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Jack's Lemma for Holomorphic Mappings in C"

Lemat Jack'a dla odwzorowań holomorficznych w C”

Jlesraa Axexa fljw OTo6paaceHMft roJiOMopd>Hhix b C"

Introduction. »Ve let CE denote the space of n-complex 

variables z = (.z^ ,...,zQ) , with the Euclidean inner product

’ n
u) o . «> = ¿2

j=1
and the norm Hz|| = , z^' . The ball £ze Cn : llz|| ^r J will

be denoted by BE , for short we write Bn for nE .

In the recent paper S.S. killer and P.T. «iocauu give one 
following generalization of the one-dimensional Jack s lemma {jj.

-theorem A. Let 

g(.O) = 0 and g(, )

=

g j 3J—>c pp a nolomorphic function, with

• If

max. |g(. T JI » »
iTKljl 131

then there exists a real number m0^1 sucn that

t2) m
oe#
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ne

Let us observe teat the relations (.2), (p) can be presented 

in the ioliowing equivalent form

14) <s'tf )f , st ;)> = mo|et j)|2

t5) Ke^s"t f ) , et y )^> %(.% - 1)lst j )|2 ,

wiiero is tne one-dimeasional Euclidean inner product (.1).

in the present paper we extend tnis result, with relations

(.4) and (?) to the case of holomorphic mappings in Cn .

..ow let ti(,ha) denote the set of functions tuat are holomor-

paic in Bn with values in 0a .

j-'ho main result.

x-roposition 1. het f fta(bn) with f(O) = 0 . if

(.6) |f(S)|| = max „ ||f(z)|| , z ft Bn ,
teii 4 iz*

taen taere exist real numbers m , , s \ni , such that

(./) ^bfQzK’) , i(z)^ = mo ||f (. z )|| ^

(b) ae ^U2f(z)(.z,S) , £(.2)^ “o^o ~ ',)l£tz)l|2

and

(9) IUfl2xS)|| = so«f(.2)|| ,
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where LX (5) ia the first and L2f(,z) the second Prechet-deriva- 

tive of f at z . moreover, for n^1 , mQ = sQ if ana only i-

Df(,z)(a) = mQf(z)

Proof, Since for f(,z) 3 0 {?) and (.8) hold, we ma,/ assume

f(,z) 0 . Consider the function

Then g is a complex valued holomorphic function in B‘ , g(0) =

= 0 , gQ J ) sjfe 0 . It is easy to check that from the assumptions 

and from Schwarz's inequality it follows that

max |g(. T )| = ,g( f )J , J = hll •

All hypotheses of Theorem A are fulJLfilled, so there exists a real 

number mQ^1 sucn that (4) and (.5) hold. As g(. J ) = l|f(,z?J“ ,
j )t j ) s^Df(z)(S) , f(S)^ and g"(.jXj)2 =

= ^L2fQz)Qz,z) , f(,z)  ̂ , thus (.4) and Q5J imply (.7) anu (8).

The equality Q9J and tue last part of Proposition 1 follow imme­

diately from Q7) and from the Schwarz inequality.

Thi3 completes the proof of Proposition 1.

Remark. As for Euclidean norm of functions f fHid11) the 

maximum principle is true, so Co) is equivalent to the following 

equality

l|f(.z)|( = max flirQiOfl •
«z«=»2«

befinition 1. Let A be a positive real nurnuar ana G a 

^omaic^ c5a , for which (.6,0,0) 6 G and 'o' Gli,m CG »
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G = ^(.u,v,w) € C^u : Hull = m , ^v,u^ = mm2 ,

,j>y XQi.i,G) let us aenote ane set of all continuous functions

.. , h : G—>CU suca that into,0,0)0 and for any (.u,v,w) 6

6 G
U>1

(.10) ||h(.u,v,w)K U .

in tne following, tneorem we give the first application of

proposition 1.

rneorem 1. Let f € HQBn) , f(,0) = 0 and 1A be a positive 

real numuer. If tnere exists a function h€X(.li,G) such that for 

each z i/

¿ma

W») , JJfQz)Qz) , D2f(.z)(.z,z)) i G

(.11) ||n(,f(.z) , l»f<z)(,z) , C2f(.z)(.z,z))|| .

then

||f(.z)ll <11 .

proof. ¿Suppose that there exists a point z*a B11 for which

tne inequality (,i(.z*)ll^ m holds, tnen according to the condition

f(,O) = 0 and in view of the continuity of the norm |f(,z)|| we can
find a sail b£ , O^r <1 , such tnat z* ,

ro 0 ro 3X1
®ax |jf(,z)I| = m . Let z be a point for which |zf| = r and 
M=r0 0

= max |fi(.z)|| = u . As the assumptions of Proposition 1 
llzK $



Jacl: 'e Lemma ior Holomorphlc Mappings in Cn 135

are satisfied, then tnere exists a real nuaoer b0^.'1 such tnat

(7) and (.6) hold». Let u = f(z) , v = ni(.z)(z) ana w =
= D2f (z)(,z, z) . ihen (u,v,w) 6 J G and according co (1u) 

o>1 ’
we obtain the inequality ||h(.i(z) , UiQz)(,z) , L2i(.z)(,z,z))H if 

which is contradictory to (11). 'therefore our supposition was

false, which weans that (f(z)ll hl for z e ¿n

Corrolary 1. Let f(0) = 0 and let

11) |f(z) + Df(z)(z)|| 2hl

or

Ul) |f(z) + D2f(z)(z,z)ll hi

or

(lii) Iff (z)l| exp(||Df (z)(z)|| - hi) < hl

then

HftzMf < M , z«Ba .

Proof. ?irst we prove that if hi^ 0 and G = C^n , then 

each of the following functions

n^iu.v.w) = ijtu + v) 

h2(u,v,w) = u + w 

hj(.u,v,w) = u exp(lvl| - hl)

is in X(a,G). Indeed, if (u,v,w)6G , cnen Hvfl^an» ana

Hwl|^ni(in — 1)li . hence we have, in view of the definition of the 

norain Cn , the inequalities ||ai(u,v,w)|| a for (u,v,w)£ 

6 Ghl m and 1=1»2»3 • Since h± are continuous in G and 

^(0,0,0) = 0 we conclude tnat ^6 X(hi,G) for i=1,2,3 .
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now, it is sufficient to observe tnat applying inequalities 

(.i), (.ii), tiii) to the lunctious h^ , h2 , h^ respectively, 

v,e nave (.11) in all cases, Prom the above and from Theorem 1 we 

obtain inequality

it is interesting tnat Theorem 1 can be used to show that 

certain second order differential equations in Cn have bounded 

solutions.

Corollary 2. Let g<HtBn) with j\Q) = 0 , |lAz)i <14 

ior z€Ln , and let h€i(w,G) be holoiaorpnic. If tne differen­

tial equation

h(f(z) , Df(.z)(.z) , I»2f(.z)(.z,z)) = l\z) , f(.O) = 0

aas a solution f 6 ii(,Bn) , then

Kf(.z)|| <to , z«Bn .

The proof of the Corrolary 2 follows immediately from Theorem

1.

now we shall give the definition of the subordination.

Let f , P 6B(Bd) . If there exists a Schwarz function to ,

tw<n(,£u) , l| to(.z)|| Rzl| for z € Bn ), such that f(.z) = i’(p(.z$
n ' Zfor z 6 B , then we say that the function f is subordinated 

to the function ? in the ball Bn and we write f X P .

¿'or investigating the subordination, in case n=1 , S.S. 

wilier and P.T. iiocanu (.[3]) applied Jack's lemma and some dif­

ferential inequalities for the first time. Bow we snail snow that 

this method can be adopted also to the case n^1 .
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Lemma 1. Let q be a olholomorphic map ou. 3Û aim p é

<h(Bn) with p((j) = q(0) .Il p io not subordinated to q ,

then there exist points * t bn , olid a real number

6o>1 such that

(12) p(’) = q(j)

(13) P(B£ ) C q(Bn) , r0 = Ol

and

(14) soH(.Dq(.f 0ijp<.5X5>|| soHnq(pfl .

Proof. The relations (.12) ana (13) are an immediate conclu­

sion from the properties of the subordination. Sow we prove inequ­

ality (14).

The function

(15) f(z) = q“1(p(z))

is holoiaorphic in ■ and f(0) = 0 , llf(z)|| = 1 , l|f(z)|| ^1 
0for z€B“ . Thus f(z) satisfies the assumptions of Proposition 

o
1 and consequently for the function f equality (9) holds, more­

over it is very simple to show that

(16) Df(z)(z) = (Dq(j))“1(Dp(z)(z))

and in respect to (9) we have

(17) so «(Dq(f))-',ir14 hdp(S)(S)H .

As the equality (16) is equivalent to the following equality
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i)q( J )(Df(z)(z)) -- Dp(z)(.z) 

we obtain, according to (9)t

(18) ||Dp(z)(z)|| 4 s0|Dq(.j)R .

She inequality (14) follows immediately from (17) and (18).

neiinltion 2, Let Q be a domain in Cu , q a binolomor- 
2n,.nic mapping on 3n and £ a domain in for which

(q(0) , 0) £ £ and

u s-,qtj)ca
s> 1

ltj«=1

.mere

*"s,q(j) = pU’vJ ’ u = Q(lP ’ J-’ll} •

By X(£,q) let us denote the set of all continuous functions

n , n j £—X)n sued tnat h(q(O) , 0) € Q and for any 

(u,v)e aS»1 JB,q(j)
asn=i

(19) n(u,v) | Q .

Theorem 2. Let piH(Ba) , p(0) = a . if there exists a 

function h£X(£,q) with q(0) = a such that for zfBa

(20) (p(z) , £p(z)(z)) « £

and

(21) h(p(z) , Dp(z)(z)) € Q ,



Jack *3 Lemma for Holomorphic Mappings in Cn 139

tnen p M. q in £n .

Proof, If tne subordination p -A q does not; nold then, in

view of Leonia 1, there exist points z6Bn , yfe 'Bi“ and a real

number sQ^-1 such taat (.12), (.15) and (.14) hold. Let u = p(.z) ,
v = Dp(.z)(.z) . Then (.*,”)£ u L nt t 1 an<^> according to (.19)

s>1 
<jb=i

h(,p(,z) , Dp(,z)(.z)) . But thia contradicts i21) so we must have

P-A q . This completes the proof of this theorem.

Corollary 5. Let pćii(,iin) , p(,0) = a , q be a binolomor-

pnic mapping on Bn and q* (.z) = ql g z) , for ęe(.O,1) ,
z €3n . If there exists a function he n Y(,L,q. ) such 

--------------------------------------------- o < y < 1 5 -------
mat (.¿h) anti (.21) holu, taen p-2, q in Bn .

Proof,. Let Pj (,z) = p(.^z) , taen from tne Theorem 2 it 

follows that “A q^ for (.0,1) and consequently

P S <1 •
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A

STRESZCZENIE

Podano n-wymlorową wersję lematu Jack 'a i kilka Jej zasto­

sowań do badania podporządkowania i ograniczoności odwzorowań 
holomorficznych kuli jednostkowej w Cn.

PE3EME

UpeACTaBjieKa nft-MepHaa BepCHs .teuMu ¿bceica ji HecKOJibKo ee 
npnMenemifi n HccaeflOBaHHM orpaHJtęeHHOCTK u DOflifMHeHHH flJia 
rozoMop$Hiix OTO0pa«eH«{! eflMiHWHoro mapa b C*.


