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Jack‘s Lemma for Holomorphic Mappings in C*
Lemat Jack'a dla odwzorowar holomorficanych w C®
Jlemma Jxexa ana oroSpayxennit rosomopcubx B C"

Introduction. we let C® denote tne space oI u-couplex

variables z = (z, ,...,zn) , with the sSuclidean inuer proauct

: n
(1 <Z » w) = . z.'].wj
J=1
: et = .
and the norm Mzl = '1(4 y 2 . Toe ball {ze cB s vz <r} Will

r ; o
be denoted by B » Zfor short we write B® for oq e

In the recent paper [2] S.S. willer ana P.Lls wbCaunu give wud
foliowing generalization of the one-dimensional Jack’s leuua [1]
theorem A. Let g : B
B0) = 0 and g(J)FO . I

—>»C e a nolomorpaic function, with

€5

e L]

e ||<|;| B8

then there exists a real nuuwoer n.°>,1 sucn taat

(2) K'l ) e}



132 P, Liczberskl

. -
L5} ue—r—;—,-—+1>,n° .

Let us ovserve tcat the relations (2), (5) can ve presented

in tie rollowing equivaleat form

(+) <s'(i)§ , s(f)> = molg(})lz
) PGS L5 AN TS ) S TRCRER TS Bl L

waero <-,-> is tne one-diwensional suclideen inner product (1).
iu the present paper we extend tnis result, with relations
(4) and (5) to the case of holomorphic mappings in C® ,
..ow let n(nn) denote tne set of functions tuat ere holomor-

paic in 5% wica values in CB .

rthe main result,

croposition 1. Let £ €r(sB) wivth 2(0) = 0 . If

(6) b2 = max , Bz , 2z es®
i Lzt
tnen tnere exist real numbers m , '-io " so) mo>‘1 , such tnat
) {ueeagy , B = o KEUINE
(8)  he QRN D) 1’(2)> > a e, - D@
and_

(9) oz (2 = s ez
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where Df(2) is the first and Daf(%) tne second rrechet-deriva-

tive of f at 2z . woreover, for n>»1 , @, = 8, if aud ocly iz
DE(Z)(2) = o f(2) .

Proof., Since for £(z)=0 (7?) and (8) hold, we may assuae
£(2) * O . Consider the function

g (1) =23 I_f‘-i) v r(i)) ;
Then g is a complex valued holomorphic runction in 37, gO) =
=0, 8(})* O . It is easy to check that rroam the assuwptions
and from Schwarz s inequality it follows that

max |et3)| = JeC§d 3=l .

I3yl
411 hypotheses of Theorem A are fullfilled, so there exists a real
number m°>'l sucn tnat (4) and (5) nold. as 8(}) = uf(.z)lg ’
8 (IT) e {p2(2)(2) , f(i)> end g °(FN]I° =
X CE SR £(2)) , thus (4) and (5) lupiy (7) and (o).
The equality (9) and tue last part of Proposition 1 follow imue-
diately from (7) and from vhe Schwarz inequality.

this completes the proof of Proposition 1.

Reuark. As for Euclidean noru of fuuctions £ €4(J") tue
maximum principle is true, so (o) is equivaleut to the following

equality

MNeez2)| = omex Q2
‘ =12y l

Vefinition 1. Let i be a posivive real numver aud G a

domain 3B | 201 wnien (0,0,0) €G end W, Gim €C

@1
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wie e
6o L= {gu,v,w)ecj“ : oMy = u, {vyud = wte Ru(w,U))utm—"i}hz}.

A 4(iiyG) 1let us aenote tne set of all continuous functions

., &t G=—>C" suca tonat ¥a(u,0,0)d l and for any (u,v,w) €

(19) Inu,v,w)l } MILS

21t tne Tolliowing tueorem we give the first application of

rroposition 1.

sucorew 1. Let ré€id(L®) , £(0) = 0 and 4 be a positive

reul nuaver, If tuere exists a function h€ X(L,G) such that for

cacnh 2z € 38

(£z) , br(z)iz) , D°£(z)(z,2)) € G

|t

(1) finczz) , bE(z)a) , p22(2)(z, 20 {1
then
Reczt Lu

rroof. Suppose that tuere exists a point z%€ 8% for which
tne inequality ﬂf(z')l)h holds, taen according to the condition
£(0) = O and in view of the coutinuity of the nora N£(z)}| we can
. - s L B
tind a vall bgo » or {1, such taat = ¢n§° and

ﬁa;c Ht(z)d] = i . Let Z be a point for which Q2f = r, and
q=r
o

I]."\L" )I = nax LI(Z) = M A8 yot ass p P
| 0 tne ua blOnS Of 11‘0 sit ]
|IZ‘ \; lzﬂ " osi ion
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are satisriied, tnen tnere exists a real nuamoer mo}'l suca taat

(7) and (8) hold, Let 0 = £(2) , Vv = wi(z)(%) ana W =

= D°£(%)(%,2) . fhea (3,%,7)e€ L>.)1 G, g end according to ()
iy -

we obtain the inequality Nh(£(Z) , D2(E)(E) , L2 (E)(E, 2D i
waich is contradictory to (11). ‘thersfore our supposition was

felse, waich weans that Mtz i tor zes” .

Corrolary 1. Let £(0) = 0 and let wpu . If lor z €5

() l2(z) + Dr(2)(zl { au

or

(11) I£(z) + Dzi'(z)(z,z)l\ <'u

or

(1i1) £ z ) expfDE(z)(2)| - ) u

then
MeczMl {w , zé€B%

Proof. First we prove that if ld>0 and G = C°® , then
each of the following functions

0,(u,v,w) = %ku + V)
hz(u,v,w) = u+w
ha(u,v,w) = u exp(Mvll - k)

is in ZX(w,5). Indeed, if (u,v,w)E€G taen "“‘)"‘“‘ ana

W,m ?
IW">,m(m - 1)M . Hence we have, in view of the derfinition of tue
gorw in C® | the inequalities Hni(u,v.w)“>w Zor (u,v,w)é
eGM,m end 1=1,2,3 . Since h, are continuous in G and

b,(0,0,0) = 0 we conclude that hié Y@t Gk fomit: =102, 5
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oW, 1t is sutsficientv to observe tuat upplying inequalities
(i), (ii), (4ii) vo the fumctious b, , b, , by respectively,
wo wave (11) in all cases. reou the above and from Lneorew 1 we

ootain inequality HNr(zMu .

It 18 interesting tnat Theorem 1 can be used Lo show Cuat

cervuin second order difterential equations in C® have bounded

solutious.

corollary 2. Let FE€H(B®) wita F(0) =0, NF(zA{M
ijor z€L®, and let h€X(u,G) be holoworpnic. If tne differen—

tial eguation

a(fiz) , DE(z)z) , DPE(z)(z,2)) = ¥(z) , 2(0) =0

4as a solution ¢+ €:(B%) , then

fzezf{n, ze€B%,
‘ne proof of the Corrolary 2 follows immediately from Theoreu

wow we shall give the definition of the subordination.

iet £, F € 5(BP) ., If there exists a Schwarz function & |,
(wens!) , Yzl Nzl for z€B" ), such that 1(z) = Fw(z)
tor z€B" , tnen we say that tﬂe function £ 41is subordinated
to the function ¥ in the ball B® and we write fLF .

ror investigating the subordination, iu case n=1 , 5.8,
Riller and P.l. mocanu ([3]) applied Jack’s lemma and some dif-
ferential inegualities for the first tiwe. low we snall snow that

tnls netuod can Le adopled also to the case nD»1 .
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Lewuma 1, Let q 0o a oiholomorphic wap on 3% ana X3

6i(8") with plu) = q(0) ¢« 11 p 1is 0ot suvordinaved to q ,
n

. : . 3 e . !
toeu tuere exist points ten . It?nu audu a real nuaver

s°> 1 such that

(12) p2) = af)
(13) p(BL ) € qB®) , r =V
o
end
(14) s NPt T "N Qup BN s loac TN .

Proof. The relations (12) and (13) are an iwweaiate conclu-
sion from the properties of tne suuordination. iiow we prove inegu-
ality (14).

The function

(15) £(z) = ¢~ N(p(z))
is holomorphic in B2 . and £(0) =0 , 22l = 1, Qeez)l

(¢}
for zCB; . Thnus £(z) satisfies the assumptions of l'roposition

o
1 and consequently for the function £ equalidy (9) holds. wore-
over it is very siwple to show that
. e
(16) 2(8)E) = (DaC § ) wp2)(E)
and in respect to (9) we nave

(12) s, HaC 7Y™ ¢ Hop(BCD

A8 the equality (16) is equivalent to the following equality
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pa( 2 = 2p(E)H)

we ootuln, sccording to (9),
(18) e 2D € s llbat PR -
Tne inequality (14) tollows iumediately from (17) and (18).

verinition 2, Let { be a dowain in ¢®, q a binolomor-

Luic mapping on B® and £ a domain in c?.n for waicn

(g(0) , 0) € & and

831 AS’QKI) ¥y

ss,0p = flamd s o= e, e N A sloacg )

By ¥(&,q) let us denote the set of all continuous functions

o, n: 8= such that n(q(0) , 0) € ¢ and for any

b ) € _Q,L;: Es,a0 %)
ig=1
(19) n(u,v) ¢ Q .

Tneorem 2, Let p€H(B®) , p(0) = & . 1f there exists a

function h€ Y(&,q) with q(0) = a _such taat for 2z €B%

(20) (p(z) , LUp(z)(z)) € &

and

—

(21) ' h(p(z) , Dp(z)(z)) € ¢ ,
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toe. p-Lq 4in 3% .

Proot, If toe subordination p-<q does no¢ nold taen, in
view of Leuwa 1, there exist points z €5, ?6 PL® and a real
nugver s°>,'l such taat (12), (13) and (14) hold, Let 0 = o(2) ,
¢ e, © ®» o U r
vV = Dp(z)(z) . Then (u,v)€ By op)

S) 1 s I v
iTh=1
h(p(Z) , Dp(B)(E) 4. Q . But this contradicts (21) so ws¢ wust have

and, according to (19)

P-4q . This completes the proof of tuis theorsu.

Corollary 5. Let péli(ﬁn) s p0) = a, q ve a vinolowor-

pnic wapping on B® and ae (z) = q(gz) pes GO ge(o.’t) ’

2z €3% | If there exists a fuuction h€ Y(i:;.qs ) such
0L §<1 I

ot (cu) aud (21) hold, tmen p-4 q in 5%,

Proot.. Let Pg Cz)i= p(gz) , tnen frouw tne iheorem & it
follows that ] for an € (0,1) and cousequenyliy

P<aq.
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[

STRESZCZENIE

Podano n-wymiarows wersjq lematu Jack ‘a { kilka Jej zasto-
sowah do badania podporzadkowanla i ograniczonoéci odwzorowanh

holomorflcznych kull jednostkowej w c.

PESEME

[lpencrapiena M -mepHAA BEPCHUA JAeMMH JlxeKA M HECKOJABKO €e
npumeleHusl B MCCAeAOBAHMM OTrpPaAHUYEHHOCTHM M NOAYMHEHHA NAR
roaosopdrux oroGpaxeHull eAMHMYHOro mapa B c™.



