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Uogólniony problem M. Biernackiego dla funkcji podporządkowanych

OóoóiueHHa« rrpoójieMa M. BepHamcoro nna noąanHeHHbix 4>yHKUHÜ

1» Introduction and notations. Let f and F be functions 

analytic in the unit disk K = £z : |zl . The function f

is said to be subordinate to the function F in the disk K 

(we write fF ) if there existían analytic function CO such 

that W(OJ 3 0 , ,w(zjj ^1 for z<K and f(z) = F(W(z)) .

For classes of functions and for sets we assume the following 

notations:

S is the class of functions f analytic and univalent in the 

disk K and such that f(0) = f(0) -1=0;

SQCS is a fixed family of functions such that for any function 

f € So and for any s , |s|^1 , we have f(sz)/s fSQ ;

Sc and S* are the well-known subclasses of S of functions 

convex and starlike of order <*• ! > respectively;

A (a=1,2,...) is the class of functions analytic in the disk
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K of the form f(z) = anzQ * an+1zD+"' *••• ’ an^ 0 ’

Bn {.n=1,2,...) is the class of functions U> analytic in K
and such that U(z) = cBzn + cB+1zn+1 +... , cB^.O and 

kz)| <1 .

Hn(z) = £tJ(z) : O«hn j , z£K .

Hn(z) is the generalized Kogosinski’s set whose boundary 

is composed of three arcs M «

(1.1) w=zQ(0 )= |z|n+1ei® , arg zn+ Q £ arg zn + Jt

(1.2) w=zq(a) and w=z^(a) , where »

0/ a ¿1 .

Properties of the set Hb(z) •

11.3) H1<zeit) = eitH1(z) , H^s^z) C H^z) , 

whore t is an arbitrary real number and 0 s^ s2 1 .

Vi’So) = { u 1 u = r(b)/F(z) , ?iS0J ,

where z£K and the point b .runs over the set HB(z) .

The following relations hold [¿] :

C1.4) Q1(z,Sq) = Q1(|z|,S0) , Q1tr,S0) C ^(H.S^ ,

0 < r < R < 1 ,

Dta,So) = /Q Df(a) , Df(a) = fztKi |f(z)| < ,f( 

fts0

For any real t and 0 r H < 1 we have 

U.5) IKae-1 b,So) = enDta,So) and D(r,S0) C D(R,Sq) .
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In paper w the authors determined, among other facts the 

set I)(R,3*) , 0 ^R 4 1 » whose boundary has in polar coordi­

nates the following equation

(1.6) (0) = [R2+4RsiJ| +1- ^(R2+4Rsin-$; + 1)2 -4R2 ' ,

0^ 6 2X.

In 1935 Biernackl posed and partially solved the following 

problems determine the number

(1.7) rQ = r(A,SQ) = inf r(f,F) ,

where f € A , F€ S„ , f ¿F and

r(f,F) = sup £r s F a (.0^ lz| <rj ,f(z)| li'(z)lj .

From (1.7) it follows that if zfeK and |z| = R ^r0 »

then the inequality’ |f(z)||F(z)| ceases to hold for all func­

tions f and F . The aim of the present paper is to solve the 

following problem:
Let R, 0^R^1, f£An, F 6 So , f=£F 011(1 f -4 F » 

t(R,f,F) = sup |t s (0<lz|<R) =>(|f(zt)| < |F(.z)| )J .

Find the number '

% = ttE’An’So) = inf t<E»f’F) • 
f ,F

If 0 ¿R < r , then t =1 , hence we may assume that O’ 0
r0 O . In this paper we are going to determine the numbers 

t(‘R’An’So) for So = S* » S1/2 ’ and S° ’
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2. Main results.

Lemma. Lot p=r2(.1+R2) , q=rR(1+r2) , A=A(.r,R,a)=

=pa2-2qa+ i,4R2+1 , B=B(r,R,a)=pa2-2qa+r4+R2 , G=G(r,R,a)=

G1=GU,r,a) , A1=A(r,r,a) , B^Blr.r.a) ,

1/2 < r 4 R 4 1 , 0 a 1 . Then G .

Proof. It is known [4] that G^ r/(1-r) . Therefore it is

sufficient to establish the inequality G G^ , that ia 

(1+r)2 1(ab'4 H+R)2 Y AiB^+ (R-r) (. 1-rR ) W , where W=2r2a2+2r(1+r2)ai 

+1+r4 . Sinco fAX =r(.1+r2)(.1-a)YH*» H=r2(a2-2a)+1-r2+r4 ,

on taking the squares of both sides of the above inequality and 
dividing through by 2r(1+r2)(R-r)(.1-Rr)(.1+R)2(-i_a) we get 

12.1) 2r2K wYh1 ,

K = ra^+(1-r+r2)a2+Cr“Z'-1-r-r2+r^)a+0,5(r“2-1-2r-r2+r4)

Since 0 Il 4 1 » the inequality (2.1) is a fortiori satis­
fied when 2r2K WH , and it takes, after some transformations,  ̂

the form P(a)^.O , P(a) = 2r £a4+(r-2)a\(0,5r’2-r“1-2-2r+1,5/^ 

+ (.r~^+1-r-r2+r^)a+r“"'+1,5-r2+0,5r4J

rWe easily see that P"(a) 0 and ^min^ Pi01) = “lb |j?(0),P(1 )J>o

which completes the proof the lemma.

Leti r0 <r4H = M » r0 bein« defined by (1.?), Let us

now set



On a Generalised Problem of M. Biernackl 299

(2.2) L(K,r,n,S0) = sup (j»)l / |F(z)| « t( Aq , PfeSQ , f-{ fJ,

and l(r,n,So) = L(r,r,n,So) .

Theorem 1.

r2 1+R
IT l7r n=1 ’

(2.3) L(B,r,n,S’/2) =
r 1±S If n\ 5
IT ~n n->2 •

'Proof. It is known [7 J that for fixed a,b€K the range 

of the functional

(2.4)

is a closed disk whose boundary is given by the equation

z(©) = (1-aeiG)/(l-be_ie) , 0<©42X .

hence We obtain for at = 1/2 that the boundary of the range of 
the functional ^F(b)/P(a) , P * sq/2 ] iB ttie cir°l®

(2.5) w(0) = ¿(1-ae“1® )/(1-be~ie ) , 9 2X ,

with center s and radius j , where

(2.6) .. “/»-H2 . . .
1 -|b|2 ' «a» 1 -Jbl2

Prom (2.2) and (2.5) it follows that (2.3) is equivalent to 

-i© I

31/2

|F(W(|z))
I Hz) e,fc> I

W(gz) 1-ze*
~ 1-M(jz)

• “ <Bn •where 0 Q g 2 3t
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It is therefore sufficient to find the maximum of the functior

-i6
h(b,6) = b 1-ze

1-be
, 0/0/ 2X , bé'íiyjz) ,

The variable b is restricted to the boundary of HQ(gz) , since 

the right member of (2.5) is an analytic function of that variable. 

Suppose first n=1 . By (1.4) we may assume that z = R .

The boundary IH^r) takes on the form

.. P2.“(2.7.)

and

(2.8) w = z^a) and w = z^(a) , z^(a) = ,

0 4 a< 1 •

Hence if b belongs to the arc (2.7), then

.-10h(b O) _ rf f 1 - Re-i P I / r^ 1 + R
h(b,y) - g- | —r2e-i(© -t) J ET —

On the other hand, if b belongs to the arc (2.8), then, on 

account of (2.5) and (2.6), we have

h(b,0) |s| + g = J(R,b) and J(R,b) = J(E,"b) .

Mow

J(R,Zl(a)) = 0/a 41

g(a) being defined in the lemma.

If a=0 , the point b=z^(O) belongs to the arc (2.7) and

we find, by virtue of the lemma, that

max h(©,b) 
b i H1(r? = ST

1 + R
1 - r£

9
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which proves {2.}) for n=1 .

Let now ai2 . It is easy to show that if b belongs to 
n+1 - p

tho arc 0.1), then h(.b,0) -n— ------—x
1-r

If, on the other hand, b belongs to the arcs 0.2), that is, if 

0 = (-5z^n * i ari ’ then • whance

bib, 0) g- q I 'fft •

If now a=1 , 60(1 2 - Roiir/t-1-n) , then h(.D,0) =

rn
IT

1+R
1-r11

and the proof of theorem 1 is thus completed.

Theorem 2. L(.R,r,n,Sc) = L(,R,r,n,S,,*2).

Proof. It is known fcj that Sc C S . Prom theorem 1

we get :

12.9) / ,P.O)| UR.r.n.S^)

if f£An , »es° and f F .

Since for the pair of functions

FO) = ifj *S° ,
2

fl^z) = F(- ^jz2) for z=R 
R

and

V8> = ^InV/tn-f) Sc , fnlX2>Pn^) for Z=ReiX

and n^-2 , the rormula (.2.9) becomes an equality, the theorem 2 

is tnus established.

From theorems 1 and 2 we get for r = R the results oDtained
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uy Z. Bogucki and J. Aaniurski.

Corollary 1. Qt-J .

rr/Q1-r) if n=1 , r^.1/2 ,

Ur,n,Sc) = l(r,n,S1/2) = -
rn"1. if a^2 , 0<r<1

1-r

}, The generalized problem of M; Biernacki.

From Corollary 1 we obtain

Corollary 2.

1/2 if n=1 ,
r0 = rUn , Sc) = rUn , S^2) =

rn if n>2 .

waere j? is the unique root of the equation 2rn + r0-1 -1=0

Tneorem j. Ifr_ R 4 1 » then

0.1) tlH,An,Sc) = t<H,Au>d*2) =

*f~R(,1+2Rj — “ 1 ’

1

(.1+2R)
=i if n>2 .

Proof. It is sufficient to use Tneorem 2 and determine the

desired numbers O.D from the equation L(.R,r,n,S°) = 1 , ^.e.d
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In cne case wuere R=1 , Tneorem 5 implies:

Corollary 5. If f 6 Aß , P£SC or P € ^V2 aut* f-^P ,

then

|f(.tnz)| < |P<z)| for 0 < |z| < 1 ,

where

tn3
f?

if n=1

ifa “ ■

The number tfi is best possible.

It is known [VJ that

r/U-rr if n=1 ,

l<r,n,S *) =
a-1 • t ) if n>2 .

1-r

Hence

r* = rC A o v n

.s* ) = I if n=1 ,

if n^2 ,

where r* is the unique root of the equation rn~\'l'l~r,
1-r

Theorem 4. If rQ R 1 , tnen

2

<5.2) t<R,An,s’) =

■fl? <1+R+^f 1+bR+K‘J

1 [ ] 2/0 

_1+R+ 1+6R-t-R2J

if n=1 ,

if n ^2
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Proof, leaking use of (2.4) and (2.5) with ot =0 and proce­

edings as in the proof of Theorem 1 we show that

L(R,r,n,S* ) = (3-*~)2 if n>2 ,
K 1 - rn

whence we immediately obtain the number (5.2) for n 2 . 

suppose now n=1 . In view of (1.5) and (1.5) the inequality 
Ji(zt)| |P(s)| for 0 4 Iz I 4 B ~ t(R.,JL|,S* ) takes on the

equivalent form .

(5.5) |P(Q(r))| < |F(R)| , r = Rt ,

which is satisfied if

(5.4) Hn(r) C 1)(R,S* ) .

The boundary ^U^(r) has in polar coordinates the equation

f.

R( ) =

1 Jj.r2-1 )sin© + Tf(1-r2)28in20 +4r2'J ,

©6 <0,2JT>- (TI/2 . 3X/2) ,

L2 , ©6<3T/2 , 5X/2> .

Hence the relation (5.4) holds if

R(0) < ^(©) for © € (0,X ) , .$(©) being defined Dy (1.6)

since tne function £(©) is decreasing in the interval ¿Q,3C} 

it is sufficient to show that

(5.o) . R(0) < $(0) , 0 < © <X/2 and R(X ) = j(3T) .

Taking account of (1.6) and (5.5) and using the notations

(5.7) A = 3 + £ , H = n sin© , P = R + R"1 + 4sin0/2
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the inequality in Q3.6) takes on the form

r H2 + 4 + Ip2 - 4* P ♦ rH , 0 < e < X/2 .

hence, in view of (.3*7) we have 

(.3.6) (.A2+4sin©/2)2 - 4t A2+4sin0/2) <

< A2sin©(.A2-2+4sin0/2) + A2(.sin20+1) , 0 < 6 < X/2

Suppose first that 0 ( 2arc cos4/5 . Tnen sin© 

1,6sin©/2 . Setting u = sin©/2 , to prove (.3.6) it suffices

to show that the following inequality holds:

(,A2+4u)2 - 4(.A2+4u) 1,6uA2(.A2+4u-2) + A2(.2,56u2+1) ,

0<u<0,6 ,

whence 16(0,56A2-1 )u2 + (,3-A2) [a2 - 1,6(.A2-2)uJ >0 .

Now, this latter inequality does hold, since 4 A.2 £ 5 .

Let now 0,6 < u < ~f^/2 . Taking into account the fact that 

sin 9/2 < sin 0 if 0 < © <1/2 , we find in a similar way

that in this case, too, the inequality (.3.6) holds.

Finally, we find that the inequality in (,3.b) takes on the

2+4R-1- ^(.R2+4R+1)2 - 4R2' J = £at(.R,S* )j2 .

Since the sets H^Qr) and D(.R,S*) are extremal, the number 

^5.2) is best possible and the proof of Theorem 4 is thus comple­

ted. 1

Corollary 4. If f e Afi , P € S* and f-A F , then 

|f(,t* z)| < |f(,z)| if 0< a <1 ,

where
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If n=1 ,

(V?- 1)2/n if n ^2

Tne number t* is beat possible.
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STRESZCZENIE

Niech Sq będzie ustaloną podklasą klasy S i niech funkcja 
f(z) - »nzn *'an+lzn+1 * • an b^dzie podporządkowana

funkcji F Sb, i ś F. Przy danym R € (0; lj oznaczamy 

przez t(R, fl F) kres górny tych t > 0, że dla każdego z, 0< fzj<R, 
zachodzi nierówność ^(zt)^ ,F(z)|, zaś przez tQ (R, f, F) kres 

dolny t(R, f, F) przy f fe Ar, F fc S^. W pracy wyznaczono 

t(R, f, P) dla So - S* , S*^2 , SC.

PE3EME

rtycTb So (JaiKCitpoBaHHufi nonKJiaec icnacca S , nycTb 
f(z) = an z1 + 8n<;zn+1+..., an i 0 6y.neT nonumiena <J>ynKu»in 
F6SQ , f^F nna naHHoro H^O; i) oOoaHatmu qepe3 t R,f,F 
TOHHy» BepkHKB rpaHb 3TMX t>0 , w jyi* Bcex z ,o4^z\’4R 
wcnonneHO nepaBeHCTBO |f (zt)j(. ^F (z)| • IlycTb tQ3To tomhs«
hmxhhh rpaHb tQt,f>F) nna Bcex i, Ffe So- B pa6oTe onpeneneHO

nna SQ.x S*, s7/2, S°.

6y.neT



