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Let 3 denote the family of functions f(z) analyctic and
ﬁnivalent in the unit disk A = {z 2| {‘1} , horualized oy:
?(0)::?'(0)-1:0 . According to tne Koebe one quarter thecreu tue
omitted values f(z) , f€S , z6 A arc distributed outside tie
aisk W) {1/4 . Let B(f) €A be any set of vulues not acsuasd
by £ in A . We propose to give an answer on the question:
how "large" the set B(f) could be ?

Let wm(B) be the Lebesgue measure of B . If B(f) = A\i(f)
and w(B(f)) 1is two-dimensional Lebesgue measure of B(f) taon

A.#, Goodman [1] showed that

0.5 < ;eug m(B(£)) < 0.7728 W .

Besides, James A. Jenkis [3] proved that if

B(f,r) = {A\ch;}n{w : Wl = r} k

then
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sup m(B(f,r)) = 2r arccoa(&\!?- Br =ET)A T 1/4(:‘(1 .
€S

Thu latter problem was also solved witnin the subclass of S
conaisting of starlika functions w.r.t. the origin (see e.g. [4],
().

At prescnt we tuke up the problem of omitted values within
the class s° cousisting of all functions £f£€3 for which
f(A) is a convex dowain in C . For any f€ S® the omitted
values are located outside Lhe disk |z] {1/2 , tnerefore it is

natural question to find
(i) A(r) = sup w(a(f,r)) , f€s® , 24r{n

viiere m(A(r,f)) donote the Lebesgue ucasure of tne set

ACTVRY™E “f SNTHCIA R 0 Ar={w: le(r]. as well as
(1i)  L(r) = sup m(B(f,r)) , <f€3% , 1241,

1ae class S® forms a compact famnily wita respect to locally
uniform convergence in A » nence for any admissipble r , there

oxists in 3% tne extremal function F say, suca that

L(r) = m(B(F,r)) .

In order to determine the extremal function F we will
recall that if D = £(A) , £€S , then the conforual iuner ra-
dius of D - at the point wéD whicn we will denote oy R(w;D)
is equal to (1 - lzlz)lf'(z)l where w = f(2) . Uoreover,
weéD,Cb, iaplies R(w;n,])(R(w;Da) (see a.g. [2] D8O &
Besides, if a convex dowain D containing the o:rigin is a proper
subset of C then taere exists on A a conformal mapping ¢
sucu tuat £(0) = 0 , £°(0)D0 . If in addition R(O;D) = 1 then

resc
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w6 will aleo need toncorea of Polya anc ozeyB.

Theorew 8. (LEJ p. 01). ouppose taat W, is u poinc of

& . .
a dowain D and tanat is ootained Irod WV Jy oyuwtlilii.dg,

wita respuct to u line pussing tarougn = . Ll 1

R(WO;D) .sR(wo;D.) . squality nolas it L* coiucices witn D .

In fact, we will use Tweorem B in caseé o* i3 & udouuin

obtuined from L Dby tne Stoiner sywmetrization.

2, Auxiliary lemwas. In further cousiuserations we will ues

the following lemmas:

Lemma 1. Let o _ satisfy in (0,%/2) tae eguatlion

(1) ten X = 2o (&, = 1.905...)
Let.

r, :=-2—}r 4 4+ ‘j[a (= 0.594%,..)
and

r, i= 3['/40(0 (= 0.,073...) .

Then for a given r , r,{rd A/4 tee equation

2
2) o (ainfet + &2 - o¢siniek ) = (3{:} r)

hes a unigue root ot(r) in (03 A/2) . If wmorvover r1<r<r2

then ®&(r) € (QO;I/Z) , woile r2<r< /4 iuplies
o(r) € (O5e¢,) .«

Proof. Lot Q(oc) be tne left nand side of (2). Tneu
(P(et) decreases from 1 to (/T )"’ + (2/3t)‘} as OL incre-
ases from O to /2 . This can be seen because q'gu.)(o
in the range (03 3/2) . In fact, iavquality (P'(DL) <0 is

eqguivalent to
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2

«?sin - o - sin“et + ® sin 2a < 0

or
sinzo(_ ~ 20t 8inotcosol + o{.zcoszat > o .

Lividing ooth sides tne latter inequality by coézo( we get

(tane¢ - c()2 >0 which is obviously true. Besides, tne right

nand side of (2) varies in the sane range as the left hand side

of (2) does., Thus tue solution of (2) always exists and it is

unique,

SUPPOUE NOW, r1<r(x-2 i o0& (“o « Then
a2 a2 2
gz 7 £ gp ) =t = guay) L ogLe)

Hence, tnere is no solution of (2) in the range 0<o€ <ﬂto .
Thercfore oL(r) € to(o;ﬂ/a) . Similarly, r2<r4“/4 H
o, /2 implies

2 2
= ol "2 usgr =
gloe) L guacy) = =g ) L (g r)
wnich gives the conclusion & (r) € (0;0(0) 3

Lewma 2. Suppose w, is a poliat of the complex plane C
with [|wg) =1, 1/2{r , re wy = -d  , O<d1\(1/2 y inow, = h>0.
Let $Lw1) denote the family of the sectors

..":{WGC: |arg (w-w0)|<oc} ) 0L LT/ "°°<""Q<U

such that for any S, € 3-'(w1) y W6 93, . Then tne conformal

inner radius R(O;Se ) of the sector See at the origin is an

increasing function of o in the rauge 0(04 {M/2 urovided

1/2Lxr{r, 4 ve Wy = =1/2 . (We recall tuat I, 1s defined in
Leuwa 1). If r,{r{ M /4 ; B(O;8, ) increases in 04 o {eatlr,h)
and it decreeses in o (r,h){ ec {N/2 , woure ot(r,h) is a

unigue root of the equation
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ol Co sk
(3) h cosot + |r° - n sinu-h—-——smd_ 5

L
Proof. -The function £(z) = w ((“z)‘! -1 w_ )0
Proot. - = ¥ {2 P o)

maps conformally the unit disk A onto S € ?(w.\) for soue
w, . Hence R(035, ) = (4/%)aw, . Let w  =d, +d, . Since

d.] = r~ - h H d2 = h/tanx we see tnat

[}
(4) RLU;.&.;) = E"’ -51‘:—“- (b cosa + dre - b.2 sinot)

and

(5) 3% R(038¢ ) = }[-‘i Ei?:_u (h coset + r°-n° sino - %5;;‘)-
Let q(nL) t= h cosal + #rz - h2 sin® = r sin(e« +8)

o b, = T BT
@ = arc sin 3 ; Y“’L)'bsinu .

An elementary computation snows that q(t! )>Y(0L) in the raa-
ge 0dx{M/2 it @x/2) > Y(I’/Z) . The latter ineguality
holds if “1‘2 - 2 >bX/2 or equivalently

- -1/2
(6) b {r(1+ (N/2)%) e

Yo
It S, € Fwy) , re wy = =1/2 then h = (r° - 1/4) and

condition (6) holds if 1/2{r{r, . Thus

T RIS I DO in (03 T/2) .
Suppose r> r, . Froa tne definition of r, we get then inequa-
lity i

(?7) (2 = )1+ (X722 ) D 2 .

ince r°-h° = d_2,‘ ,{ 1/4 wc obtain from (7) tnat

L?'W v (/2)%) >ra or eguivalently ‘ra - n? <n'lr/2
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wnich weans taat qwf/a) < qllﬁ‘/:} . moreover, (_'(5(/2 - 9)>
> Y(X /2 - ©) . iherefore thero exists the unique o= ol(r,h),
®/2 - arc ein h/r £ ot(r,h). .( X/2 suca taat il%.‘ R(0;8¢ ) > 0
in (05 &(r,a)) snd e B0ise) {0 1o (at(r,h); T/2)

and hence the result.
Rewark 1, A simple calculation shows that (3) is equivalent

to

(8) uz(sinzu + d,z - ot8in 26L) = re sinoe .

Now, 1f we comsider (8) and

2
(9 e )

as 8 system of equutions then the solution of(r) of (2) as

well as

(10) n(r) = % ( %Bﬁ%ﬂ )

foruw tne solution of the considered-system, Besides,

2

(11) r2 - né(r) L.

That lattor inequality can be seen as Lollows: .
4o substitute r and h(r) into (11) from (2) and (10) resp.

in order to get
(12) o(‘“(sinzu + oLa - otein 2ot - ainq'cl.) <(2/Jt‘)2 ¢

Tne derivative ot cthe left hand side of (12) is equal to
2(tanot -~ o )(20t ~ sin Zol.)a"cos_zot and hence positive in
(0; ;t/2) .

It follows from (4) and {(3) that

o(r)

R(O’bﬂ(r)) =5t ¢ sinoC(T)



Convex Mappings and the Lebesgue Measure of Omitted Values 275

If we choose n to be given oy (10) tnen R(U}3 Pi="a0,
o(r)

From Lemma 2 and Remark 1 we get

Corollary 1. 1f r,{r{X /4, olr) is toe root of (2)
and b = h(r) is given by (10) toen for any pe&lv; W/2) ,
[ # o(r) R(0;Sy ) <1 provided sp € Fw,) , w, =

2 2

=~-\Ir" =-nh + in .

3. Main result.

Theorem 1. Let m(B(f,r)) denote the lincar weasure of the
set {A\f(A)} n {w oWl o= r} . Let moreover L(r) =
= sup m(B(f,r)) , £€S® . Then

kP
2r arc sin 4r2r L ad 1/2{r{r,

L(r) =
21j arc sin E‘%)- p LT Lrdr;
2
where h(r) = % ( 1;& ) and ol(r) 1is the root of the

equation (2).

The supremua L(r) is avtained by the function

o=
¥lz) = % {L-}Eﬁ)r - 1} with o = X/2 if v2{c{x,

and &= o(r) if T, {r (r2 . lne pumbers r, , r, are defi-

ned in Lemma 1.

Remark 2. If r,‘<_r<r2 then tne function F waps the
unit disk A onto the sectar

{w i Jarg(w + -l:—’ti-)l 4 ac}
wh X i the disk | {'r
086 vertex v = - g 1is located inside the dis | .

Remark 3, If 1/2 <r<1“1 then tne extremal function F
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supti tie unit digk A onto & hulf-plane. Taerefore we obtain

iucediutely

Theorem 2, Let wm(A(Lf,r)) denote the area of tne set
AI.\ L0008 Ar ={w : IWI<r} » and A(r) = sup m(A(f,r)) ,

r€s5% , Then

A(r) = r° arc cos E% --g— ‘4r2 LT gl 'l/2<r$r,1 d

The supremum A(r) is attained by tne function F(z) = T—-;-L'Ilz ¥

‘n\:'].

4, Proof of Theorem 1, Let r be fixed in the range
1/2{r{r, and lot D= £(4), £€s® . We observe that f can

not ve extremsl if D can bo expanded to a convex domain D’
wnile the set of points on I|w| = r outside both domains D as
woll ss D° rewalns the same, The reason is that if ID ¢’ 5
then K(03D”) ) 1 . Now we may arrange such a variatiowm of D’
waich provides a convex domain bL°% with R(0;D°’) = 1 and at
the same time the Lebesgue measure of the set of points on
l#] = r outoide D’ will grow. Therefore if f is an extremal
function then the boundary 6f D consists of the stright-lines
sopuents or nalf-lines as well as the circular arcs located on
faf=r . ‘

suppose that tuere exi:;'ts a fuuction £€s5° suco tnat
c(B(f,r)) >L(r) . #e will show then that tne above assumption
would ]:cn{, to a coatradiction.

Lct D = £(A) . Then there is a supporting soctor 4,
D€ 4 waich hus the followling property:

Lenote vy Vv tne vertex of 4 and ‘D4 consists of two
aalf-lines 1, , 1, say. Tnen the set VDA 4 Afw s |w|=r}

nas couuon cut points 29 9 25 Zy 0 2y suca that
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290 2, €14 , 25,24612 and
Iz = VI & l2gpq = ¥ » k=1,3 (i WILr taen z4=z; ; 2=
=2,) .

Now let 5; pe the sector ootained from ﬂ oy the

Steiner symuotrization wita respect to the line
w=(z2—zq)it+%(z2+zu) 5 te(-oo; +00) .

Hence DC4 implies R(0;D) { R(u;4) wnile R(0;4) £ R(O;4g)
according to Tneorem B.
-
We may assume without loss of generality tnat 5,1 € ';Lw.‘J.

wnere
, . 1
= ¥ - b" +ih , h=-2|22-zul .

If we exclude the trivial case 5; CFLA) then. tilé-ses
8% 0 95A)  comsiats of wo soiats Jyo o8 Uil <174
32 = 'f.‘ . inere are two possioilities: 1 ¥4l {r or \]1\2‘, .
Suppose '3»" <r . Then there exists a scctor &g (witn

the same (3 ) such that 5;C S and
?SP nOF(A) = PF(A) I‘\{w : wl = r} i

Obviously, @ a(r) . Therefore from Corollary 1 iv follows
that R(0;Sp ) {1 .

Assuune now |j,1| }r . In this case taoere exists a sector
S:; (with tne same 4 ) suca that ﬂ:C 36 whose boundary
half-lines are tangent to |w| = r . tence R(O;S; ) =
= (4/%)r (B/sinp) and [ does not exceed fp, = arc sin E—%
Since (p/sinp) increases in (U3 X/2)
3(0355 ) £ /% rarc sin 1/2r . But (8/T)r2arc sin 1/2r < 1
tn 1/24rg 1272 . '

Pinally, from both cases it follows that R(0;D) = £7(0) 1
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contrary to the assumption D = £(fA) , £€s® .

Tfnus tne proof of Tneorem 1 is complete,
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STRESZCZENIE

Niech D _ = iz& [ rz I< r} v Dy - D,C =2 Dr' Oznaczany
przez S klaag unormowanych funkcjl jednolistnych w D; ponadto
L(rM) oznacza miarq tukowq zbioru c.n (D \ (D)), zad A(r,t)
miarq plaskq zbioru D\ t(D). W pracy wyznaczono kresy gérne
L(rt), A(v,f) dla funkcji { wypuktych,
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PEJ3INE

NMyers D, = {zec : |2\ 1}, D, =D, C_ = aDr. Gepes S
0GOSHAYNM KANCC HOPMMDOBAHMHNX GyHKLMA OBHOAMCTHHX B D ; nyeTs
L(r,£) — -ugpa cucrews myr CI’\(D\ £ (D)) ) A({:,f) - maockasn
uepa MAOXECTBA Dr\ f D) . B aaxuoli pa6ore onpeaeNeRH TOUHHE
DepXHHE I'DaHM LQ:, 1), A(r,r) aag ynxuumu £ BNOYKAMX.






