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Introduction. In view of the representation theorem, 

-solutions, i.e. solutions of a system

have a lot of properties in common with analytic functions. 

Especially, the notions of zeroes and poles and tneir orders are 

well defined. Namely, a {d ,^1) -solution f has a zero of 

order n at the point zQ if and only if any representation of 

f , according to the representation theorem, reads f(.z) =

= F’XX2) with a quasiconformal mapping X a neighbourhood 

U of zQ and a function PCX.) analytic in %QU) which has 

a zero of n-th order at %UQ) • Of course, the property of 

zQ to be a zero of order n of a W ,yt) -solution is indepen­

dent of the choice of X and F . In an analogous manner, polos 

and their orders are defined.

If there are no additional conditions on as

0.1 , u. c. L^^C) , |+ I / k = const. 1

a.e. in C (,C the finAte complex

plane) ,



210 H. Renelt

the order of a zero or pole has nothing to do with any asymptotic 
behaviour. This can be shown by rather simple examples (cf. [4"1 , 

p. 72). But there is another question, where the answer is open 

in the most general case of t) , n . Namely, lot f , g be 

two (.£* ,) -solutions in a neighbourhood U of zQ with zeroes 

of order n resp k at z . Of course, f + g has again a zero 

at zQ of a certain order m , but is always

0.2 m\ min (n , k) ?

The corresponding question exists if z is a pole of order n 

resp k of f resp g .

Both questions have an answer corresponding to the classical 

case if -0 , ytz satisfy some additional conditions, for example, 

if we have

ff fNu)-.n/(.z0)f + /t-(z)- Jtt(.z0)
P'

’J u p z " zo 1 •' 2 - z0
-/

U any neighbourhood of zQ .

This condition assures the"natural" correspondence between the 

order of the zero or the pole zQ and a certain asymptotic beha­

vior at zQ . The asymptotic behavior of (.¿) ,yt ) -solutions at 

pojes or zeroes is the topic of the next chapter, and these results 

are basic for the concept of generalized powers, introduced and 

treated in the second chapter. As one application we obtain an 

integral formula for the(first) derivatives of ,yz ) -solutions
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which, is the counterpart of the classical formula

dz

1. Asymptotic Expansions. She following function space 
plays an important role for tne asymptotic oehaviour of 
- solutions.

1,1 Definition, Let G C C be a measurable 3et, D on arci- 

trary (not necessarily measurable) subset of G , and p any 

real number 1 . By HLp(.L,G) we denote the sec of all fu:.c- 

tions f defined and measurable in G which satisfy

U)
r(z)-f(zQ) £ L IG) (.as a function of z) for eac -

Zo 6 D

and

(II) ^Hl ID,G) 3 (.G) + su?
¡If (z)-f (.sQ)

z " zo .. LAG) ' "°

Instead of tfLp(.D,C) we write HL^CD) .

The space Hlp(,D,G) equipped with the norm (.II) is a Banach 

space, but we will not use this fact in the following.
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In [4J, p. 65, it has been shown the

1,2 'fheoroa. Let G be a domain C C , D" an arbitrary 

set satisfying h' C 1) , i)" CC G , and be p S 2 . Jhen every 

£ <1 HLd(D,G) is continuous and bounded in I)' , and each boun­

ded set in HLpQDjG) is compact in C(,l/) (, CCD*) the usual

¡pace of functions continuous In D with the supremuin norm).

Perhaps it is possibla to say much more about HL^(,D,G) .

In any case, the kind of continuity of the functions from 

. L^(.D,G) with p >2 is anything between the usual continuity 

end hblder continuity (.perhaps equal to HBldar continuity under 

certain additional conditions on D , G , and p). Of course, 

theorem 1.2 makes no sense if D consists only of isolated points

l.p Definition. Let G be a domain, zQ A G , and w(.z) 

oe a (. 0 , «.) -solution in G \i»of • l'he point z0 is called 

a point of order n of w(.z) , if either n is a negative inte­

ger and w(.z) has a pole of order -n at zQ or n is a nonne­

gative integer and w(z) has at zQ a zero of oi-der n (.a zero 

of order 0 at zQ means that w(zQ) / 0).

Proa no," on we will assume additionally to 0.1 that 0 , yt 

are defined, not only a.e. but everywhere in C = C v Obvio­

usly this is no loss of generality.

In £4}, p. 72 (.cf. also [3J, p. 130) it has been shown the

1.4 ih.oorea. Let z0 jt 00 be a point of order n of the 

13 ,JJ.) -solution .'.'(z) , and be 0,^6 ^p^PoP , ? ^> 2 •
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Then w(z) has the asymptotic development

(I) w(z) = c [z-s0 + ,fr(z-z0)]n - be J5^z*o +7rtz-z0)j n > OC.z-z^ “

with certain constants c / 0 , x^>0 ( 0(.) ¿enotes the usual

Bachmann-Landau symbol), and

(.II) b = W(Z) , /t=G>(6') ,

-/U%) Au|/tU0)|2 •• H)(z0)|2) .

(T = -0(.zo) ZU+ |O(zo)|2 - |/u(,zo)J2)
I------  zJ

where cj(.) is the function £)(x) = 2x /(1+'ty1-4x ) . inesc

b » Jr satisfy the estimate lb[ k , for every zQ< C

Under additional assumptions on •0,/u. more can be said on 
x , cf. [4], p. 75.

We want now to extend this theorem to the case zQ = «7 .

This requires an assumption on 0 , i.l with respect to zQ = -• , 

which is analogous to , /J. 6. HLp( (zQP for finite zQ .

1.5 Definition. (.1) rfe will say that f 6 KLp(-,’) if and 

only if f is defined everywhere in C , and f(1/z) - f(-*> ) 

belongs to HLD( {o |) .

(II) Let D be an arbitrary subset of C , »« D , 2 / ■ ■ .

rfe will say that f 6 HLp(2) if and only if f e HLp(2\

A Hlp({„j). .

Then we have the following completion of theorem 1.4.
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1.6 Theorem, Let w be a point of order n of the (-0 ,//.)

-solution wQz) , and be ' , i>. e HL_(fw } ) , p>2 . Then, with------------ — . p -j / -■■■ - ‘ ' "

respect to the point s , the asymptotic expansion

w(.z) = c z+/-z -u - b'c i+jrz ~a + O(,Jz;“fl- ')

noius witn certain constants c / 0 , .' 0 , and with b , /r

as in 1.41.11), taking there zQ = <■-’ .

Proof. Let w(,z) be any (, ,A<-) -solution in a domain G .

ny the affine transformation

1.7 = z +/- z + d , ,d arbitrary but fixed constants e C ,

.1 ,

tne w(.z) is carried into a (. » At>|) -solution w^l. '' ) in the

image domain G^ of G under the mapping 1.7. At this we have

1.6 ) = (.' ’• - u+ , :'d - + o) /m1 ,

•'..t ) = u-u - ¡/-;2) /IC ,

2Hi = J- J'-’’ \ , = W ’)) , =n.tzV\

how we apply the affine mapping

1.9 g = + bw^ , b an arbitrary but fixed constant with

-bi <1 ,

to tne (. -solution w1Q ') . By tnis transformation we

carry w1(, ) into a (. 2 , 2) -solution g(. ) in the domain
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G^ with

1.10 02t5 ) = - (.1+ I* I2 - l/t|2)>b- +<oj-<.i-|b|2) /h ,

p = [z^2 + lj>*|2 - l^l2)b + /]-U-|Jr|2) A ,

K = a- Ib|2)-J^Q1+ |0| 2 - |ju|2)(.1+ ljtr|2) - 2 Reyt^o] +

+ U- |h I 2) |j(.1+ l/i|2 - |O|2)(.1+|b|2) - 2 Re byzj ,

-0= -0(.z(. j)) , /C =/l (.z(. y )) .

As to ^2 »A2 we k&ve the estimate

I.« I-apI > K<i>|/i -

for each j 6 C ,

which ma,/ be shown by means of the geometrical interpretation 

ti.e. Arithmetically, by representing 3 by new parameters),

ci. [4], p. 49.

According to 1.10 it is

1.12 a)2^ Jq) ~ A2^Jo) ~ 0 at tile R°in1' Jo 3 zo+^z'o+<i

if we take for Jr , b the expressions from 1.4QII), and this 

holds true especially if zQ = JQ = «o . Because the absolute 

values of that jLr , b are restricted by k , the estimate 1.11 

yields in case of such if, b

1.15 •
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how, let oo be a poin of order n of the (, 0 ,^ti ) -solution 

w(z) . with the b ,b corresponding to zQ = <x> according to 

1.4Q11), we apply tne transformations 1.?, 1.y to wQz) . aj a 

subsequent inversion, applied to the corresponding I “

-solution gt j), we obtain a (i’.yt*) -solution h(,t) = g(.1/t) 

in a certain set 0 It | ( r with

1.14 At) = ^>2^) =5 , = Wty •
i?

because of -0, ^K. £ hL we have d'P 03 P

with ^°o ) = yM^i.«) “ 0 ’ 1116 'P therefore belong
to ‘ HL^kfol) . Of course, h(,t) has a point of order n at t=O . 

rue orem 1.4 then gives

h(.t) = c*-tn + OQ 111n+ * )

in a neighbourhood of t=O , which is equivalent to the assertion 

of theorem 1.6.

2. Generalized Powers, A’e now ask for a certain converse of 

theorem 1.4. Let be given a constant c / 0 and the integer n . 

are there (,0,/t) -solutions with an expansion 1.4QI), and what 

additional conditions may be prescribed for such ,/t) -solu­

tions if they do exist ? Of course, the case n = 0 is uninteres­

ting and may be omitted because, together with w<z) , wQz)+const. 

is again a (a) ,/t) -solution.

The-following considerations are based on the

2.1 Condition. Let zQ / 0° be an arbitrary but fixed point, 

and , p are to satisfy |-0(.z)| + |/l (.z), k = const. < 1
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for each z 6 C as well as 3,/t € HLpt{z0 ,«}) with p 2 .

The following theorem holds.

2.2 Theorem. Let n # 0 oe an integer and o / 0 an aroi- 

trary complex numoer. Under conaition 2.1 tnere is exactly one

(.9 . it) -solution w(.z) io '■'\£z0| witn tne properties 

(.1) w(.z) has at zo tne • asymptotic expansion

wQz) = c£z-zq +Jriz-z0)Jn - be Jz"-z'o + >(r<z-zojJu +

+ Odz-z0|a+* ) ,

with b, k, x as in theorem 1.4 , and

(.II) the point °o is a point of order -n of w(.z) .

This unique w(,z) will be called generalized n-tn power and 
will be denoted by £c<z-z0)nJ^.Q ju.) or siuiP1y <

if no misunderstanding is possiole.

As the following proof will show, the existence of a w(,z) 

with the properties (.1) and (.II) in 2.2 is assured unner 2.1 

without -0 , JJi 6 HLp(.^»»|) out we cannot prove uniqueness.

nt first, let us notice a certain topological property of
(kz-z0)a] .

2.3 Corollary, There are exactly (n| quasiconformaf map -

pings Xq X,n| of C onto itself witn *-Az0) = u »

X .(.«> ) = ec , and J ' ' '

£cVz>— J a kXjQz)) i |n| ,

and these X j may be arrangea ixi sucn an older uaat we ^ve
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3=1,...,|n( .

Proof of the corollary. Without loss of generality we may 

assume zQ = 0 . By the representation tneorem we nave

{eznJ = x ® X (.z)

with a quasiconformal mapping X of C onto itself with.

X(.O) = 0 , X 1») = o° , and f an analytic function in 

0\{wJ . Because of 2.2(.I), (.II), f . has at z = 0 a point of 

order n and at z = co a point of order -n . Hence,

f(.X ) = a-Xn with a certain constant a 0 .

Hutting = X-) wo obtain [cznJ = (,X^(.z))n . Of course,

this is also valid for X = e2^ , j=1..........fn| .

It remains to snow tnat there are no further such X = X * • 

for continuity, xor eacn z* e C\foJ there is a whole neighbo- 

urnood UQz*) and a j with X*\z) = X j<z) for each 

z € U(,z*) . Because there is no continuous change from a Xj to 

a X m with 3 / m in C\{oJ , the assertion 2.5 follows.

Proof oi theorem 2,2. Without loss of generality let be 

zQ = 0 , and let us at first assume 0(.0) = /t(.O) = 0 ,

e HLp(fo}) . Por e ach (, -solution f in C\£oJ ,

n(.z) = f(,z) z”n is a solution of

2.4 h_ = Oh +^<£)‘n IT + + /<.<£)““ £h in e\/ol,
z z z z *

and conversly, if K is any solution of 2.4, then Hza is a

—solution in C\ foj . Of course, the same is true if we
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replace 0 , /t ay 0 a , /L u -*i Vxi

2.5 a)u = d and yUm = yU lor |z| u ,

’A« 3 0 £or lzl > 14 •

m a positive integer.

2.6 Lemma. lor eacn numoer c 6 C mere ezists ea..^ulv- one 

solution h of the system

-n_
¿.6.1 n_ = ¿1 m(£) na + + /^) i

it z

wita h<0) = c and h bounded in C . 11 c / u , 

n(.z) / U lor eacn z £ G .

Proof. >/e try'determine a g 6 L^ = L^16) in suca a \/-Jd

that

h(.z) = c C + ^bla)

«ill become a solution of ¿.6.1. inis lens to tne equation xor

2.7 g = A + ag + Rg

with
A = n 4s« + ^‘“s] , Rg = & (4%* +

L ZZ J L zz

¿s - o^g ♦ , igu) = - d6t

the two-dimensional hiloert transformation.

oucause ¿. I remains urue if we let p decrease ,,e mav



220 H. Kenelt

assume p sufficiently near to 2 such that the norm GQp) of

I in satisfies

¿.o WXp) 1 (.cf., e.g., £lj, chapter V ).

Then S is a contraction operator in . The operator R _^is 
compact in Lp <cf., e.g., £4], section 0.4, and note that ,

have bounded support and belong to . Consequently, 2.7 

has exactly one solution for each A £ L if the corresponding

homogenous equation g = Sg + Rg has only the trivial solution 
6 - 0 i“ I-p » cf. Kb p. 176. The latter follows as in 

p. 1761. :

suppose g 0 is a solution of g = Sg + Rg in . This means 

that h = PQg is a solution of 2.6.1. Therefore, according to the 
Bers-Rirenberg representation theorem Qcf. f 4J, p. 46), h = PQg 

muy be represented by

2.9 n(,z) = e- AS<-Z)

where s(z) is bounded in C , P is an analytic function in C, 

and X is a quasiconformal mapping of C onto itself. Because 

g = 0 for |zj , PQg as well as P must be bounded in C , 

hence P(.%)s const. Then P-2 0 follows from n(.O) = 0 , and 

this gives g SO because of VPqS)^ = hg. = g . Since the homoge­

neous equation has only the trivial solution, the inhomogeneous 

equation'2.7 has a unique solution g for each A <• , and

this g is =0 for lz|>m . hence, h(.z) = c+PQg is indeed 

bounded in C . Because this h is a solution of 2.6.1 and has 

therefore a representation 2.9, the corresponding P is always = 

= const. This means that h is identically zero if and only if
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h(,z) vanishes for any z £ C . The lemma is proved,

with thia h(,z) = ha(z) we ootain a (.-0 a a) -solution 

fa(,z) = ha(.z)zn in C\{oJ , Because of tne uBlder continuity 

of PQg(.z) , especially at z=0 , this fa(.z) has at z=0 the 

asymptotic expansion

2.10 fm(.z) = + 0< |z| * )) with a positive <X ^1- ,

where p has to satisfy only 2.1 and 2.8.

The function fa is analytic for m^lzl^»o and has tnere 

a expansion (.note that. PQg has a zero at *> )

2.11 fa(.z) = cz11 + c^> zn"'1 +... = czn(,1 + 0(.|z|-1)) .

By the representation theorem it holds fa<z) - ) with

a certain Beltrami homeomorphism X m of C onto itself witn 

Xa(.O) = 0 and a function P analytic in C\{o} . Together 

with "0,/t also "0^ belong to HLpifoJ) for each m=

=1,2,... , and Oa(.O) =/t ffl(.O) = 0 . Hence, X a nas at z=0 

an asymptotic expansion Xa(.z) = dfflz + 0(. |z| J with a positive 

oi icf. £4], theorem 111.5.2), and dffl / 0 . By simple cnange

°f *m we may assume da = 1 , i.e.,

2.12 Xmiz) = z(,1 + OQlz,*)) with o£^>0 .

This Xa is conformal for Izl^m , hence

2.15 = a1“) z + 4m) + -f1- + ... with a1““' / 0 .
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Together with f^ also has a point of order n at z = 0

and a point of order -n at <o . Then 2.10-2.15 give =
= cXn + 0dX | n+1) in a neighDourhood of X = 0 » ) =

= A^“^Xn + 0(.|X | n“1) in a neighbourhood of oo , hence 

i'uji.X) = cXn for each m=1,2,... , and this means

2.14 fffltz) = c [ZOU)J n

we need now a lemma on convergence.

2,15 Lemma. Let U be a set of quasiconformal mappings X 

of C onto itself satisfying the following conditions; there 

exists a k(.z) £ H(.{0J) with p^2 , k(,0) =0 ,

0 k(.z) k = const. 1 for each z € C , such that nolds

2.15.1 | X- /X 21 k(,z) a.e. in C for each X e ¿i ,

and each X 6 m has at z = 0 an asymptotic expansion

2.15.2 XU) = z + 0(,|z|1+* ) with an * ' ^>0

(.possibly depending on X. ) •

4» lrThen id is compact in the set Q of - quasiconformax map­

pings of C onto itself, tnere are two positive constants K 

and X. , such that in the inequality

2.15.3 ^KfzJ* for each X * “

molds, and each limit of any convergent sequence e uX
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has an asymptotic expansion. 2.15.2 at z = 0 .

Proof. By well-known compactness criteria lor quasiconforual 

mappings, m is compact in % if (aduitioually to = 0

ana X(C) = C ior eacn ) the set m(.1) = £/(,1) • X 6 mj

is bounded away from tho points 0 and «o . Consequently, tne 

set of mappings X/X (.1) with is compact in .

By theorems II.5.2. II ana 11.5.47 of C4l mere are two con­
stants mp nig with iO^ixiiu. But we have also cf.Cli 11.5.22

if'gQQ) = 1/^Ci'l) , and this means that k(1) cannot nave the 

limit points 0 or <*> . iurthemore, uy the compactness just pro­

ved, the X e Ii are uniformly bounded, say for |z| 1 . The

assertion 2.15.3 is then a consequence of the result in [VJ,

II.5.22 . iinally, 2.15.3 implies the last statement of the lemma. 

The lemma is proved.

Of course, the X mentioned in 2.12-2.14 satisfy the 
conditions of the last lemma (.especially, |

J\Xz)|+ [yK.(.z)| a.e. in C ).

Tnerefore, if m—*<*> , there is a subsequence of the )C u which 

is convergent to a mapping % of 0 onto itself witn an expan­

sion as in 2.12, and which yields simultaneously a (¿?,yU) -solu­

tion f(z) = c(X (z))n in C\fo| (because this £(z) is the 

limit of a subsequence of (■0m »/I w) -solutions f^ = cXmn , 

cf. [hj, II.4.1). Obviously this f nas a point of order n at 

aero and a point of order -n at 80 . Because of the asymptotic 

expansion of X at z = 0 , this f has at z = 0 the expan­

sion

f(z) = czu + O(fz/I1+* )
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Therefore the existence of a w(.z) with the properties 2.2(,I),

;il) is proved under the additional assumptions zQ = 0 , 0(.0) =

= fJL (.0) = 0 . by means of tne transformations 1.7, 1.9» tnis 

implies the validity of 2.2QI), QII) for arbitrary ¿) ,JJl under 
tne conditions 2.1, but without 0 € HL^Q [°° } ) .

To prove uniqueness let -0 now satisfy all of 2.1, and 

let us assume tnat there are two wQz) , wQa) mentioned in 2.2QI), 

ill), by theorem 1.4 it follows that the Qa) ,y( ) -solution 

HQz) = wQz) - w Qz) nas a point of at least Qn+1)th order at 

z = 0 . On the other hand, hQz) has at a point of a certain

order, say of order -j , and by theorem 1.6 we have

[HQz) z"j| ¿2 in a neighbourhood of «> ,

where , K2 are certain positive constants. But wQz) as well 

as w Qz) have a point of order -n at °° , and this means in 

conjunction with 1.6 that HQz) z-H is bounded in a neighbourhood 

of «3 . This implies n^ j . 3y the representation theorem and 

because every rational function 0 takes each value € C 

equally often, we arrive at a contradiction if h 0 . Theorem

2.2 is proved.

As an oovious consequence of theorem 2.2 it follows that eve­

ry Q -solution has a unique representation, analogously to

the Laurent expansion of analytic functions, at each of its poles.

'j. Some fPurtner Results on Generalized Powers, burpri singly, 

generalized powers have a certain important property in common 

with the usual powers. This is stated in the following
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[aU-z0)u]^>>u)h[c<z-zo^

LO ,/i)

5.1 Tneorem, Let •0 , p. i , p>2 , ana +

4 Is = const. 1 for each ztC , n , j be aroitrary intefeers. 

Tnen we nave

Ra Tjti
|z-zQ| =r

= j Re ac

for each r€(.0,oo) with b as in 1.4111), o„ .. the Aroneckerr 1 - "■ ’■■■■I.-i ' i * XI | Lu —- ............

symbol (, =1 if n=m , and =0 otherwise).

This theorem is obviously a generalization of the classical 

relation

1
2lfi* f dz 1 ,m

■ tz—z )m|zi-z I =r *oy

The proof of 5.1 is anything but a brief matter and may be omitted 

here. As a consequence of 5.1 one obtains a generalized Caucny 

integral formula for the derivatives of (.<0 ,/t) -solutions.

■

5.2 Theorem, het Q , p. be as in 5.1, and f oe a (. 0 )

-solution in the domain G G C . with tne constants , b corr-.-s 

ponding to zQ , 0 , yt according to 1.4(.II), we have

Re 23Fi y itz) d j to ,£) =

|z-z0| =r

= " Ro

for each z 6G and any r \ 0 such that ( ta-zol r
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contcined in G .

Mote tnat, in view oi tne generalized Cauchy integral tneorem 

(.ci. [4], p. 06), tne special shape oi the cflntour oi integration 

in 2.1, 2.2 is unessential. Tne prod's oi 2.1, 2.2 are to be pub­

lished elsewhere.
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STRESZCZENIE

Wprowadzono pojęcie n-tej uogólnionej potęgi (V, fi) - rozwią­

zania (tzn. rozwiązania układu » p + y~1^) 1 wykazano istnie­

nie i jedyność takich potęg dla dowolnego, całkowitego n. Z topo­

logicznego punktu widzenia potęgi te są w istocie zwykłymi super­

pozycjami ąuasikonioremnych homeomorflzmćw płaszczyzny. Super­

pozycje te mają pewne własności zwykłych potęg, jeśli chodzi o 

pewne całki po konturze. Pociąga to za sobą, m.in. uogólniony 

wzór całkowy Canchy'ego dla pochodnych (V , ¡u) - rozwiązań.

PE3EME '

BBeneHo noHSTHe n-roli oCoOmeHHofl CTeneHM (y, yio ) -penie- 
hhh (T.e. peuieHHH CHCTeuhi f„ = Vf + u flOKa3aHO cyme-
CTBOBaHMe U eHHHCTBO T8KtIX CTeneHHHX $yHKlikfi JUIfl JnoOoro 

ue-noro n . c TOtiojiorjmecKoii tohkm 3penns 3th CTeneHH sto oOijk- 
HOBeHHKe CynepnO3imMM KBa3HKOH(J)OpMHhIX OTOÓpaKeHMii lUIOCKOCTil. 

□tu cynepnosmiMH mneiDT HecKOJibico cboHctb o6uqHux CTeneHeR, 

HanpMMep no otuouiohhm k HexoToptiM KOHTypHtiM KHTerpajiau. 3to 
BJieąeT aa co6oR, Hp. o6o6«eHny» MHTerpaAbHy» (Jiopuy^y Konin fijta 

npoH3BOAHux (v,y*)-peuieHn!ł.




