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Pewnc zastosowania splotu Hadamarda w teorii funkcji analitycznych

Hexoropbie npMMeHetoui cBeprKH Aflantapa 
n Teoputt aHajiH-TH'iecKHX (JjyHXUMit

V. Let pr = [z»C: |z| ¿r j , U = I., ^alec tl = HU) 

be the family of all holomorphic functions in cue unit b

By It we denote its suofaiaily of the functions f normalised Oy 

condition f(Q) = 0 , f\0) = 1 and by 3 tne family of cue 

functions wfrh sucn tnat wfO) = 0 , |w(.z)|<1 for z€ u .’

•Ve say that f is subordinate to J* in b and write

L 1 , if cnere exists a function w 6 B such that fQz) =

- M»)) .

Let f , g € H be of the form

f(.z) = aQ + aqz + ... , gQZ) = bQ + b^z + ... .

lha convolution or hadamard product of the functions f 

and g is defined as follows

U’ * g)(.z) ¡= aQbo + a1b1z + ... .

Lot, as usual, Sc denote tne class of normalized convex 

univaleut functions in the unit dish U .



252 J. Stankiewicz, Z. Stankiewicz

Polya and Schoenberg L2-l conjectured that:

Theorem 1, 11 i , G < 3C then P *• G £ S° .

uilf [ip] conjectured that a more general theorem is satis­

fied:

theorem 2, 11 P , G £ S® and , then f*G-^ J?fG .

Jilf proved only that i'heorem 2 implies Theorem 1. These
two theorems were proved oy Euscheweyh and Sheil-Small ft-

.¿.I. iiahmen and J. Stankiewicz studying the problems on sub­

ordination and convolution, conjectured tnat the following theo­

rem holds:

Theorem j. If P , G £ Sc and £ -AP , g A G then

£ * g H P * G •

In the special case g s G this theorem coincides with The­

orem 2.

This proolems were published in and proved by Eusche-
weyh and J. Stankiewicz &]• In Theotem we can dropp the norma­

lization and obtain the following

Theorem 4. het P , G £ H be any convex univalent functions 

in U . If f -4 P and g G then £ •F g P *-G .

2, St, huschewoyh (4 J began investigations of the neighbour­

hoods of univalent function in conneccion with convolution of 

functions, he usod some new definitions of the itnown classes
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of functions. These definitions depend on the concept of convolu­

tion. These investigations were continued by <.I. Kuhnian and 
J. Stankiewicz and others (^7,11,12^.

how we give some examples of such classes for which we can 

find tne equivalent definitions depending on convolution.

Let us put

S = |f * N : Zz,,z2 € U , Zz, / z2 -=7* fQZq) t f(.z2) j ,

3* = N : Retzf\z) /fQz)) 0 for z<uj ,

S* = £f € K : Re(,zf \z) /i(.z))^> « for z « , <k e ,

S*(G) a JfilH tf’u)/fU)4<Ki)J . G€n, GQO)=1, o| Gi.b 

and

s' = lhU) =
U - xz)(,1 - yz)

! |l| » |J| - 1 } .

2
S’ ’ = ih(.z) = ------------ J + Qit - <X ) -------- : tiH

< I - z)^ 1 - z

I o* '-S*'
J ’ 0 -'=ih

>*\G) =
U - z)‘

- G(.x)
: |x| = ij

1 - z

Theorem p. Let be one of the classes S , S , ,

S’QG) and <' the correspondiiig class -with tne prime, men 

for every function f £ K tne following conditions are equivalent 

I i) ffe^ 5

tii) for ee.cn h^/ and for each z€U , — (,f<n)(,z) # 0

The second condition gives the new definition of tne corres' 

ponding class Q which is expressed by the convolution.
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ine proofs of Theorem ¡> for different classes we can find in 
[>, 4, 11, 12].

J. j?‘or i\z) s z + u^z^ + ... £ H and & ^0 we put

JVf U ) 8= ^¿U) = Z + b^z2 + ... i N : X k Ja^ - bj 6 J

Such a set if) is called a f-neighbourhood of a given 
function f Qc.f. pi-J, [12J).

lor a given fill and arbitrary £, n (.¿-complex, n - 

-natural) we define

Í
(.f(.z) + £z) /(.1 + ¿ ) for n = 1 /

i\z) + f zn for n 2 .

using Tneorem > we can obtain some interesting results aoout 
too neighbourhoods Jfj (.f) . we can determine the numbers 

'j' - v Qn, & >%) such that the following theorem holds:

anoorea u. het % = W oo a given class of functions, hat

V 0 . and n -natural number be fixed, if for every £ ,

I £ l o the functions f, . (.z) oolong to Q , 'then---------------------- U, £ ---------------- --------
JVj if) C , where y = y <“u’ ® not depended on f .

In particular we have

pn.i ,S* ) = U - ot ) Í

/feos ft for n = 1

i
lor n =

.vutre
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Sp = ff € N : Re (.e1!* zf\z) /f(,z)) )> 0 for z«uj

is the class of (J -spirallike functions.

dome otner results of this kind ar6 given in

The results on the neighbourhoods of functions are closely rela­

ted to results of paper waere an influence of some changes of 

the coefficients on the properties of nolomorpnic functions are 

investigated.

4. Theorem 2 has an application in a proolem of influence 

of some integral operators on subordination, onen the majorizea 

function is convex. In this direction tne interesting result is 
given in [>]:

Theorem 7» Let ot 4 , °C . be a sequence of complex 

number* such tnat

***1 “I* “J I •

where
OO t>3

Oi s= , m = 4,5............
m=4 m “ n=1

If i i Sc and f-O then

(B + 2Z X (.3 +
m=4 m .m=4 m

where

git) /t dt , BUg := B(,om 1g)Bgiz) »=
o
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Theorems > and 4 have also some application in the theory 

of complex functions. In £] soma simple applications of ‘Theorem 

4 «re given:

rnsoren ó, _Ui = 50 + iu,z + ... e H and let

i\s) = hQ + + ... 6a map univalently tne unit disk U onto

a convex domain. If I -4 T then t/e have

tf»f » f,-4 >g* *’2^...... **!'', , n=2,>,...
n n

?■ Let «4 , V be two fixed classes of holomorphic functions 

in U . If necessary we suppose that they are compact or convex, 

penóte by Q <• V the following class of functions

V := (f = q*v : ^Éi( , vivf .

Tnus by Theorem 1 we have
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Remark 1. Sc * ¡3° = Sc .

Ror given class Q let denote the class o£ all func­

tions which are subordinate to any function of the class , 

that is

jQ i= h t H s there exists f 6 Q , h X f j .

Thus by Theorem J we have

Remark 2. jSc if -jSc = -JSC .

It is natural to ask! xre tnere other classes with this pro­

perty ? Is it easy to determine a class * V ? what can we 

say about the extrem points of a class * V when the extrem 

points, of % and V are given ? A partial answer gives the 

following theorem.

Theorem 9. Let EQ denote the set of the extrem points of 

. If Q , V are compact and convex tnen

E(Q * V) C EQ * EV

Proof. 3y the definition of extrem points we have: v | EV

v2ev ,v1 fe V v1 X v, andthere exist A«(.0,1)^and

v = Av1 + (1 -A)v2 . Thus if f6^»v and f E^* EV then 

there are functions o( Q , vfiV such that v | EV tor q|E«;) 

and £ = q< v . Therefore

f = q + tAv^ + u-A)v2) = Aq*v/) + ti-A)q*v2 = Afn + u-A)f2

where
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, i2 = n* fe Q *V and f^ / f2 .

This Implies that t B(^ >f-V) .

Let Px , <* , denote the class of functions

P* = ^p € H : p(0) = 1 , Be p(z) °< for z < 0

Theorem 9*. Bor « = 1/2 we have 

p1/2*pV2 = p1/2

£(>P1/2 * P1/2^ = ^1/2 * ^1/2 = 2P1/2 •

Proof. It is easy to observe that

Pi/2 = fpi H : pQz) -4 1/(1 - z)J 

and that for every h 4H we have

1/(1 - a) * h(z) = h(z) .

P t Q £ «P«j/2 then by Theorem 4 we have

P*9 ~~~

and therefore p< q 6 ' <this £ives pi/2 * pl/2 P1/2 '

Since 1/(1 - z) £ P-i/2 we hav0 P1/2 P1/2 * p1/2 '
It is known that fiP^/2 ~ ~ xz> * lxl = 1 } • ^'Bus

rJJ?1/2 ^1/2 = ( '1 -"xi * 1 -1yz ’ ,xl = I?! = 1 j =

= fi"“5 W = <yl = 1] = [’TTm ! i*i = 1} = 2pV2 .

The last theorem is a special case of the following general

theorem
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Theorem 10. Let « , € (.and y= 1-2U-*)U-p)

Then

* P p = Pqp y

* Pp ) = BPX * EPp = EP/j, .

Proof. We observe first that

P* = £p< H : pQO) = 1 , p(.z) 2ot- 1 + 2(.1 - oi)/ <.1 - z)j

and that functions

pw tz) i= 2 ot - 1 + 2Q1 - ot )A1 - z) = oe + (.1 - ot ) ^-±_£

are convex univalent in the unit disk U .

Thus for ptP,^ and q€ Pp we have

P*Q-S P* * Pp = PT

and therefore P* # P^ C P^

Now let h«PT . Thus h j p? . This implies that

p(.z) = T^Y(-h " 2y + 1) + 2ck -1 -4 " 2^+ + 2<*" 1 =

= P«AZ)

belongs to the class P« . Putting q(.z) = Pp ^z) 6 Pp we havo 

p(.z) * q(.z) = h(z) .

This means that Pj C P„ * Pp and the first part of theorem 

is proved.

To prove the second part it is enough to observe that

E?« = fPm <xz? ‘ lx| = 1 J

and
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p * (xz) *pp (yz) = Pr (xyz) ,

where y = 1 - 2(1 - t>e)(1 - pz ) is determined in Theorem 10.

Remark 3, i'or t< = (i = 0 the class PQS P is the class 

of Oaratheodory functions with positive real part and we have

P * P = P-1 •

If pep , <ł«P then Re (p* q)(z) -1 for z eu .

If p«P , q < P then Re (p* q)(z) 0 for z6U1/3 •

Two first results follows immediately from Theorem 10. The

last we obtain by the fact that

(p*q)(z) P_-|(.z) = -3 + 4/(1 - z) = (1 + 3z)/(1 - z)

and lies entirely in the right half-plane.

6. The classes P* may be related with some subclasses of 

i; . Some of them are the subclasses of the class 3 of univalent

functions:

.= (f< N : Re f'(z)^. <* for z « UR< -• £f € N : f'(z)i P^ j

"•< =
f f e N s e ?< } = peHiRe^SŻ^oć for zeuj

where * /l

Por oć 6^0,1^ we have R^ C 3 .

Theorem 11, Let ot , p, € (-<« ,1) and y = 1-2(1-«)(1-(J)

Then

(1) = k?.
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Q2) <- Kj| ) = * EK = £X^- ,

and

O) K^f Ep =fir ,

(.4) EQK* * ft)» ) = EK*» ER(| =ERr .

Proof. To prove this theorem we observe first that

(.5) ^U*g)tz) = 5 zQffg) = zf*-zg .

(.6) U*g)\z) = <g.\z) = f\z) < .

Now suDDOse that hCK^^-K)» , that is h = f^g where

f<K*, g«K^ ► Thue by the definition of f(z)/z«P  ̂ ,

g(.z)/z 6 P|» . Using (5) we have by Theorem 10

h\.zj. _ f^z) * gLz.) e Pa- 
z z z ■

which implies that h6K^.

Conversly, let h£K/j. . Then * P^- and by Theorem 10,

there exists two functions p , q , piP^ , q6P|» such that 

PH<1 = . If we put f = zp , g = zq then f fc K* , qe K(»
and (,f<g) = (zp)>P(,zq) = z(,p*q) = z ^12.1 = h(z) . It means that 

h £ Kx HrKjj and the equality (.1) is proved.

Using the result of paper M we see that 

EKrf = | zp*. (.xz) s |x| = 1 j

and therefore

EK^ = ^(.zp* (.xz)) (.zp,j (.yz)) s |xl = ly| = 1 j =

= [z(.px txz)*P^ (.yz)) : lx| = ly| = 1} = ^zp^.(.xyz) s |x| =

ly|= 1 j = f zp^. (.xz) : |x| - 1 I = EKj. (.z) ,
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which gives (2).

Using Q6) and Theorem 10 we can in an analogous way prove ^3) 

and (4).

In particular case «t = we haves

-Reuwrk—4^ K^/p ©■ K^/2 — •

Since the class tbe ci°se<i convex hull of the class
Sc (.see £lj), then we have

cl co Sc * cl co Sc = cl co Sc

where cl co Q denotes the closed convex hull of Q .

7. Let Q , V be fixed subsets of H . Qlf necessary we sup­

pose that Q , V are compact or convex). Let © denote any rule 

acting in H (,f6H , g 6 H ^f © g € H). We define the set

Q © V ,as follows

Q © V £ h=f © g : f 6 Q , 6«VJ •

As some special.cases we may take

a) f © g is the convolution f © g ‘

h) f © g is the sum of functions (.f + g)(.z) = ftz) + g(.z) ;

c) f « g is the product of functions C.f‘g)(.z) = fÇz) g(.z) .

It will be interesting to find a jsuch additional condition

that

EQQ © V) = EQ © EV

or

E(.Q © V) C BQ © BV
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where i is any rule of the kind a), b), c) .

For the known classes Q , V to determine the classes Q 8 V 

in a different way as by definition.

For the case b) we have

Remark 5. Let Q , V be given compact and convex subsets of 

H and le t

Q + V ta p(z) = q(z) + v(z) : q€-Q , vtvj 

Then Q + V is compact and convex and

E(Q + V) = EXi +SV .

Let f ^EQ + EV but f + V . Then there exist some func­

tions q6Q , vtV , q^EQ (.or v^EV) such that f = q + v .

Since q = Aq^ + (.1 - A)q2 > where A 6 (.0,1) and q,, / q2 ,

then f = A (.q^ + v) + (1 - A)iq2 + v) = Af^ + (.1 - X)f2

where , f2 £ Q + V , f^ / f? , A €(.0,1) . This implies that

f ^E(Q + V) and therefore we have

E(.Q + V) C EQ + EV .

Conversly ffeQ+V and f| B(.Q + V) . Thus we have 

f= Afn + (.1 - A)f2 where A £(0,1) , f1 / *2 and f^ , f2 6 

£ Q + V . Thus f= q^ + v1 , f2 = q2 + v2 » »here q^ £ , 

vk6V ’ E = 1,2 and therefore

f = ( Aqn + (1- A)q2) + (. Av^ + (.1- A)v2) = q ♦ v .

If q = Aqn + (1- A)q2 € EQ and v = \v^ + (1- A)v2 6 EV 

then q^ = q2 and v^ = v2 and therefore f^ = q^ + v^ =

~ ^2 + v2 = f2 * ’•'■his contradicts that f^ / f2 • ^us q
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and v can not be together the extremal points. It means that 

£ i;.. + EV which gives J&i + EV C £(Q + V) .

This proves Remark 5.
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STRESZCZENIE

W pracy tej przedstawiono kilka zastosowań splotu i podporząd­

kowania w geometrycznej teorii funkcji analitycznych. Obok przeglą­

du najważniejszych wyników w tym kierunku podano kilka nowych 

wyników związanych ze splotami pewnych specjalnych funkcji anali­

tycznych i ich punktami ekstremalnymi.

PE3EME
3 naHHOfi paÓOTe npeACTaBJtenu HeKOTOpue npnMeHennsi CBepTKM 

u noAWMKeiiKH b reoMeTpii^ecKoii Teopwi aHaxMTM>tecKHx $yHKiiij{i. IlocJie 
oóaopa cauux naxiiHx peayjtbTnTon b stou HanpaBmennH npe,ncTaBJienHx 
HeCKOJIhKO BOEŁIX peSymbTaTOB CB«aaHHHX CO CBepTKaMH CneHHambHKX 
a»aj!HTKVeCKHX <j)yHKHMft H HX eKCTpeMSJIbHHMlt TOMKaMH.




