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Lokalnc i globalne klasy Ltpsdiitza

JIoKajitHbie » rao6ajibHaie aaaccu JlaninHiia

1. Introduction, a noaulus of continuity is a concave positive 
increasing function n : [o , —?R . Let i> be a nonempty

aomain in Sa . a function u s i)—>R belongs to the gioDal 

Lipschitz class Lip^QD^ if there exists a constant n ®e’ 

such that

<1.11 |u<x> - u<yj| U hQx,y) ,

whenever x and y belong to the domain D ; here and later 

on h(.x,y) := h(,|x-y|) . We say that the function u belongs 

to the corresponding local Lipschitz class loc Lip^QD) if 

there exists constants bi (o , 1} and L = mb such that 

Q1.1) holds for each x £ D and y 6 B^Qx) := B(,x , bdistQx/iD)). 
As a metter of fact, in [l, .Theorem 2.17 ana 2.19] it is shown 

that it is equivalent to require tnat tne condition nolds for 

b = 1/2 . And more generally, if a modulus of continuity h 

is "smooth" enough, then u € loc Lipn(,B) if and only if Q1.1) 

holds whenever x and y belong to an open ball contained 
in D ; see £l, 1'neorem 4.2yJ . It should oe remarked that
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this definition differs from one standart definitions of local 

HBlder spaces. In fact, tne class loo Lipu(,D) is not a local 

space but in some sense semiglobal.

In tnis paper we study the domains where local and global 

Lipschitz classes are equal, 'fhese domains are called 

Lipn -extension domains, more generally, let h and g be two 

moduli of continuity. Ale say that the domain D is a 

Lipb rr -extension domain if there is a constant £ = E(D,h,g) 

such ruat every function u in tne class loc Lip^QE) with 

a constant m , uelongs also to the class Lip (D) withO
a constant hi = Em . ne write Lip^ for the HBlder spaces, 

where h(t) = t* , 0 «e. 1 .

for quasiconformal mappings and solutions of elliptic partial 

differential equations it is easy to derive local Lipschitz 

resulus and nence in Lip -extension domains global Lipschitzil, g
oounds are obtained, bee £Gial] and for these applications.

Home applications for Hobolev embedding theorems is found from
[ll] ana £he] 

in [dm1 ] and

. applications to analytic functions is presented 
L, Section 7J.

2. Lip.„ „ -extension domains. Let h and g be two metrics ■ “»5---------- -----  ----———
in the domain D i B . rfe say that g dominates h in D and 

write h •< g if tnere is a constant A such that for each

x,y « V

n(x,yl ^Ag(.x,y) .

fhe modulus of continuity h defines in D the metric

(2.1) hD(.x,y) := inf
yix.y)

h(.dist(.'f (s) , 'JD)) 

dist(,-y-(.s) , ''d L)
as
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where is a rectifiable curve joining x to y in L

and dist(,«y(.s) , ^D) is the euclidean distance from the point 

/¡¡"(.s) (.arc length representation for y ) to the boundary of 

the domain Û .

For the proof of the following characterisation of Lipn g - 
extension domains see £l, Theorem 3.6] or ]gM2, Theorem 2.2] .

Theorem 2.1. Let h and g be two moduli of continuity.

Â domain D is a Lip. _ -extension domain if and only if ------------------ ---------- n,g-----------------------------------------------------------------------

4 8 •

notice that if h^ g in D , then h g in L , see 
[L, Lemma 3.8].

Corollary 2,2, A domain D is a Lipfa -extension domain 

if and only if hD -4 h .

The next inclusion theorem is proved in Fl, Theorem 4.&J.

Theorem 2,3. Let D be a Lip^ -extension domain and g 

a modulus of continuity such that the function h/g is decreasing 

Then D is also a Lip„ - extension domain.———— gj ———————
If hCt) = t* , g(t) = t^ and 0 (?> 1 then every

Lip^ -extension domain is also a Lip^ -extension domain, be

cause the function h(t)/K(.t) s t*_i> is decreasing. On the 

other hand, we can construct Lip^ -extension domains, which 

are not Lip^ -extension domains. For one construction see 
[L, Countexample 6.?].

Let us recall that a domain D in En is c -quasiconvex 

if every x , y 6 L can be joined by a rectifiable curve y 

in Û with

°lx -
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L ~ ^-cg<x,y) = c[x - y|
y)

where ■(. (ft is the lenStil of the curve "J~ •

Theorem 2.4. A Lip^ -extension domain is quasiconvex.

Proof, Let g(t) = t . Using the properties of the modulus 

of continuity, we see that the function h(t)/g(.t) = h(t)/t 

is decreasing. Thus if 0 is a Llp^ -extension domain, then 

f> is also a Lip -extension domain, and by Corollary 2.2 thereD .
exists c co such that

ini
I

Co L is quasiconvex.

notice that a Liph _ -extension domain need not to be ' n)6
quasiconvex, see £l, Theorem 5.lJ •

Olli martio introduced uniform domains in [it] . A domain D 

in Kn is c -uniform if every x , y € D can be joined with 

a rectifiable curve in D such that

12.2) i (y) c(x “ y| >

and

(.2.3) dist(j-(.t) , ?D)_^-i- min(.t , / (,-j-)-t) .

A domain is called uniform, if it is c -uniform for some c<^oo . 

The snowflake or the Koch curve described in Mandelbrot |jua, p.42j 

is an example of a uniform domain whose boundary is very irregu

lar.

If the modulus of continuity h increases too fast near 0 , 
then there is no Lipu K -extension domain; see [l, Lemma 4.1lJ.

As a matter of fact, we can prove the following theorem for the 

existence of the Liph 1 O -extension domains
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Theorem 2.5. Let h and g ue two moduli of continuity. 

Then the following conditions are equivalent;

(1) ¿here are constants K <*) and t^ 0 such that ¿or

every_ ° 6 4 ‘k

h(.s) da Z K g(.t) .

(.ii) All bounded uniform domains are Lip. _ -extension ---------------------------------------------------------------- u,g -----------------
domains.

(,iii) The unit call in Eu is a Lip. _ -extension domain. --------------------------------------- ------- u,g —--------------------------
(.iv) There exists at least one Lip. -extension domain. -------------------------------------------------------------------- n, g ---------------------------------------

Proof. Suppose first tnat (.i) nolas. From the properties 

of the modulus of continuity h it follows that h\t) n(,t)/t 

and so h(.t) K g(.t) whenever 0 <( c t^ . Let I) be a

c -uniform domain with the diameter dfl . Choose x , y £ h
• /*•

and as in the definition for c -uniform domain. Since

h(.t)/t is decreasing we obtain from the definition of h^

hD(x,y)
h(.dist(.y (.s) , ~?D)) 

0 dist^ (.s) , ^D)

b(,s/c) z2 T 2 —------  da /
o «/ft

ds

because c 1 . If / t^ , then

h^x.y) 4 2cXg(.^ (. y)/2) £ ¿cag(.c|x-y| ) 2c2Kg(. |x-y | ) ,

and oj Tneorem 2.1 h is a Lip -extension domain.
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If Atf J/2 , then

at / (.-jJ) n(.c|x-y| J = ch(.—!i • tK)

o max( —2- , 1) httK) /o AKg(.t£) AKg(, / (. /y)) ,
*K

wnure A = maxQUjj/t- , 1) , and so h^ g in D s

fA-y)/2 h(.s) ’K h(.s
2c ■ds = 2c

) f^T^hQsJ
— ds + 2c I ------- <ls^

J*K 8 "

z i^r)/2 , ,
< 2cK gttK> + 2c hl/ If-» s ds \

J \ X

4^c ¡K + OAK g^(.T))la AiXij

ZcH. ^1 + cA la-^-?^ glc|x-y|)

4"2c2K ^1 + cA j g(|x-yf) .

Thus h is a Liph _ -extension domain. u»5
Kext, we show that (iv) implies li). Let D he a Lip, _ - n, g

extension domain. Take a point yQ 6 L and choose a point 

xq6 ''di) such that the line segment JlxQ > yQ) C D U fxoj *

Let G be the complement of xQ and t& := |xQ - y | .

Let 0 <^t 4 ^K 0 £ 41* • Choose points x,y € J(xQ , y )

such that [x - x0| = f and |y - xQ| = t . By Theorem 2.1
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there exists a constant K such that hc(.x,y)^ K g(x,y) 

and trivially hgQx.y) hDtx,y^ * So

f* /
J ——de = hgCx.y) hD(.x,y) £ gtx.y) = K g(.t-£ ) ,

. I

and (i) holds by letting £ ---- >0 .

This completes the proof, since the fact that a unit ball is

uniform and (.iv) follows trivially from Qlii).

Modifying the previous proof we have the same theorem for 

unbounded domains:

Theorem 2.6. Let h and g be two moduli of continuity. 

Then the following conditions are equivalent:

(i) There is a constant K «o such that for every t 0

f* z
-------- da / K g(.t) .

jo 8 -

(ii) All uniform domains are Liph g -extension domains.

(iii) The complement of a point in En is a Liph g -extension

domain.

By Theorem 2.5 and Theorem 2.6 one could think that Lip, 

extension domains are exactly uniform domains. But that is not 
the case even witn Lip^ -extension domains. In £l, Lemma 4. 2b 

and Jc&2, Example 2.26(,c)J there are examples of non-uniform 

Llp^ -extension domains.

For an other characterization for Lip, _ -extension domains
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□ used oú ¿he maximum derivative see L, Theorem 7.¿> arid
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STRESZCZENIE

Mówimy, że funkcja rzeczywista u określona w niepustym ob
szarze D c IRn należy do klasy globalnej Lipschitza Lipft (13), 

jeśli Istnieje stała M<°o, taka u (k):Iu(x) - u(y) | £. M h (,lx-y|) 

dla wszystkich x, y fc D , gdzie h : (0; +««)-> R jest funkcją ros

nącą i wklęsłą ( moduł ciągłości). Funkcja u należy do klasy lokal

nej Lipschitza loc Lip. (d), jeśli istnieją stałe b <j (O; l), M - m.n b
także , że (je) ma miejscedlakażdego x £■ D i każdego y w kuli 

B(x, b dist (x, 3 D)). W pracy bada się obszary, dla których obie 

klasy pokrywają się.

PE3EKE

BemecTBSHHas $yHKiina u onpeAejtenHaa b Henycroft oóaacTM 
D C Ełn np«HajyieMT k rjioOaJibHOMy KJiaccy Jlunnutua Llp^D) ,
ecza cymecTnyeT nocToaHHaa M < ao , TBKaa, 'rro|u(x')- u(y)źK! x-yl) 
jUia Bcex x,yfcD rae h : (o; + BO3pacTa®:iiaa u BomyTea
£ Mony4b HenpepHBHOCTwy. łyHKiyia npłmajLaeiiHT k jiOKajibHOMy KJiaccy 
JlHnnmua loc Llph(n) . eczit cyiuecTBynT nocTOSHHue b fe (o : 1),
M = , TaKiie, rto (#) MueeT MecTO juta npowsnojibHoro x e 3 a scex
y b mapeB(x,T3 dlst(x,30)) • B stoK paOOTe 6hjim HCCJteuoBaim 
oOJlacTH, juta KOTOpux 3tm Kaaccn coBnaAacT.




