech funkcja

n+l

t(z) = anzn +-a z + e o B8 > 0, bedzie podporzqdkowana

n+l
funkci F S,, € # F. Przy danym R € (0; 1] oznaczamy
przez t(R, ; F) kres gérny tych t >0, ze dla katdego 2z, 0< [z |<R,
zachodz! nieréwnos¢ |t(zt)]< IP(z)'. zaé przez t (R, f, F) kres
dolny t(R. [ A l-‘) przy f & An' F & So. W pracy wyznaczono

» » c
(R, t, F) dla S = S '5112'5'

PE3IME

Mycrs S, duxcwposanmufl noaxaacc kaacca S , nycrs
£(2)= a, 2T + antzn+1""" 8,2 0 G6yAeT NOANMHBHA YNKUMK
Fe So ’ f*l-‘ AXSl RAHHOrO Re(o; 1) o603HaYuM Yepea t R,f,F
TOYHYD BEepPXHDD rpaHp d8TUxX t> o0 , uTo axd Bcex z ,0/( \z\-(R
NCOOAHEHO HepaBeHCTBO \f (zt)\( \F (z)\ . Tyers t aTo Tounas
RUXHAS TpaHb t(R,f,F) axa Bcex f, Fe S,. B paGore onpegaenexo

*® k 4 o
t(R;f,?) AEd SO': S, 81/2’ S .
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