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_ Introduction. Let D be a bounded N+1 (1 N o0) -

connected domain in the (z)-plane with the boundary

N+1
[= Z ,[_5 €0, (0 Lo N, where [3 (3=2,...,N+1)

=1
form the boundary of a bounded domain contained in the interior
of 1-; » and 2=0 ¢ D , It is known that there exists a schlicht
function which maps conformally the domain D onto a N+1-con-
nected circuler domain G bounded by N+1 circles LJ
(J=1y¢+.,N+1) , and there also exists a nonschlicht analytic
function which maps the domain D onto a N+1 -sheeted disk H
(ct. [1]). In this paper we shall prove that there exists an
analytic function which maps the domain D onto a N+1-k
(0 { k ®{N) -sheets Riemann surface in the unit disk, and give
a uniqueness condition of the nonschlicht wapping. In particular
the cases when k=N and k = 0 are the known results stated
above, respectively. Besides, we shall generalize the result

obtained to the uniformly elliptic complex equation of first

order,
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I. The nonschlicht mappings for analytic functions.

Vithout loss of generality, we assume that the boundary compo-

‘m
nont 1 ., of the dowain is |z| = 1 .

Theorem 1.1, Iet D be a N+1 -connected domain stated as

above. Then there exists a unique analytic function w = F(z) ,

sutisfying the following conditions:

1_)_ w= F(z) maps D onto a N+1-k -sheeted Riemann surface

G in |wl <1 0k .{N) with k+1 boundary components,
2) w=TF(z) maps three points 89 594,046 _[—,'\ onto

1,=-1, -1¢€ L'l t+ lw] = 1 respectively, and maps ,[.}
(§=15..4,N+1=k) onto L, , end maps ay € J—;j (3=2y ¢ 00, N+1-k)

onto w =1, where &y » b,1 » ¢4 SR E' are arranged in

accordence with the positive direction.

rroof. We first prove that there exists a unique analytic
function W = £(2z) satisfying the conditions:

1) W = £(2) maps D onto a N+1-k ~sheetod Riemann surface
in 0 {Re W <1 with the boundary: Re W =0, Re W=1 and
k vertical rectilinear slits in 0 { Re W 1.

2) W = £(z) maps three points aq b,] » Cq € [_\1 onto

the boundary points ieo , =100 , 1 and maps a;i € ‘[—3 (J=2ye0ey
N+1-k) onto ieo , where a4 » b1 » Cq ere arranged on P’i

in e@ccordance with the positive direction, for convenience we
aesumoa,]a'l,b,‘:-'] » ¢ =1,

Inu order to prove the existence of the above function
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4 = £(z) , we find a bounded Larmonic function wu(z) im D
satisfying the boundary condition

Q4 for “ze P'=b{£'-x _[13' )

=
- » Hed-k ve
(1.1) u(z) = 1 govfor *zi€ P ‘= ij PD ~
dj of LoD v 2 & j J=N+2=k o040y L+1

-

. P ) P

where ﬂ = 8y bJ is the curve from ay to bj on 9
r *

P;j = b1 as is another one on P sy J=1yeceyN+1=k ,

and d, (j=N+2-k ,..., N+1) are unknown real constants and

J
bye€ Fj (3=1y+0.,N+1=k) are points to be determined appropria-

tely, so that the conjugate harmonic function v(z) 18 single-
-valued in D , In fact, let U(z) be a bounded harmonic fun-

ction patisfying the boundary condition:

0, for ze [
(1.2) UGz) = 4 1 , for zé€ " Faplle?

0‘3 , for z€ -[_‘j , J=N#2-k ;... N#1,

(j=N+2-k ,..., N#1) are all constants. le denote

where 0‘3
by (A)J(z) the harmonic measure in D with the boundary
condition
P
0, for 2z € F" [—3 ’
(1.3) wj(2)= J=Ne2-k, 000, Ne1

l", for ze€ F{_ ,

(1]
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and we can prove thatl
Igea-ic,Nea-k *°*2 INe2-k,Ne1
; ks z £0
INe1,Ne2~k  ,.0., THe1,K41
( ? &?1 -
here. Ygyu = = ds , 31=N+2-~k ;... N+1 and n 1is the

igd

\
[

on

utward normal on [: . Hence there exist constants rJ

(J=N42-k ye.., N+1)

N+
(1.4)
_j=N+2—k

and the function
ulz) =

(1.5)

is harwonic in D

u(z) =

{1.6)

such that

.-g_y.ds

Ty tig =~ §I} ?n

N+
U(s) +

138%50)
jellvo-k

y 1z=Ne2-k ,..., N&¢1

and satisfies thoe bopndary condition

for z€ [V ,

2€ [1:4- ,

’
0,
1S eF &

g+ Yy for ze [

y J=N+2=k, ..., N+1
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Besides, according to the method desscribed in [1] and [é] el T
we determin properly the points bJ on 11 y  JZ€yeeeyilti=K ,

then the conjugate harmonic funetion v(z) of u(z) 4is single-
-valued in D .
Putting £(z) = u(z) + iv(z) , we are free to choose a

complex number Wo y» 80 that Re WO (:0 or Re wo j>1 , 1t is

clear that f&warg(f(z) - Wo) = Q0 . Moreover, if the complex
number Wo satisfies the condition O <Re ‘Ho (1 and

W € 2([7), then
(1.7) Bparg(2(z) - W ) = 2(N+1-k)TC .

Therefore, W = £(z) maps N+1-k points (Ni+1-k zero-points
of the function W° - £(2z) ) in D to the point Wo . It is
shown that & = £(z) 4is an analytic function as roquired.

If we add the condition v(c,) =0 , then the function

W = £(z) 4s unique.
1w
It is easy to see that w = g(#) = iri-w—"—t waps the band
e i 4

domain onto the unit disk |(w| {1, and then the function
w = F(z) = g(£(z)) is an analytic function desired.

Theorem 1,2, Let D, (&n=0,7,...) Dbe a sequence of N+1 -

~connected domains, winich are of the same type as the dowain D
and {Dn] converge to its kernel D . Then {fn(z)} unifornly

converges to'fo(z) on any closed point-set in D , where fn(z)
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waps D~ onto the Kiemann surface stated in Theorem 1.1 ,

D=0,1,000

froof. We may assume that D, (n=0,1,...) are the circu-
lar domains with a boundary component f} t lz] =1, Gn =
= fn(Dn) is a Riemann surface in O (Re W {1 stated as in the
proof of Theorem 1.1 , and £ (1) =100, £ (-1) = -100,
£,(-1) = 1 . In this case, we can seek an analytic function

fn(z) in D, , which satisfies the boundary condition

O, for 2¢€ [_L' ’
(1.8) Re £,(2) =1 (2)= {1, for ze [}°° ,

dg ’ for =ze Pg ’ 3=N+2-k’l..’N+1

where d? (j=N+2-k ,..., N+1) are all constants, and Iﬁn' ,
f1n" are circular arcs similar to ['  , ['°° 1in Theorem 1.1 .
It is not difficult to see that O {d? {1, J=N2=k ,..., N+1 .,
Having used Schwarz formula in the multiply connected doumain

(ef. [2]), the function £,(z) can be represented in the form

(L) f,(a) = o} f T (2,6)0,(6)a8 + $_(2) = P_(2) +

n
+ §n(2) 3
where Tn(z;t) is the Schwarz kernel of the type
N+1
(1.10) T (2,t) = Pi(z,8) + Py (z,8) , e [ |

.
]
-
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in which
3 n
(1.11) Pd(z.t)=“"z‘22~i , te ["‘g T Ml T Ty
t-2

zg s the centre of ['S , and P,(z,t) is an analytic func-

tion in Dn with the boundery condition:

Re By(z,t) = —Re Q(z,t) + b(z,t) , te [ ,

N+1
(1.12) Qz,t) = 21Pm(z,t) , z€ 1"3‘, 3505000y N41
m=

n#J

In Py(tS,t) = ~In Q(t?,t) | t';e DB, 322,400,041,

where tg (# a'dl ) bl;jl) is a fixed point on F? s JE2yeee,li+1 .

Applying Lemua 5.1, Chapter 5 in [2], we can prove the estimate:

(1.13) Cuc [Fn(z) , nz] _{ N, = My(a,b,cyd, ¢ ,m)

in which o« (0 <1) is a constant, a,b,c represent

3? ) bg (3=1,..4,N+1-Kk) , cg respectively, d (>0) is the
greatest lower bound of the distances between f‘j (=1 ees,h#1),
Dz is the point-set in Dn whose distance from ag‘ ’ bg =10
oeoyN+1=k) , cflx is not less than % (n is a integer).
hccording to the method of the proof of Theorem 3.3, Chap. 5 in
[2]. we can obtain the following estimate of the analytic

function §n(z)x
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(1.14) ( [§n(z) - Bn] -é"a = My, .

Consequently we way select a subseguence of {fn(z)} which con=-
verges uniformly to an analytic function fo(z) on any closed
sot Dy in D , it is clear that fo(z) is not a constant,
and such function is unique, and fn(z) uniformly converges to

to(z) on Dg .

II. The nonschlicht mappings for elliptic complex equations,

In this section, we discuss the nonlinear uniformly elliptic

complex equation of first order

(2.1) w_ = F(z,w,w,) , Fs= Q(z,w,ws)wz 3
z

in a N+1 -connected domain D , We suppose that the egquation

(2.1) satisfies the condition C 4in- D, 1.e. ((z,w,V(2)) 1is

measurable in 2z for all functions w(z) € Wg (D) (2Lp,4e)
0o

and V(z) € L, (D) , and is continuous in w € E (the whole
plane) for almost every point z €D and V €E , and the equa-
tion (2.1) satisfies the uniformly elliptic condition

(2.2) [Fz,w,V,) = Flzyw, V)| L q vy = V5|

fer elmost every point z € D and w € B , where q, (0\<q°<1)

is a roel constant.

<huorew 2.1, Let the cquation (2.1) s:ttisfy the condition

C . lhen there exists a8 sclution
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wnich maps the domain D onto a N+1-k -sheeted Xxiewann surface

in (w1, ofkfN.

Proof. "let us introduce a bounded closed and convex set B
in the Banach space L, (D) (2 {p, { %) , in which the ele-

ments are measurable functions Q(z) satisfying the condition

(2.3) Lo [&2) , 0] Loy {1 .

We choose arbitrarily Q(z) €.B . By the principle of contraction,
the integral equation

(2.4) h(z) - Q(z2)Jth =Q(z) , b=~ ff T —2)° dGI

has a unique solution h(z) € LPO(B) y 2 <P°< p . We can veri-
fy that

7<(z)=z+mh=z-3g IL%ﬁ-_IEldGI

is a homeomorphism on D (cf. [}1). Next we find a univalent

analytic function [(X) which maps the domain X (D) topolo-
gically onto a circular domein H in l]l {1, and aaps
X(ay) , X(by), X(c,) onto the three points a’™, b , €
on l]l = 1 . Afterwards, applying Theorem 1.1, we can seek

’

a unique analytic function w(X ) in H , which maps H onto
a N+1-k -sheeted Riemann surface in [w]| <1 y 8o that
Wiy (aJ))) = &y | w(}(X(b1>)) a =1, W(}(X(c,l))) = -

and wt:((x(fs))) =Ly, W=, =l etk

Yutting w(z) = w(J(X(2))) , w(X) = w(J(X)) and using the
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priceiple of contraction, we can find a unique solution

n*(z) € Lp (D) for the integral equation
0

(2.5) n'(2) = Uz, %(2),w (X )1+ h*))- (1+Xn*) .

Let (_'(z) = h'(z) /(1+Tn*) . It is obvious that Q"(z) satis~-
fies Lo[Q (2) , b'_] £a, {1 . #e denote by h = 5,(]) a mapping
from Q(z) to h(z) , by n"-= Sa(w) "a mapping from w(z) to
h’(z) , end by Q’: 5() a mappinglfrom Q(z) to Q'-(z) 5

i'o prove that Q. = S() 4is a continuous mapping, we select

- -
«(2) € Lo (D) , 1=0,1,2,¢.. , Where n]i.:l.po[Qg(z)-Qo(z) » D] =

= 0 . According to the method of §3 in [4], we know that

u]j;ap Lpo hn(z)-hO(z) ) D] =0, where h =85,(Q,) , »n=0,1,2,..

and the corresponding sequences of functions {}n(xn(z;))}
uniformly converges to }O(X o(z)) on D ., On the basis of -
Thcorem 1.2, we can sec that w (z) = wolT n(x (2))) uniformly
converges to wo(z) = w,( Io(xo(z))) on D . In the following,

we shall derive

Lo [+ . -
(2.6) nl_j;n:' Lp.o [hh(z)—ho(z) p ‘D] =10, ¥

L
waere h = Sz(wn) y 0=0,1,2,... . For two arbitrary positive
co stents £, and £2 y there exists a subset Dy in D,
so that -mesD.<£1 and (cn]<52, z € D-Dg , for n>N,
where c (2) = Q(z,wn(z),w;(')ﬁ)(%l'h;))-(1+'JTh;) -

- QUzywo(2); WX )(1+Th3))- (14X hy)

and I is o sufficiently largo positive number. By the H¥lder
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inequality and the ilinkowski inequality, we have

(ilpo [cn ’ 3] \( Lpo [cn b D‘] + Lpo [cn ’ B-D'] £
£ o, [cn . D']-Lpa['l_ : D’] ¢ ey [1 x B-D,J £

i 1/ A/p
(2.7) 2Lp1[1+7(h° . W e £, st /P

AT
/

/p, 1/p
/p‘+ & P =

1/
42( &, i +Ap1Lp1[h° ) DJ »E,
L= £ ’

where P2 = PgPq /(p,‘-po) (o <p° <p1< p2<ao ), n} N

and Ap1 is a constant satisfying fy oA‘p,! <1 . Next, from

the integral equation

hp(z) = h3(z) = QUz,up,u (X )T B$))- (1+ITLY) -

(2.8) _
= Wz, w0 ) TR~ R BG) + cp(2),

We can conclude

(2.9) L -n - DJ cn ; D] /(1—-2;1\%) A
< -
In virtue of ° lim L, c,_,1 . D] , it follows n]f;m,. Lpo[q oo

n—yoo
’ D] 0 . Afterwards, by using Lemnma 3.3 in [4], it is “57 1

8€e that 1lia L IQn(z)-Q (z) , D] 0 . Thereforse, "- = 5(])
N ~yoo

18 a continuous uapping on LP‘(D) .
o
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Similarly, we can verify that Q¥ = S(Q) maps B into
a coupact set in B ., 1t followas from tne Schauder fix point
theorem that there exists a moasurable function Q(z) € B, 80
that ¢ = S(Q) . We denote h(z) = 5,(%) and X(z) =2z + Th ,
and the corresponding function w(z) = w(} (x(z))) 1is exactly
a solution of (2.1) stated as in Theorem 2.1.

walting use of the same method as that in the above theorem,

we cen prove the following result,.

Theorem 2.2, If the nonlinear equation (2.1) satisfies the

condition C, then it has a solution w(z) , which maps the do-

wain D onto one of the following Riemann surfaces:

(1) F+i-k (0 ¢ k { N) -sheeted Riemann surface, the boundary

of wnich consists of rectilinear slits.

(2) N+1-k (0 £ k { N) -sheeted Riemann surface whose bounda-

ry consisty of some spiral slits.
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STRESZCZENIE

W pracy tej wykazano, ze istnieje funkcja analityczna niejed-
nollatna, ktéra.odwzomwujo obszar D o rzgdzie 'apdjnoécl N + 1
na (N +1a k) listhq powierzchniq Riemanna nad kotem jednost-
kowym, 0 < k £ N, Podano warunki jedynoéci takiego odwzorowa=
nla, Wynik daje sle uogélnié na rozwiqzanle ukiadéw jednostajnie
eliptycznych plerwazego rzgdu.

PESIME

B nanroft pa6ore onaaano,' 9TO CymeCTBYCT &HAAMTUYECRAR
HeoxroxmcTHAs QyHKnma, KoTopas oToOpaxaeT (N+1) ~ CBA3HYD oGxa-
crp D ua@+1—k) - ApCTHYD PUMAHOBYD NMOBEPXHOCTb HANL ORUHMY-
HHM RpyroMm, O £ X £ N . [JoxyueHpO YCJAOBMA E€AMHCTBA JTOro OTO-
6paxenun. [loayueHndwe peayabraTH 0606mADTCA HA pelWeHUM pABROMEDP=
AHX 3AXANOTKYECKUX CHCTEM NepBOro nopaAlKa.






