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Ao Let ,Ur = {zec : |z <r}, U = U, leud-lecnd = H(L)
be the fawily of all holoworphic functions in tune unit adsic: U,
B)_r N we denote its suofaunily of the functions f pnorualizey Oy
condition £(0) =0, £°(0) =1 and by 3 tae fawily or iae
fuanctions we€Hh suca toat w(0) = 0, IWLZ)|<1 Ior ze€vu ;

Ve say that t 18 subordinate to ¥ in U and write
£t<F , if toere exists a function w € B such that z(z) =
= F(w(z)) .

Let £ , g € i be of the form

sz) 2 a

‘°+a1z+ ey g(z)=b°+b1z+ cee o

The convolution or hadamard product of the functiions 1t

aad g is defined as follows

£ : ' y
(£ #¥g)(z) := 8oby + aqbqz + ...

; ¥ .C
Lot, as usual, s denove tne class of norwalized couvex

ufmivalent functions iu the unit cisi U o
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-
Polya and Scuoenverg L2] conjecturcd that:

fheorom 1, 1t F , G € 3° then F #G € s® ,

Wilsl [15] conjectured that a wmore general theorem is satis-

fied:
thoorea 2. If F , GE€ S® and £ AF, then L£%GA PeG .

Wilg [‘Ij] provud only that fheorem 2 iuplies Theorem 1. These
two i(heorcms were proved oy Ruscheéweyh and Sheil-Small [5]

Qedes Kanmen and J. Stenkiewicz studying the problewms on sub-
ordination and convolution, coajectured tnat the following theo-

row holds:

Tneorea 3. If F, G € 8¢ and £4F , g AG taen
teg 4 F¥G .

In tne special cuse g =G this theorem coincides with Lhe-
oreun 2, :

This probleus were published in [9.10] and proved by Kkusche-
weyn and J. ostankiewice [6]. In Theorem 3 we can dropp the norus-

lization and obtain tue followlng

lneoreu 4, Let ¥ , G € § be any convex univalent functions

iw U, I f4F end g-XG tasn £z AF G .

2. S, kuscueweyin [4] vegan invesligetions of tae neigabour-
hoods of umnivaleut function in conmection with coavolutioa of

luncvioas, he used Bowoe new definitions of the kuown classos
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of fuuctions. Lhnese uerinitions depcnd on tane coucept of coavolu-
tion. These investigations were continued by (.I. Ranman and
J. Stankicwicz [)] and others E?,’\'],’IZ].

how we give some exauples of suca classes Ior whicn we can
find tne equivalent definitions depeunding on couvolution.

Let us put
S:{fé N z1,22€U v 24 # 2 = f(z,l) # f(za)} ,
b" = ix(N : Re(zf’(2) /f(z))_>0 for z€U } 5
5: = {i’i N : re(z2 (2) /J.(z))>ac tor zGU] 9 c(.e<u,1} ,
s* ) = {fen : z2£7(z2) /2z) 4 G(z)} , G€d , G(0)=1, ofagu;

and

¢ 2
5’ =1n(z) = :|x=|y|=1},
i (1 - x2)(1 - yz) |

z z L L
s*’:{n(z):————.-r(it-ot) :‘céR}, o¥ ¥,
< (1 - 2)< 1=z

pe
Z

3% ‘)

t x| = 1 .

7 = G(x)
(1 = 2)° 1=z

; 2 . . *
Lhcorew 5. iet & be oue oI the classes S , o7 , oﬁ )

5*(3) and o  the corrcepoadini cless witn tue priwe,. roen

for every funcvion f£é€é I tne followiug conditions are secuivelens

( i) feyg ;
(ii) for eccu n€sg and for cack z €U , %(f# n)(z) #0 .

’he sscond coundition gives tue new definition of tae corres—

pondingy class & woich is expressed oy the convolution,
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sue proofs of Tacorew 5 Lor differuat classcs vie can find in

[, # 1, 12].

Dol ST oph & Az §28 4 8222 + ceo €N aud S>O We put

J‘(g(i) 1= {g(z)=z+bzz2+... éNngak‘ak-bkl(g} o

Such a sab JT (£) is called a f—neighbourheod of a given
function £ (c.Z. [4], [14])
For o given f€ll und arbitrary ¢, n (£ -cowplex, n -

-natural) we define

(£(z) + f2) /(1 + §) for n=1 ,
1(z) + £2° for n)2 5
using Lnsorvw 95 we can obtuin sowe interesting resulls soout

tus neighbouraoods Jﬁ (£) . woe can deteruine vae numbars

‘" = \l’ (i, S »%J) Buch that Glhe following theorem holds:

LLEOTCW e Mt 2N 00 a givea class of functiona, Let

¢ >U . und 0 -natural nuwber be fixed. if for every £,

{61 &  the functions B e,(z) vbelong to & . ~then
Lho lunctions 4 L8.20ngE Lo, LI

J’.";, a) C & , Asre Y=Y ¢,<) not depended on £ .

In pervicular wo nave

(Ln,S,S:)= 1-w)é

"
-

cos for n
fleasp

-

}dco“‘p ftor n = &H35uea
!

¥aeIxre
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5 = {féN : Re (eP 227(2) /2(2)) D 0 for zeu}

ig the class of p-npirallike functions.

Some otaer results of this «ind are ziven in [5,%,11,12].
The results on the neighbourhoods of fuactions are clostly rele-
ted to results of paper [&] waere an influonce or souwe C::anges of
the coefficients on the propertiés of nolomorpnic functions are

investigated.

4. Theorem 2 nas an application in a proolew or inrlucace
of sowe integral operators on subordination, wasen the wajorizsa
function is coavex. In this direction tae iuterssting resuls is

given in [}]: )

Thoorem 7. Let txq_ . QB y=se be a sequonce of complex

numbexrs such tnat

g Al |2 i) -l -2]

where
W o0
n=1

o9
o :.Z“im i Am z=Z 228 | no=4,5,... .
o=

It P€s® and £4F then

ey o
(B+2_ o« B2 < (B+ b ¥ « _B)F
m=4 . as4
where
z
Bglz) := glt) /v dt 3% := BKDm_15) .



256 J. Stankiowicz, Z, Stanklowicz

Tueorcas % and 4 nuve also sows application ia the tusory
of coamplex runcvions. In [o] soud siuple wpplications of Theoren

4 are giveni

incoren O, ket .lrJ=a°+u.lz+ eee €1 and let

Fla) = hy t Agk ot ees € 1 wap univalently voe uait disk U onto

a convui dowuin. I £ 4 ¥ Ltava we have

lgL?#_.’_{/ -4 @_:__‘?‘._:’-'—t'. _*'_E/ ] n= 2'5’ cee

a n

Z faklz £ < Z [AKIE 2K
k=0 k=0

oo L) %
. D==n K n—n_k -
%_-;) a B .4 :LZO ASE 2 IR T T T
and

8.
Ei’lakizm é l?___'(:)IAKI&“ 4 cl il S Beis ok

k=0

2. Let <, V be iwo fixed classes o holomorphic functions
in U . If necussary we suppoee that they are cowpact or convex.

benote by & ® V ihe following class of functions
¥V = {f:q#v ! géeQ , v‘Vf o

Taus by Theorsm 1 w¢ have
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Remark 1, s®# 3¢ = s°

For given class  1let 4Q denote the class of all func-
tions which are subordinate to any function of tioe class & ,
that is

4Q 3= {heﬁ:chere exists fé€g , h‘(f} "

Thus by Theorem 3 we have

Remark 2,  4S° o 45¢ = 43¢

It is natural to ask: are tnere other classes with this pro-
perty ? Is it casy to deterwnine a class « ¥ V ? what can we
say about the extrem points of a class & ¥ V when the sxtrem

points of § and V are given ? A partial auswer gives the
following theorem.

ITheorem 9, Let EQ denote the set of the extrem points of

% .1If Q, V are compact and convex taoen

E(Q® V) C Eqw &V

~froof. 8y the definition of extrem points we have: v §zv=»

=» tlLere exist AﬂO,‘l)Landlv,]eV y Vo€V, v, #v, and

v=Avy+ (1-A)v, . Thus if 2€Q#V and f§EQ¥EV then

there are functions q€Q , ve€V such that V*A‘V (or q*ﬁ.;,)
and f = q¥ v . Therefore

f = q*(Av,l + (1-A)v2) = /\qlwr,1 + (1-/\)q¢v2 = Af,‘ + (1-»!2

where
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1',]=q-rv1eqn' 0 12=q¥v2eQ*V and fq"fz .
Chis iuplies that £ € E(Q*V) .

Lot £ , «£1, denote the class of functions

P = {péﬂzp(0)='l, Bep(z)}x for zeuf ~

iheorem Y°'. For &« = 1/2 we have

Pmof B =505
BlPqyp ¥ Pypp) = BPy )y ¥ EPyp = BPyyp o
Proof, It is easy to obsorve taat
91/2 = {p‘H : plz) R1/(1 - z)}
and that for every h€Hd we have
1/¢1 - 2z) ¥ h(z) = h(z) .

If p, g ¢ 91/2 then by Theorem 4 we have

1 S|
Pra y_ ¥ 13

and therefore p#q € P1/2 . lhis gives P‘I/Z* P1/2 e P,‘/2 0
9ince 1/(1 - z) € P’I/2 we havo P1/2 C P1/2 * P1/2 5
16 is known that EP,,, = {‘1/(1 - x2) ¢ |x} = '1'} . Thus

1}

1 0 ‘“ 1 1 iy _,-
m.e,l/ai’-m’,va '{’Y-xz*']-yz’lx"ly' 1} I

={T‘:l;3;=lxl=lyl=1}={a":jﬁ=lﬂ

o gy ea

The last theorcu is a special case of the following geunerel

tieoram,
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Theorem 10. Let (4 € (-=,1> and y = 1=2(1-w)(1-p)
Then '

; P¢ * Pp = PT ’
E(E‘!*Pp)=EP“¥EPP ’EPT .
Proof., We observe first that

P, = {peﬂ : p(0) =1, plz)42a=-1+2(1=0d)/ (1= z)}
and that functions

P (2) :=2°L-1+2(1-o¢)/(1-z)=Q’-*U-O‘-)%:—E

are convex univalent in the unit disk U .

Thus for p€P, and Qg€ Pp we have

p#a3Dp, *Pp =Py

and therefore P, ¥ Ps € Py .

Now let hé€P., . Thus h+ Py This implies that

0
p(2) = =% - 29+ D)+ 21 FE0p, - 27 D+ 20- 1 =
w0 & P )
= pg (2)

belongs to the class Py . Putting qlz) = Pp (z) € Pp we havo

plz)wq(z) = h(z) .

This means that PT C P, ¥ Pp and the first part of theorem
is proved, '

To prove the second part it is enough to observe that
Ep, = (p“ (xz) ¢ [x]| = 1}

and
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Pu(x2)¥py (y2) = poulxyz)
where 4 = 1=2(1= o)1~ () is deternined in Theorem 1U.
Kemark 3. Yor o =@ =0 the class P°.='. P is the class
of Caratheodory functions with positive real part and we have
P¥P=P, .
If peP, Q€P then Re (p#q)(z)> -1 Zfor z €U .
If peP, q€¢P then Re (p#q)(z)) 0 for zeU.V3 o
Two first results follows immediately from Theorem 10. The
last we obtain by the fact that
(p#*a)(z) P_4(2) = =3 + 4/(1 = 2) = (1 + 32)/(1 - 2z)

and j.-_,ltb,h,;) lies entirely in the right half-plane,

_©. lhe classes P, uwmay be related with some subclasses of
I . Some of thew are the subclasses of the class 5 of univalent

functions:

‘{fGN:f'(z)GP‘z = {f&N:Re f'(z)),ct for z‘U}

L

(zen: 88 ep, ] - {féNxRe-r—é-z—)-)e( for zeu}

Ko

. 4
. )

where .4‘\(1 .
For o €{0,1> we have R, CS .,

Tneorem 11, Let o, € (-0,1) and T = 1-2(1-)(1-p) .

(1) E,.# Ka = KT
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(2) ELK‘#KO ) = Bl * EK# = EK-'- 5

(3) K¢'RP =Rr ’
(4)  E(K # Rp ) = EK 4 Ekp

B
*

Proof. To prove this theorem we observe first that
(5) %(f'g)(z) = %ﬂ‘. Sé.z.l 7 z2(Lgg) = zEe2g .
£°(2) 4 £422

6)  (fee)’(z) = HE yg’a)

Now suppose that hé€éK, % Kp , that is h = f#g where
f&K o » gk - Thue by the definition of Ky f(z)/2eF, .,

g(z)/2 € Pg . Using (5) we have by Theorem 10

Béﬂ - i%ﬁ) % szﬂ) € Pp

which implies that héKgp .
h(z)

Conversly, let heé K,r . Then - € P,r and by Theoream 10,
there -axists two functions p , @, péPy , Q€Pp such that
P&Q=y‘zﬂ . Ifweput £ =12p, g=12q9 then fEKyg , Q6&Kp
and (2¥g) = (zp)¥w(2q) = 2(p%kq) = 2z -Qéi)- = h(z) . It weans that
h € Kg #Kp and the equality (1) is proved.

Using the result of paper [1] we see that
BK, = {zp_‘,(xz) : Jx| =1 I
and therefore

SKg % EKg = {up.( (xz)) ¥ (2pg (y2)) ¢ 1xl = 1¥| = 1} =

= {Z(p.‘ (xz)#¥ py (y2)) : Ix| = |7l 1} = {zp.‘- (xyz) : Ix| =

byi= ’1} = gzp,r (xz) le‘.: 1} EKT(z) p
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which gives (2).
Using (6) and Theorem 10 we can in an enalogous way prove (3)
and (4).

In particular case L=f = % we have:
Remark 4. K1/2 L2 K1/2 = K1/2 .

Since the class .-11’,2 is the closed convex hull of the class

s¢ (sce [1]), then we have
cl co S® # ¢l co 3° = ¢l co S©

where ¢l co Q denotes the closed convex hull of Q .

l. Let g, V be fixed subsets of H . (If necessary we sup~
pose that Q , V are compact or convex). Let © denote any rule
acting in 4 (féH , g€H =L @ g € H). We define the set
Q ©®V as follows

QO V= {h:ngxfCQ, gev}' .

As some specilal cases we may take
a) £ @ g 1s the convolution f¥g '}
b) £ @ g is the sum of functions (f + g)(z) = £(z) + g(z)
c) £ @ g 1is the product of functions (f-g)(z) = £(z) g(z) .
It will be interesting to find a such additional condition
that .
E(QO V) = EQ@®EV

or

5(Q @ V) € EQ ¢ EV
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where @ 1is any rule of tne kind a), b), c) .
For the known classes Q , V to deteraine the classes Q & V
in a different way as by definition.

For the case b) we have

Remark 5. Let Q , V be given compact and convex subsets of

H and let
Q+ Va2 {f(z) = q(z) + v(z) : q€Q , vEV} .
Then Q + V 1is compact and convex and

E(Q+ V) = EQ +BV .

Let f£4EQ+ EV but £€Q + V , Then there exist some func-
tions q€Q , VEV, q*EQ (or v#EV) such that £ =q + v .
Since q = /\q1 +(1- A)q2 , where A €(0,1) and aQq #
then = Algq+ V) + (1=ANgp +v) = Az + (1~ e,
where f, , f, €EQ+V, £, 41, , A €(0,1) . This iamplies that
f#E(Q + V) and thergefore we have

B(Q + V) CEQ + BV .

Conversly £ €Q+ V and ¢ *E(Q + V) . Thus we have
£= A, + (1-A), where A€(0,1), f,#%f, and £, ,f,€
€Q+ V . Thus f1=q1+v1,f2=q2+v2,where qQ ER ,
vkev y k=1,2 and therefore

(2
n

()\q1 + (1-/\)q2) + (Avfl + (1- A)Vz) =qevVv .,

If q= Agy+ (- A, €BQ and v = Avy+ (1 Mv, € v

then Q4 q, and Ve =V, gnd therefore f,] =Qqqt V=

=92+ v, =1, . Iuls contradicte that f, # £, . Thus q
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and v cen not be togethor the extremal points, It means that
£ # 1% + EV wnich gives kg + BV CE(Q + V) .

This proves Renark 5.
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STRESZCZENIE

W pracy tej przedastawiono kilka zastosowan splotu | podporzqd-
kowania w geometrycznej teorii funkcji analitycznych. Obok przegla-
du najwazniejszych wynikéw w tym kierunku podano kilka nowych
wynikéw gwigqzanych ze splotaml pewnych specjalnych funkcji anali-
tycznych | Ich punktami ekstremalnymi.

PE3DME
B nauno#i pa6ore mpelCT8BAEHH HEKOTOPH@ NPUMEHEHUS CBEPTHRU
M NOAuMHEHUA B reomMerTpuveckoli teopuu asazuThueckux dyuxuuft. [Dociae
o630pa CaMNX BaxHNX PeSYJAbTATOB B 3TOM HANPABACHUU NPEACTABAEHHX
HCCKOADBKO HOBMX DPO3YyXbTATOD CBS3BHHNX CO CBepPTKAMK CNeUHAABHHX
anaauTHueckux Gynxiuit m UX IKCTPEeMAABHHNMM TOUKAMM.






