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Let H denote the class of holomorpaic funmctions in = ,
where Er = {z H Izl(r} o :'.1 =25, o - tae closure o1 & ana
SOC H be the subclass of univalent functious in & . wcuote vy
Q1 _CH toe class of functions @ such taat |wiz)] {1 for
2€E and by .Q.C.Qo the class of functions & satistying tue

assumptions of Schwarz s leamma.
Next, for arbitrary fixed numbers A and 2 , lalg4,
Bl {1 we denote by P(4,B) the family of functions

(G} ' p(z) = by + b4z + .u.

holomorphic in £ and such that

(1.2) plz) = FrAeel | weQ, , zes .

If aauitionaly we suppose that

(1.3) 1—|A+B|+A.e{:'}>v '
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then tue clauss F(4,B) of fuactions p 1is a suoclass of Lue
class 2 .of functions with positive real part, i.e. of functions
plz) for which Re p(z)>0 in & . The class of tnose fuuctions
we denotve by ;(A,B)CP J

for by = ot I"(A,B) is a subclass of Caratheodory’s func-
tions. In toe case -1{AE1 and -A{B{1 tne class P(A,B)
wes introduced by W, Janowski [b]

1f A and B are complex numbers and well » then this
class F(a,3) was studied, awong otaers, vy 4.dJ. Jakuoowski [q.]_
_[7], J. otaugiewicz and J. dapiursii [‘13] and .acGregor [10].

Followipng Ch. Poumerenke [’M] and J. Becker [2] we introduce
a normalized cnain r(z,t) = 0¥z + «+e 0f subordinate functions
over tue interval I = <O,eo) , @analytic in B and such tnat

for aiwosU every t €I tne Lowner-xufaricw eguation [2]

(1.4) 'B;f:.l;) ) Q%g:,t) . zeE
is satisfied, where .
(1.5) plz,t) = += wtz! iepu,ﬁ) , wef) , sev, tel.

It is well-known that the function £(z,t) satisfying the
coudivion (1.4) deteruine a family of uaivelent functions in B
for each t €I , The class of these functions we denote by
~
5,(4,B) .

L.V. inltors [1] and J. Lecker [2] gave tue Tollowing sufii-

cient udivalence condition:

‘Pneorew A-B, Let f€H and £'(z) # O . I taere exicts

a coustant cef\[‘l} such tnat
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2, 22°°13) 2|
(1.6) (1-12|°) =——== - cz| ‘ 1
1¢z) |‘<

aolds for z€L , taen ieoo .
In tue case ¢ = O this tneorew was given earlier oy lLuren,
Sharpio and sShilds [3] A generalization of tne theoreu A-s3 was

obtained by 2. Lewundowski [9]

Theorem L. Let f€H , £'(z) # 0 . I voere exists a func-

t
ion weﬂ such that

L) ) 1zi? - (- e estel ——.kli% {1
i (2

bolds for 2z €B , then féso e
The purpose of tnis note is tc¢ cnaracterize the structure
of functions which satisrfy the furtner giveu sufricieat univalence
condit.ion and that have a K - quasiconforwal ( E-q.c.) extension
A
for some subclass or the class 5,(4,3) .

2, de now state tne following

Theorem 1. let f€H , £°(z) £#0 , z€bL . If toere exists

& function weﬂo v w#%, |Bl‘1 suca tnat

(2.1 i_&sl_)__k_'ﬁwz), 2 _ iaetst ) —taeBlagdiad
: Py SoTRIe A ek (=B (z) )2+ (A=B)W(2))

o 22 °C2)] (3-B)(A+3)
£°(2) b L

¢ —2lassl ey

N4 - |a-Bl®

Wi
Sisezy
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{2.2) 1 = |a+s] + no{:\"B} > (o, |Al\<1 . ]Bl\<1 ]

tuen 1 is a univelent function in s , imoedded in tne class

s, L ,B) o1 univaleut cnains f{(z,.) over Tuv intervel I ,

.L(.,u) = 1(z) .

.To0i. Let T (z,u) Ubs an wnalytic function in & for each
c €l . morcover, let TLO,8) =1, Tlz,t) #0 , Ke {’tu,t)}),
>0, z€u, LEI . Let

(2.3) I(2,8) = 1(ze—t') + (e“-e-b)zf'(ze—t)t’(ze-t) . tel .

ror sacn tel f(z,t) is an analytic fuaction for [z\ <et .
17 z,U) Fu .

«U iy cnougu O prove tuac 1(z,6) (lzl(et , tel) satis-
1123 tus Lowner €quation (1.4) Ior alwost every t€I1 if cuain
(<.5) satisries inequality (2.1). rence £(z,t) 1is & cuain of
suvorainate fuuctions over interval I .

rrow relations (1.5) and (1.4) we aave

(2.4) 0 (z,t) i i A

Ao+ BT

wacre Z':-g-é h I‘s% .

tence by (2.3) we ootain

(2.5) (z,t) = Mu:ff:-’-}s Wz, ’

vwo.ere

(2.6) W(z,6) = (—I— ~ 1)e~2% .
'r‘gze"t)

+

Y o -5 At (e -t
(1-e—2%) (28 T(ze™") , 2¢ b SR O e |

Tize™") t7(ze”Y) )

P
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From (2,5) and since W6 'Qo , butting 20”7 = 3 tor 1z\= 1,

we have

) . 3
(2.7) |(?(J}1- -DITI 2 +Eas |;|2)(th;_}&711 pt _'[f—l”) L

£ 1)
= gK—Ts');mg) / 2|A+B|
4 ~1a-3]° L |a-B|

Now we put in (2.7) %—-1:-%—3’—% - we.ﬂ.o 5

Hence there exists a function weﬂo such tnat toe cunaiu (2.3)
satisfies the inequality (2.1).

In virtue of theorem 4 [11], £(2,t) 1is & LBwner chain i.e.
the cnain of suborainate functions over interval I .

woreover, for eacn t€I f(z,t) is a univalent function
in 5 , In particular f£{(z,0) = I(z) is a univaleut function in
E iobedded in the class S,(4,3) .

The family of the functions £ satisfying (2.1) we denote
by S.(4,B) C5_(A,B) . Let us note that by suitable choice oI &
aud B (2,1) gives a continuous transition from tne sSecker’s
Univalence condition 2 to the Lewandowski’s cohdition b

.

_é_. Let feH satisfy in B the equation

(3.1) A+Blz e (2 . zf °(2) _ (4+B)s 2
(1-Bw(z))(2+(a-B)w(2z £°(2) T e=(a-0) Yz 2

lay €1, 1g| £1 and 1-|ia+B| + Re {T-B} » 0 for any rixed

function co'eﬂo and for a function 9 satistying itue assui-

PUlons of Scuwarz’s lemma. iThe class of tnese functions f we

denote by é\ou"B) A
It is easy to see tnat tbe fuaction f given by (3.1) satis-

Ties : . : A .
08 inequality (2.1), aence n‘ou,ﬂ) c SOQA,B).
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rrom (3.1) wu ouvtsin at once

1=Bw(2z) . 2+(4=D)CI(0) . p,;gz

(J.2) t(z) = Z+a-8J)eolz) =5W ()
winolo
z
(5.3) &(2) =zexp ( ﬁﬁ%"ﬁ dt , &L ,
« 0

by (%.5) we have

ana 80 ( uelongs to the class S‘U‘,B)c 5" - the class ot
functions stsrlike wiin respec¢ to the origin,

1ae relavion (3.2) csu be rewritten in the form

- zi lz) _ _1-Bed(z L 2rlars)w (0
(2.5) g(zg - §+(A-E§g)(z) 1-8(0)

in purticular, tae class g;(A,B) contains known subclasses
oL tone class of univalent functions.

1°, let @(z) = -w(z) and £(0) =0, taen £ =g,
wnere g is given by foraula (3.3).

2°, If we put ed(L) = O into (3.5), then we obtain some
suoclass of the class of close-to-qonvex functions contained in
b (A,B) € 8 (A B+

39, Putting into (3.5) W(z2) Ec € E‘\{1} , where ¢ 18 a

constant, we obtain 2f° = g, hence f is a convex function.

4°, If we put @(z) =0, w(0) =0 dinto (3.5), taen £
is a univalent function of obounded rotation (i.e. Ke f'(z):> Oy
z2€8) .

woreover, we reuars that by a suitaole cnoice of A and 3

satisfying the condition (2.2) we can obtain different subclasses
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of univalent functions contained in Sokn.b) y Characterized Ly

the runctions p P(4,B) C P (see 4. Jankowski [6]).

4, Let C denote the complex plame C = GCu f{m]  aud let
SCSo denote the class of functions £ suca that 1(U) =0 ,
£°00) = 1. By S% we denote the class of wappings £ : C—3C =
~q,.,c. such that Fl E = £€S . (The syubol FlE denotes the res-
triction of the function F to tne set &),

It is well-<nown (see [12] p.143) tnat toe class & is a
Coupact family with respect to the topology of uniforu couvergence
on cowpact sets,

Let sK(4,B) C S,04)B) , (A,B - satisfy the relation (2.2))
denote the class of functions satisfying the condition

(A+B)W(2) . ,2 2 (aed)zen’(2)
(4.1) I"a_"_—&-u)wfﬂ"" = 1=z ’[:'L"i'-Fw"L_DrJJ___)]: Sra-ozn*

. TR L 4 B - = 2 - =
4, 2t (z)] _ La=3)(a+B) e} ~, _ 2laseBIS 2€E
£7G) ] T e [N hnapfgf y

woere cwe L), | w2)] € R

kblfors (see [12] p. 169) gave for tne subclass of the class
SK(A.B) generated by inequality (4.1) with the function (z)=
Sce E\{']} ,» c=const., A=1, B=1, tae K-q.c. extension
Fe SK(A,B) » 8uch that F(es) = oo ,

We now prove .

Llusorem 2, Let ftdK(A,B) . Then the function F given by

tae formula

£(z) for 12141 ,
(4,2) F(z) = -
aliy @)

22y + c£°d)  zor (1z1PA
> - L

z 2(1-s(3)) z
Z
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ror tne proof it is enough to see that there exists a funci-
vion ‘qe L IS I.(;tz)l \<S {1, z€L , suca that the function
G(z) = %f(rz) . Z€E , 0rd1 , satisfies the condition (4.1):

ror the function ¥(z) given by foruwula (4.2) the modulus

oL the couwplex dilatation K = F_ /F_ 1is not greater than

- /g
Zz
3|.+b|/(2—- sIA-B|) . nence following Ahlfors [1], we obtain tue

es3ertion of our theorem.
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STRESZCZENIE

Jedll ( jest funkcjq lokalnie jednolistng w kole jednostkowym E,
takq, 2o (o) = (“(0) =1 = 0 | W Jest funkcjq holomorficznq w E
takq, 2e |w(z)l € |2| w E, to warunek (2.1) ze statyml A, B
Speiniajacyml warunki (2.2) zapewnia jednolistnos¢ L

PEJIME

Nyersf JAOKAABHO OZHOAMCTHA B G6OMHMUHOM Kpyre E  dyHKUMSA
Takasx, yro f(o)= f‘(o)..l = 0 M o> roxomoppsa B E ucnoaxger
o @) s jz| B E. Torma  ucmoaraowas ycAosus (2.1) ,(2.2)
TBAfeTca opgroaucTROM B E.






