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1. Introduction, Let £(2z) = Z takzK and g(z) = Z bkz‘:
k=0 k=0

be analytic in the unit disk D = {z s [z (‘1} and noraalized
by £(0) = g(0) = 1 . We denote the class of functions with tiis
property by ‘lo » The convolution (Hadatard product) of £ &and
¢ 1s defined by

(£eg)(z) = Z akbh:zk -
k=0

For U C Ao the dual set U’ is defined in the following wcy

x {ger : for each £ €U :(fag)(z) $ O, zeD} 4

We dsnote (U*)* by U**  and call it the second dual of U .
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This concept was introduced by Ruscheweyh [5] in connection
witl ¢ho work leading to the proof of the :Glya—Schoonbcrg con-
jecture [b]. The central reference on convolutions snd properties
of dualily in 4, 1is the book of Ruschewsyh: Convolutions in
Geoneiric Function Theory [4].

«¢ lotroduce ths clwss B of functions analytic in
o] m(!z] (iﬁ with a simple pole &t the origin and the subclass

2, conzisting of functions with the s¢rles expansion

"

1.1) 1) = 44 ) adl
=0

Z.e., f € Bo if and only if i € A .

“bs purpose of ¢ho vreacunt paper is to snow some results from
vhe irenafer of vhe theory of convoluticns and duslity from Aa

to Ly e

for £, g € Bo the convolution is defined in the obvious

(1.2) (Los)(2) = % + ZET akbkzk "

%=0

ths coucepl of duslity can &lec be trensformed in a navural way,

beccauge for £ and g € 5 we have
4 2afa@ted w00 Qe e

i€ end oaly if
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2f % 26 # O ’ z €D .

fhe basic tneorem for the duality theory in Ao is the
Duality Principle which is stated end proved in [4]. Before
stating the Duality Principle in Bo we shall give two defini-
tions which will be needed later.

Definition.
J. U CB, is called complete if for all f£€ U, O <[x|< 1

we have £ € U, where :x(z) = xf(xz) .

2. Let U C Bo STING Bo is called a test set for U if

pecyco*™

and write T —~=>U .
The definition.or a test sot in B° is exactly the same as
in Aol. In the definition of completeress the function f, (z)
is defined slightly different in Bo because we wani to keep
the normalization on rx .

(The corresponding definitions in A, are in [4].)

2, The duality principle in B° « In the topology of

uniform convergence on compact subsets of the punctured disk
0 (Iz[ <1 : B 1is a locally convex topological vector space.

Let 1 be the space of continuous linear functionals on B ,

Theorem 1. (Duality Principle). Let U € B, be compact

and complete. Then
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(1) for each AeA : AW) = At

(11) o (U) = %o (U*Y)

1he Duality Principle in Ao is stated in exactly the same
Way [4], snd the proof runs tho same way for both A, and B° .
.ie will thorefore nov zo into details of the proof, but only point
out that tiae proof rests on the representation theorem for conti-
nuous linear functionals by CacciOppoii [1] which in our case is
a sliznt uodification of the theorem of Toeplitz [7]. This the-
cram will be foruulated in the following way for the class B ,

Lheorei, Ae A if ana only if there is a function g € B

such that for £ € B
A@) = (fe)(1) .
3. Avplications to univalent functions.. We now turn to the

0 ? here denoted by z .
5y 256 we denote the subclass of 2. which consists of the

class of univalent functions in B
furctions with constant terw zero. The following theorem shows
aow > ‘can be deseribed as the dual set of a two paramcier

Zaaily of functions.

sheorem 2, Let

2 4 5 vy S (R Xy2. ; xyé'ﬁ .‘.";'}
(3.3 Ve freng s s s - oy ' et |
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thon V* =3 ama § _cv**

Proof. Let g € Bo and f € V , lhen we have

. . il = XYz &
(feg)(2) = (z m) * g(2) =
_’:.L[ 1 1 1 1 \
= X~y \\ﬁ YAy T xz T T-?i}"ﬁ(z) =
= xy E(yz)-g(xz)

A=Y =

From this computation we see that fsg § O if and only if g
is univalent. Thus we have proved that V' = S

To prove that 2-0 cv?®™ e use the following well known
fact: '

-4 -4
If f£(z) =%+ Z.akzk € 2 and g(z)=%+z bkzké Zo .
k=0 k=1
-
thob o kfab, | _4 1, and this implies that g is starlike.
k=1 X

(For referernce, seoe e.g. Goodman [2], pe 134-135.)
This weens in particular that (f¥g)(z) $0, O < |z{ < i,

80 XOCZ'=V'* .

A relevant type of problem in this context is to find a sui-
table test set for a given set. It would in particular be an
intercsting problem to try to find a test set for 2 . Because
of the Duality Principle we then could get information aboul Z
by investigating the functions in the test sat. Thsorecm 2 is a

L1
small step in this direction because of the inclusion 2 . (Col'/ AR
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But we obviously do not have V C Zo since by appropriate
choiccs of x and y the coefficients of the functions in V

%11l be so lerge that the area theorem is violated.

Our next idea is to introduce a set of functions related to

V , but with sualler coefficients, A function £ € V can be
written £(z) = — - Xyz = xy(x+y)z - xy(x +xy+y2)z = Fore
Let f(z) = — + log(1-z) = — -2z - zz - %z’ ~ ess o Detine

a function h(z) = (£(z) * L(2z)) * [(z) , £ €V, and let W
be the set cobsisting of functions of this form. That is

(3.2) 4 fh € B3 h(z) = 1. =5 ‘k—;{: ¥ ; x,5€D , xfy}.
k=1

th

For functions in W 4t is clear that the k coefficient is

bounded by E in absolute value, so these functions are "closer"
to the univalent functions as far as the size of the cocfficients

is concerned.

For h€ W, f€B, we get

(3.3) 2(z(2eh)*) (2) = xy £iye) = f(x2)

x=y
waich means that for £€> , h €W

(3.4) z(z(f*h)*)(z) $ O 0llz1 1 .
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A natural question is to ask whether for arbitrary £ aud h
in 2 , (3.4) will be true. As previously wmentioned the
convolution of two functions £ and g in :E:o is starlike.
In particular we will then have (f#g)’(z) $0, 01zt 1.

If £ and g are in > o (or in 2 ), it is therefore clear
that

(3.5) 2(2(2 g)°)(z) £0, 0 Izl {1

is equivalent to

(3.6) 1+ ."_(_;'!E.};Lﬁl £0
(f%g) "(z)

, O < |z (:1 .
We notice the similarity between (3.6) and the condition for
convexity of fwg which is

(3.7) Re{1+£‘l‘5-)-:—1‘ﬂ 0 '@ Lzl 4 .
(feg) (z)}< <él<

This is a stronger condition than (3.6), and it is tempting to

ask wihether the convolution of two meromorphic univalent functions
(in 2{ ) is a convex function. If this were true, it would

indeed be a surprising result, but we will soon give an example

showing that neither (3.7) nor (3.5) is true in general.

Still we £ill that it would be of interest to characterize
the subset of the univalent functions for which (3.5) holds.
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ve denote this subset by C eand define it in the following way.

(3.8) C = {3 4 Zo : for each f € Z , 2(z(2%c)’)’(2) # 0 ,

0] (:lzl <:1 } 5

From (3.3) it is immediately clear that C D W n > . We notice
thaet it is no restriction to define .C as a subset of Z o
because if g 1s a function that satisfies (3.5), then any
function g + Cq s C, 8 complex constant, will also satisfy
(3250

It is well known that the convolution of a convex univalent
function with aa arbitrary univalent function (both in Bo) is
coavex [3], so we know that C ccntains all functions.in Bo

that are convex.

we will return to the class C 1latsr. First we give the

example showing that C does not contain all of Z a

4, The counterexample, Let

4i=1
Pz) = %(14»24 = % Z 811 2
and
oo
: ; LS e 41;-'1
k (z) © 4y "zt T
T z(1 = (rz)") k=1

Then
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1/2
P(z) wk (2) = %(1 + (rz)%) .

F 1is univalent, so if we can find some 1xr for which k., is

univalent and the same time z(z(F kr)')'(z) =0 for soms z ,
0 ( lz] <1 , then we have constructed a counterexample to (3.5).

In order to decide when Ik, is univalent we chooase Zq $ z,

and compute

k (z,) - k (z,) = i - < =
= . "2 24(1 - (rz1)4) z5(1 - (rzz)“)

(4.1) p i t2 T g (xag7~x077) -
242,01 - (rzq)l‘)('l - (rzz)z’)

(z25-29) |1 = r“(224+z1zaj+z1?zza+z1522+zﬁj
3 2425(1 - (r2) )1 = (r2,)")

it r“sg g ,  (4.1) will never be zero for 0 ENNEN VG

and if r"'>.,;1 » it will be possible to find 2z, , z, such that
kr(z1) - kr(zz) =2 0 . Thus we have found that kr(z) is univelent
1f and only 12 r { 5 ¥* » 0.6687 .

In order to decide when z(z(Ftkr)')'(z) =0 we get the

equation

1/2 -1/2
(4.2) % 1+ (rz)%) + 42%27(1 + (rz)*) -

-3/2
- 4r8z7(1 + (rz)“) -4 =0



246 I, R¢nning

Ihis cguation has a solution in O < 1zl ( 1 1if apd only if

r > - 21" ~ 0,643 .
By geoumetric considerations ono can see that this 1r value

l1so will be the radius of couvexity for the functions
L 1/2
-,;'- 1+ (rz)“) « So in this caso condition (3.5) and condition

(2.7) will be equivalent.
liheo conclusion is that 1f we choose r in the interval

0,430 £ v 0.6687 , then P(z)®k_ (2) will be the convo-

lution of two fuanctions from Z , &and there is a zZ ,
0 {lz1 &1, such that z(z(F#k.)’)(z) =0 .

5. liore about the class C , From the preceding example we

have meen that C , as defined in (3.8), does not contain all
univeient functions. But we notice that the interval of peruissa-
ble r values was rather smaell, and that could be a hint towards
sucssing thet C is a fairly big subset of Zo « It would
thersfore be interesting to find a good characterigation of C .
The following result, although not very informative, is an

immediate consequence of the definitions we have made.

rtheorow 3. As before let

Mt

ol E
%= {heBO:h(z).—.%--x% Ek;-k-éx—zk $ x,y€D , x{:y}

1

T

and

o= fee 3 s toreuon 26, satee)’) ) 40 o¢ 121< 4
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Then C = chw“ s

Cad
Proof. Let (f£(z) = % + Z asz and define
k=0

F(z) = (£(z) * L(2)) # (z) , where f(z) =12« log(1-z) .

Z

Keeping in mind that a function from W can be expressed as a
function from the set V , as defined in (3.1), convolved twice
with f(z) , 1t is clear that with h € W

(5.1) £(z) ®#h(z) = ?g [F(xz) - F(yz)] =

From (5.1) we deduce that £ € i if and only if I 4is univa-
lent ( € Zo) . With F as above we can write

(5.2) (£®g)(z) = 2(2(F¥g)’)'(2)

for arbitrary g € B0 with constant term zero.

Now assume that F 1is univalent (£ € W¥) and g ecC .
Then z(z(Fwg)’)’(z) #0, 0& |zl {1, and frou (5.2) we
get (fwg)z) £0, 0 |zl (1 . Thus we have proved that
c cu®¥*% | In fact we have z(2(F¥g) ) (z) #0 4if and only if
g € '.U" y 80 W“ consists exactly of those functions g
having the property that z(z(F#g)‘)‘(z) # 0 for any P € Zo J
Since we have defined C to be & subset of 2

C = Zoﬂw" .

o v Ve get that
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Remark, » The ultimato goal of the investigations of the
prosent type is to find a suitable test set for EE . From what
we now have seen, it is clear that W ok will not contain all

of zo ’

Neverthoxless the class C scems to be an interesting and

so W 1s not a suitable candidate for a test set.

fairly large subset of 2 and hence it would be interesting

'-V*‘

[} ]

to make further investigations of in order to get a better

characterisation of the class C .
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STRESZCZENIE

W pracy tej wprowadzone przez Ruscheweyh ‘a pojgcie zbioréw
dualnych (ze wzgledu na splot Hadamarda ) funkcli holomorficznych
f w kole jednostkowym, f (0) = 1, przeniesiono na klase B_ funkcji
holomorficznych w obszarze { 5 :10< |Zz]|¢1}, majacych w zerze
blegun plerwaszego rzQdu z residuum 1. Sformulowana zostata zasa-
da dualnoéci dia B . Badana byta podklasa Z < B  skladajaca
slq z funkcjii jednolistnych. Wyznaczono zbiér dualny do 2z .

PESIME

B oroft paGore BReseno PymesafloM nOHATHE AYQALHHNX MHOXECTB
/no OTHOmERUMM K ceeprke Anamapa/ auaauruueckux Lyuxuumft f B emuuu-
qnoM kpyre f(o)=1, - DepeHOCUTCA Ha Kaacc Bo $PyHKUUA avaauTHUEC-
KHX B oo;ac'u{z:o( Izl( 13 uMeDIux B Z=0 npocToll noaoc c Buue-
ToM 1. dOpMyAMpPOBAH NPMALKUN AYAABHOCTH XLAA Bo' VccaenosaH nomkaacc
Z c BO oxHOXuCTHHX dyHKouf u onpefcieilo €ro AyaabHOe MHOXECTBO.






