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A Univalence Criterion and the Structure of Some Subclasses 
of Univalent Functions

Pewne kryterium jednolietnoóci i związane z nrm podklasy 
funkcji jedmolistaych

Ojkh npn3HaK oahojihcthocth h ero CBasb c HekOTopbiMw xjiaccaMM 
OflHOJlHCTHblX

Let H denote the class of holomorphic functions in 3 , 
where ¿r = £z : Izl^r J , 3^ = E , m - tne closure of m and 

SQC H be the subclass of univalent functions in m . xicuote uy 

XlgCH the class of functions GJ such tnat |gJ(,z)| ^1 for 

t £2 and by iun0 the class of functions satisfying one

assumptions of Schwarz's lemma.

Next, for arbitrary fixed numbers A and fl, Ia| ^1 , 

|B|^1 we denote by PQA.B) the family of functions

(.1.1) p(,z) = bQ + b^z + • • •

holomorphic in E and such that

(.1.2) P(>Z' " 1 _ tícj
1 +A co wtï2.0 . z6-

If aduitionaly we suppose that

(•1.3) 1 - IA + 31 + Re ^¿’ ¿J 0
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then the class P(,A,B) of functions p is a subclass oi tue 

class ? of functions with positive real part, i.e. of functions 
p(z) for which He p(z)^O in E . The class of tnose functions 

we denote by Pi,A,B) CP ,

¿’or b0 = 1 , P(A,B) is a subclass of Caratheodory's func

tions. In tue case -1^A^1 and -A^B^1 tne class P(.A,B) 

was Introduced by A’. Janowski w.

If A and B are complex numbers and the.fi. , then this 

class P(A,B) was studied, among otners, oy h.J. Jakuoowski £+]- 

-[?]> J. Btankiewicz and J. Janiurski and niacGregor Do].

Hollowing Ch. Pominerenke M and J. Becker [2] we introduce 

a normalized chain f(.z,t) = e^z + ... of subordinate functions 

over tne interval 1 = <0,«o) , analytic in S and such that 

for almost every tel the Lowner-Kufariew equation K

U.4) = zp(z,t)^.  ̂ , zeE

is satisfied, where

U.5) p(z,t) = j l ’ teI

It is well-Known that the function f(.z,t) satisfying the 

condition (.1.4) determine a family of univalent functions in E 

for each t6I . The class of these functions we denote by 
~Q(A,B) .

L.V. Ahlfors D3 and J. Becker gave tne following suffi

cient uhivalence condition:

Theorem A-B. Let f«H and f\z) / 0 . If there exists 

a constant c € E \ {1J such tnat
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U.fe) 111-Is I2) - c|z(2l ¿1
I f U) . I

nolds lor z « B , then £ 6 oQ .

In the case c = 0 this tneorem was given earlier oy huren, 

Bharpio and Bhilds [jJ. A generalization of the tneorea a-B was 

obtained by Z. Lewandowski [9].

Theorem L. Let f € H , f\z) / 0 . If tnere exists a junc

tion Co fc -fi such that

U.7) |oXz)|z|2 - 1

holds for z 6 3 , then f €■ 3^ .

The purpose of this note is to cnaracterize the structure 

of functions which satisfy the furtner given sufficient univalence 

condition and that have a K - quasiconformal (. 3-q.c.) extension 

for some subclass of the class ¿o(.A,3) .

2. Je now state the following

Theorem 1. Let f«ri, f'(.z) / 0 , z«3 . If tnere exists

a function cotflo, co / ~ , |B| 1 sucn that

zfnsil _ (J-B/tA+ąJ z ¿1^1— 
\z) J h-|A-B|« J X 4 _ |a_B,2

3)W(t))

z€3 ,

wnere
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<2.n) 1- U+u| + He {A'3j 0 , |Al4l , |B|41 »

tnen f is a univalent function in L , imoedded in the class 

Q I. , B) oj. univalent cnains f<z, o) over tne interval I ,

i(.z,O) - £<z) .

xrooi. Let '['(.z, t) be an analytic function in L for each 
til . moreover, let X(.O,t) - 1 , -f<z,t) / 0 , Ke ^X(.z,t)J  ̂

>, 0 , z t ii , tei.Let

(.¿.p) £(.z,t) = iXae-*') + <eti-e-'')zi\ze“t)'C<ze“t) , t<I .

¿or eacu tel i'(.z,t) is an analytic function for |zl ^e^ ,

1" < z, 0 ) r o .
■lC is euou^n oo ¿rove tnat x<Z, t) Ua|<e* , t 61) satis- 

ii.es the Lowner equation (.1.4) for almost every tel if cnain 

<2.5) satisfies inequality <2.1). nence f(.z,t) is a cnain of 

suuoruiuate functions over interval X .

jj'roui relations (1.5) and <1.4) we nave

(2.4) CJ(z,t) = 1 ~ Z"—
Azi' + df

a fwasre f = - zo t •

nence by (2.5) we ootain

(2.5) - A+aniiwoiz.t) >

v/r.ere

(2.6)
TlXb

- 1)e“2t +( z, t) — (-

♦ u.e-2t)Vze- r;,^e~ ) + 
T(ze“c)

ze f <ze )
t (ze u)
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Brom (.2,5) and since U« Ï2.q , putting ze“b = J for |z| = 1, 

we have

(2.7) hvtji -1)|î| 2 ♦t1-' ii^VQi0 * -

CA-ri)(A+B)I / 2|A+B|
4 -U-3|a I 4 - |À-B|2

how we put in (.2.7) - 1 = - w 6 o '

Bence there exists a function we.fl0 such that the Chain (.2.5) 

satisfies the inequality (,2.1).
In virtue of theorem 4 M. f(.z,t) is a LHwner chain i.e. 

the cnain of subordinate functions over interval I .

moreover, for each t6I f(.z,t) is a univalent function 

JS . In particular f(.z,û) = f(,z) is a univalent function in

B Imbedded in the class S0(.A,3) .

The family of the functions f satisfying <2.1) we denote 

by Sq(A,B) C *S0(,A,B) . Let us note that by suitable choice of a 

aua B (.2.1) gives a continuous transition from tne Becker's 

univalence condition 2 to the Lewandowski's condition

3. Let f€H satisfy in B the equation

(3.1) _______IA+B)zo'(.z) zf.7(zj. = (¿+3). <f(.z) ,
(1-BWU))U+(a-B)w(.z)) + £-u) ¿-(.a-d) <f(z) ’

, |B| ^1 and 1-,A+B| + 3e £T*bJ 0 for any fixed

^unction co 6 itQ and for a function tp satisfying the assum

ptions of Schwarz's lemma. The class of these functions f we 
denote by SqU,B) .

It is easy to see that the function f given by (.5.1) satis 

es tne inequality (.2.1), nence S0(.a,3) C Sq^a,B).
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from (5.1) we ootoin at once

(5.2) f'(z) 1-Bw(z) . 2+(A-B)tJ(0) .
2+(a-3)cj(z7 'i-jw(u) z

rz
(5.5) g(z) =zexp

ny (5-5) we have

(5.4) f tiU) 1
lĄł-31
-1 A-h|4 zfe K ,

ana so g oelongs to the class S*(A,B)£ ¿5 *" - the class of 

functions starlixe witn respect to the origin.

rhe relation (5.2) can be rewritten in the form

(5-5) - _J.-BtJ.lLj____ . 4LA+B)CJ(O)
g(z) 2+(a-B)to(z) 1-Jw(0)

in particular, the class SQ(A,B) contains knov/n subclasses 

of the class of univalent functions.

1°. Let (p(z) = -cJ(z) and f(0) = 0 , then £ = g , 

where g is given by formula (5.5).

2°. If we put co(O) = 0 into (5.5)> then we obtain some 

suoclass of the class of close-to-convex functions contained in 

Sq(A,3) C 3q(A,B) .

5°. Putting into (5.5) tb(z) s c € S\{l} , where c is a 

constant, we obtain zf” = g , hence f is a convex function.

4°. If we put tf(z) = 0 , G>(0) = 0 into (5.5). then f 

is a univalent function of bounded rotation (i.e. Ee f'(z)^O , 

z € £) .

moreover, we remarx that by a suitable cnoice of A and 3 

satisfying the condition (2.2) we can obtain different subclasses
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of univalent functions contained in S0(a,B) , characterized by 

the functions p P(A,B) C P (.see .V. Jankowski £&J).

4. Let C denote the complex plane C = C u and let

3 C So denote the class of functions f sucn that f(u) = Ü , 

f (0) = 1 . By S* we denote the class of mappings P : C—>C - 

“Q.c. such that P J B = f€S . (.The symbol denotes the res

triction of the function P to tne set E).

It is well-known (.see [l2] p.149) tnat the class is a

compact family with respect to the topology of uniform convergence 

on compact sets.
Let SK(A,B) C So(.A,B) , (A,B - satisfy the relation (2.2)) 

denote the class of functions satisfying the condition

»zl *

' + ¿0^2] _ ,IÂ-3X,A+.3I<2| / 2IA+BIS , zsB , 
f*(z) J h-lA-B^J2 | h-lA-Bf^j2

"here toe , | CO (&)| 4 < 1 .

Ahlfors (see Pl2j p. 169) gave for the subclass of the class
£

s (A,B) generated by inequality (.4.1) with the function CO(z)= 

— c 6 E\flJ , c=const., A=1 , B=1 , the K-q.c. extension 
i€3^(A,B) , such that P(«o ) = oo .

ft'e now prove

i'neorea 2, Let f € o\a,B) . 1'hen the function i‘ given by 

tne formula

f(z) for |z|^1 ,
^•2) F(z)

1i |„|2 . 2+(a-B)W (2)
1(2) + ---------------- _2_ . f '(1 ) xor | z|>1

z 2(1-BU>(2))
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JZ
belongs to S (A,B) , £(oo ) = oo and i is a q.c. extension ol

K = I- I UA+akfesB °* the iutlcti0“ f •

±*or the proo£ it is enough to see that there exists a funcfc- 
tion 6 -ft-, I <f 14 s 4 1 , z € £ , sued that the function 

G(z) = ^f(rz) , z€£ , 0^r<1 , satisfies the condition (.4.1)»

P.or the function l‘(z) given by formula (.4.2) the modulus

of the complex dilatation K = ?_ /?_ is not greater than 
z

5 I +h|/(.2- |A-B|) . nence following Ahifors 0]. we obtain tne

assertion of our theorem.
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STRESZCZENIE

Jeśli i jest funkcją lokalnie jednollstną w kole jednostkowym E, 

taką, że f(o) - i'(o) - 1 - O 1 u) jest funkcją holomorficzną w E 

G^ką, |cu(z)| 4 j z | w E, to warunek (2.l) ze stałymi A, B

«pełnlającyml warunki (2.2) zapewnia Jednolistność Ł

PE3D1E

IlyCTbf JtOKaJTbHO OflHO-IMCTHa B eflHHHHHOM Kpyre E $yHKUHH 

'PSKas, MTO f(o) = f*(o) — 1 » O MW rOJIOMOpcfHa B E HCnOJIHSeT

ta (zj | 4 |z | b E. Tona McnozHHBmaa ycJOBKH (.2.1) ,(2.2) 

bBZHeTCS OAHOJIMCTHOfi B E.




