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. Introduction. Let D be a bounded N+1 (1 N <f oO ) -

connected domain in the (z)-plane with the boundary 
N+1

(0 ¿«t ¿1) , where H (3=2,... ,N+1)
3=1

form the boundary of a bounded domain contained in the interior 

of , and z=0 « D . It is known that there exists a schlicht

function which maps conformally the domain D onto a N+1-coń- 

nected circular domain G bounded by N+1 circles Lj

(3=1»...,N+1) , and there also exists a nonschlicht analytic 

function which maps the domain D onto a N+1 -sheeted disk H 
(of. [lj). In this paper we shall prove that there exists an 

analytic function which maps the domain D onto a N+1-k 

(0 k -^N) -sheets Riemann surface in the unit disk, and give 

a uniqueness condition of the nonschlicht mapping. In particular 

the cases when k = N and k = 0 are the known results stated 

above, respectively. Besides, we shall generalize the result 

obtained to the uniformly elliptic complex equation of first 

order.
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I. The nonschlicht mappings for analytic functions.

Without loss of generality, we assume that the boundary compo­

nent i .. of the domain is | z | = 1 .

Theorem 1.1. Let D be a N+1 -connected domain stated as 

above. Then there exists a unique analytic function w = F(z) , 

satisfying the following conditions:

1) w = i’(z) maps D onto a N+1-k -sheeted Biemann surface

G in |w | </ 1 (0 k N) with k+1 boundary components.

2) w = F(z) maps three points a^ , b^ , c^ 6 _f7( onto 

1 , -1 , -i i L1 : |w| = 1 respectively, and maps

...»N+1-Ie) onto , and maps aj e (3=2,...,N+1-k)

onto w = 1 , where a^ , b^ , c^ on are arranged in

accordance with the positive direction.

Proof, tie first prove that there exists a unique analytic 

function W = f(z) satisfying the conditions:

1) W = f(z) maps D onto a N+1-k -sheeted Biemann surface 

in 0 (fie if <1 with the boundary: Be W = 0 , Be W = 1 and

k vertical rectilinear slits in 0 Be W .

2) V - f(z) maps three points a^ , b^ , c^ € onto

the boundary points i« , -i.o° , -1 and maps e (3=2,...,

N+1-k) onto i»o , where a^ , b^ , c^ are arranged on

in accordance with the positive direction, for convenience we 

assume a^ = 1 , b^ = -1 , c^ = -i .

In order to prove the existence of the above function
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(7 = f(.z) , we find a bounded harmonic function u(.z) in D 
satisfying the boundary condition

0.1)

P' Kfor z e £ = Z_
j=1

p„for z C I =
j=l

dj , for z e Pj , 5=N+2-k ,.. • > N+1 ,

where Pj’ = a^ bj is the curve from a^ to bon Pj ,

P-j** = b-j is another one on Pj , j=1,...,N+1-k , 

and dj (,j=N+2-k ,..., N+1) are unknown real constants and 

bj e P- (. j=1,... ,N+1-k) are points to be determined appropria­

tely, so that the conjugate harmonic function v(z) is single- 

-valued in D . In fact, let U(,z) be a bounded harmonic fun­

ction satisfying the boundary conditions

0.2) UQz)

for z fe P ' ,

for ze ,

, for z£ Pj , j=N+2-k N+1,• • •

whore oc

by GljCz) 

condition

tj=N+2-k ,..., N+1)

the harmonic measure

are

in

all constants. We denote

D with the boundary

for . z € f- n •

0.3) Oj(x)= ,
i , for z € P

j=N+2-k,...,N+1 ,
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and wa can prove that

rK+2-k,N+2-k ’**•’ IN+2-k,N+1

/ 0 .

•’■N+l ,N+2-k .......... IK+1 ,H+1

where i;... - I ds » i=H+2-k N+1 and n is the
J Pi

outward normal on P . Hence there exist constants 

(,3-.N+2-k N+1) such that

(1.4)
K+1 r ~

ÏJ hi ’ - L • “«♦»* .........  "*1 •
j=N+2-k JP

and the function

N+1
(.1.5) uU) = ü(z) + 5~ ïj

j=l!+2-k '

is harmonic in D and satisfies tho boundary condition

1 0 , for Z £ J7' ,

(.1.6) u(z) = < 1 , for z€ ,

*3 + ta ’ for ae Pj , j=N+2-k,...,N+1
l
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Besides, according to the method described in [ij and [2] , if 

we determin properly the points bj on , j=2,...,H+1-k ,

then the conjugate harmonic function v(.z) of u(z) is single- 

-valued in D .

Putting f(z) = u(z) + iv(z) , we are free to choose a 

complex number '•'¡Q , so that Re 'HQ or Re WQ 1 , it is

clear that Aparg(f(z) - iVQ) = 0 • Moreover, if the complex 

number WQ satisfies the condition 0 Re 'UQ 1 and 

W„ < f(F) , then

(1.7) Aparg(f(z) - WQ) = 2(N+1-k)JC .

Therefore, W = f<z) maps N+1-k points (H+1-k zero-points 

of the function WQ - f(z) ) in D to the point \1Q . It is 

shown that H = f(z) is an analytic function as required.

If we add the condition v(c^) = 0 , then the function 

W = f(z) is unique.
iJTw

It is easy to see that w = gOV) = ^£50-----~ maps the band
e + i

domain onto the unit disk (w| 1 , and then the function

w = P(z) = g(f(z)) is an analytic function desired.

Theorem 1.2. Let Dn (ns0,1,...) be a sequence of K+1 - 

—connected domains, which are of the same type as the domain D 
and converge to its kernel Dq . Then {fQ(z)j uniformly

converges to 'fo(z) on any closed point-set in D , where fQ(z)
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maps D onto the Niemann surface stated In Theorem 1.1 , 

n=0 , 1,...

Proof. We may assume that Dn (n=0,1,...) are the circu­
lar domains with a boundary component P, : |z| = 1 , G =

= fn(Nn) is a Rietnann surface in 0 Re ff 1 stated as in the 

proof of Theorem 1.1 , and fn(-i) = ioo , fnQ-1) s-io«, 

f (-i) a 1 . In this case, we can seek an analytic function 

fQ(z) in Dn , which satisfies the boundary condition

(1.U) Re fQ(z) = rQ(z)

0 , for zf pn' ,

1 , for z€ fn" ,

d^ , for 2<P“ , j=N+2rk,...,N+1

where dj (j=K+2-k......... N+1) are all constants, and PQ' ,

PjP are circular arcs similar to P' , P" in Theorem 1.1 , 

It is not difficult to see that 0 d, j=N+2-k ,..., N+1

Having used Schwarz formula in the multiply connected domain 
(of. pj), the function fn(.z) can be represented in the form

U.9) fa(z) = ( Tn(z,t)rn(t)d0 + $Q(z) = PnU) +

^n X
+ ±nU) ,

where Tn(z,t) is the Schwarz kernel of the type

N+1
(1.10) æn(z,t) = y~ j?.(z,t) + p*(z,t)

te rû I
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in which

(1.11) Pj(z.t) = t+z~ 2z;i , tef“ , j=1,...,M+1 ,
t-z

Zj ia the centre of , and P#(z,t) is an analytic func­

tion in Dn with the boundary condition:

Se P^(z,t) = -Re Q(z,t) + h(z,t) , tifn ,

N+1
(1.12) Q(z ,t) = zz pm(z,t) , z« r?. d=i,....N+i » 

m=1 “ J
m/d

Im P,(t&t) = -Im Q(t?,t) , Pn , d=2,.'..,K+1,

where t“ (/ aj , bj) is a fixed point on Pj , d=2......... K+1 •

Applying Lemma 5-1» Chapter 5 in [2], we can prove the estimate:

(1.13) 0K [pn(z) , D“] U1 = M^a.b.c.d.ee.m) ,

in which ot (O<£ << ^1) is a constant, a,b,c represent 

ad ’ bd (d«1»....N+1-k) , c* respectively, d (^>0) is the 

greatest lower bound of the distances between P* j (d=1,••.»K+1), 

D® is the point-set in whose distance from a^ , bj (3=1,..

...,N+1-k) , c“ is not less than (m is a integer). 

According to the method of the proof of Theorem 3.3, Chap. 5 in 
pJ, we can obtain the following estimate of the analytic 

function ?n(z) «
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(1.14) [$Q(z) , = M2(Mq) .

Consequently we may select a subsequence of ^fn(z)j which con­

verges uniformly to an analytic function fQ(z) on any closed 

sot Dt in Dq , it is clear that fQ(z) is not a constant, 

and such function is unique, and f (z) uniformly converges to 

fQ(z) on D# .

II. The nonschlicht mappings for elliptic complex equations

In this section, we discuss the nonlinear uniformly elliptic 

complex equation of first order

(2.1) w_ = F(z,w,w ) , F = Q(z,w,w )w

in a N+1 -connected domain D . We suppose that the equation 

(2.1) satisfies the condition C in- D , i.e. ^(z,w,V(z)) is
/I

measurable in z for all functions w(z) 6 W' (D) (2 £ p / oo )

and V(z) 6 Lfo(D) , and is continuous in w £ E (the whole 

plane) for almost every point z £ D and V £ E , and the equa­

tion (2.1) satisfies the uniformly elliptic condition

(2.2) fFiz.w.Vp - F(z,w,V2)| q£)[vl - V21

for almost every point z £ D and w 6 E , where qQ (o4qo<^D 

is a real constant.

x'hoorem 2.1. Let the equation (2.1) .-visfy the oondition

g_ . l'hen there exists a solution
equation (¿q)
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wnlch maps the domain D onto a N+1-k -sheeted Riemann surface 

in l"l < 1 , 0 k N .

Proof. 'Let us introduce a bounded closed and convex set B 

in the Banach space LpQ(D) (2 £ pQ , in which the ele­

ments are measurable functions i^(z) satisfying the condition

C2.3) Lw [<i(z) , d] qQ 1 .

We choose arbitrarily ^(z) 6.B . By the principle of contraction, 

the integral equation

(2.4) h(z) - Q(z)JCh = Q(z) , h

has a unique solution h(z) 6 LpQ(D) , 2 ^pQ^ P • ,ie oan veri­

fy that

XU) = z + lh = z - J J d6~J

is a homeomorphiBm on D Qcf. [$])• Next we find a univalent 

analytic function J (, X) which maps the domain X-(^) topolo­

gically onto a circular domain H in » and maps
XQh,) , /(b^ , X(>cn) onto the three points a' , b' , c' 

on |j| = 1 . Afterwards, applying Theorem 1.1, we can seek 

a unique analytic function w(X ) in H , which maps H onto 

a N+1-k -3heeted Riemann surface in |w| 1 > 80 that

j(X (a^))) = 1 , w(J (X(.bn))) = -1 , W( J(.%(c1))) = -i 

w(J(X(.Pj))) = L^ , |w| = 1 , j=1..........N+1-k .

Cutting w(z) = w( j (.% (z))) , w(X ) = w( J (X )) and using the
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principle of contraction, we can find a unique solution

h*(z) 6 L CD) for the integral equation 
po

(2.5) h*(z) = Q(z,w(z),w'(X )(1+Jt h*))-(1+X h*) .

Let <*(«) = h*(z) /(1+3th*) . It is obvious that (¿*(z) satis­

fies Leo[Q (z) , dJ qQ 1 . He denote by h = S1(Q) a mapping

from Q(z) to h(z) , by h* = S2(w) ’ a mapping from w(z) to 

h (z) , and by Q = S(Q) a mapping from Q(z) to Q (z) .

I'o prove that = S(Q) is a continuous mapping, we select
« (z) 6 Lx, (D) , n=0,1,2............ where lim L [Qn(z)-Qo(z) , Dj a

n->»o -^ou J

= 0 . According to the method of 85 in [h], we know that
Lpo[hn^~hotz) ’ *0 = 0 , where hQ = S1(Qq) , n=0,1,2,..

&Dd the corresponding sequences of functions il n<XnU))j 

uniformly converges to JQ(£ Q(z)) on D . On the basis of 

Theorem 1.2, we can see that wQ(z) a wntJ niXH(z))) uniformly 

converges to wQ(z) = wQ( J0(XQ(z))) on D . In the following, 

we shall derive

(2.6) lim L ■ |h^(z)-h*(z) , Dj = 0 ,

where h* = S2(wn) , n=0,1,2,... . For two arbitrary positive

co stants and f2 , there exists a subset D* in D ,

so that -mas D * ( £ and 1% | <^ f2 , z € D-D* , for n > N ,

where cn(z) = Q(z,wn(z),w'«<)(1+XL*))-(1+JTh*) -

- (i(z,w0(z), w^(X )(1+3Th*))-(1+3f h*) 

and is 0 sufficiently large positive number. By the HBlder
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inequality and the Minkowski inequality, we have

where p2 = pqPi /(pq-p0) U < pQ p-, <f P2<‘*’ > > nz> K 

and is a constant satisfying 0/V • Next, from

the integral equation

(.2.8)

h*(z) - h’(z) = 4i(.z,wn,w^(.X )(.1+5t d*))-(,1+JVh*) -

- ^(.z,wn,w'(.X )U+Xh*))-(.1+Xh‘) + cn(.z),

we can conclude

(2.9) LpJdX ’ DJ^0.[% ’ 5] ’

In virtue of ' lim Lp Jcn , d] = 0 , it follows ^lim^

» dJ = 0 . Afterwards, by using Lemma 3.5 in D+]> it I3 easy to

see that lim L Iq\z)-q’(.z) , d] = 0 . Therefore, < = S(<J
n—>o» Po n 0

is a continuous mapping on L ’(D) •
po



292 Wen Guo-Chun

Similarly, wo can verify that = S(^) maps B into 

a compact set in B . It follows from the Schauder fix point 

theorem that there exists a measurable function Q(.z) * B , so 

that Q s S(Q) . We denote h(,z) = ««id X (.z) = z + Th ,

and the corresponding function w(.z) = w(j(X(z))) is exactly 

a solution of (.2.1) stated as in Theorem 2.1.

making use of the same method as that in the above theorem, 

we can prove the following result.

Theorem 2.2. If the nonlinear equation (.2,1) satisfies the

condition 0, then it has a solution w ( z ) , which maps the do­

main D onto one of the following Riemann surfaces:

(.1) K+1-k (.O^k^H) -sheeted Riemann surface, the boundary

of which consists of rectilinear slits.

12) N+1-k (0 4 k 4 N) -sheeted Riemann surface whose bounda­

ry consists of some spiral slits. .
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STRESZCZENIE

W procy tej wykazano, śe Istnieje funkcja analityczno niejed- 
nolistna, która odwzorowuje obszar D o rządzie'spójności N + 1 

na (N + 1-k) listnĄ powierzchnią Riemanna nad kotem jednost­

kowym, 0 $ k N. Podano warunki jedyności takiego odwzorowa­

nia, Wynik daje się uogólnić na rozwiązanie układów jednostajnie 

eliptycznych pierwszego rządu.

PE3ZME

B naHaofl paÓOTe AOKasaao, wto cymecTByeT aHazHTJtnecKaa 
HeoAHOJiHCTHaa <J>ymcmia, KOTOpaa OTOÓpaaaeT (n+1) •“( CBHSHy» o5za- 
CTb d Ha^l+1-k) - JMCTHyB PamaHOBy» noBepxHOCTb Han oakhmh-
Hhiu Kpyroit, 0 £ k £ N • nozyneitpo yczoBHa enwHCTBa aToro oto- 
Opajcemia. nozyneHHiie peayzbTHTH o6o6ma»Tca Ha peiueHHM paBHOitep- 
hhx azznnTanecKiix cacTeu nepBoro nopanKa.




