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V. LAPPALAINEN

Local and Global Lipschitz Classes
Lokalne | giobalne klasy Lapschitza

JlokansHbie u rnobambHnie KAacCH JIunumua

1. Introduction. 4 moaulus of continuity 13 a coucave positive

increasing function & @ [0 ,oﬂ) —>»R . Let V De a nonezpiy
aomain in B® , A function u : U —>R belongs To the wlooal
Lipschitz ciuss Lipp(D) 1f vhere exists a constanc <

such that

(1.1) futx) = uvy)f 5§ M b(x,y) ,

woenever X and Yy belong to the domain D j; here and later

on h(x,y) 3= h(|x-y|) . We sey that tne fuuction u belongs

to the corresponding local Lipschitz class loc Liph(D) ir

there exists counstants b € (0 » 1) and m = m, 8uch Unat

(1+1) holds for each x € D end y 6 Bb(x) t= B(x , bdist(x,?D)).
As & metter of fact, in [L, Theorem 2.17 and 2.19] 1t is suown
that it 18 equivaleut to require tnat tne condition nolds ior

b = 1/2 . And more geuerally, if a wodulus of continuity h

is "smootn" enough, then u € loc LianD) 1? and ouly if (1.1)
holds whenever x and Yy ©ueloug to au opeu ball contained

in D ; see [L, Toneorem 4.23] + It suould ve remarked that
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thia.oefinition difrers frouw une standart definitions of local
titlder spaces. In ract, tue class loo Lipu(D) is not a local
space but in sowe sense semiglobal.

In this puper we study tue dowains wnere local aand global
Lipscnitz classes are equal. ‘hese dowains are called
Lipn -extension domains., more gsnerally, let h and g be two
woduli ot continuity. we say that the dowain D is a
uiph'g -eoxteusion domain if there is a constant E = E(D,n,g)
suca Ttuat every Iunction u in tne .class loc Lip (D) with
a constaul w , velougs also to tue class Lipg(D) with
a constant . = Em . we write Lip, for the HYlder spaces,
where h(t) = % , O <-¢ \(1 R

ror gquasiconiorual wmappings aund solutions of elliptic partial
differential squatioas it is easy to derive locul Lipschitz
resuluvs and ueunce in L:I.pu's ~exteusiou uowuins global Lipschitz
bouuds ere obtaiusd. see [G1] and [Gki2] for these applications.
Some epplicacious ior Sovolev ewbeading theorems is found from
[LL] aua [Le]. applications to andlytic functions is presented
in D&a1} and l}“ Section 7].

2. Lip, g -—exteusion domains, Let h aad g Dbe two metrics
?

in tne domain D C R . We say that g dominates h in D and

write b < g if tuere is a constant A { “ such that for each

x,y €D

n(x,y) \(Ag(x,y) .

she wodulus of continuity L defines in D the metric

h(dist(7 (8) , 9D))

inf
T (x,¥) dist(g(s) , ?D)
(]

(2.1) hp(x,y) :=
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where 9 (x,y) 1is a rectifiable curve joining x to y 4in D
and dist(q(s) , D) 4is the euclidean disteacs Irom the point
1{(5) (arc length representation for 4 ) to the boundary of
the dowmain D ,

For the proof of the following characterisation of Lipn's -
extension domains see [L, Theoreu 5.6] or [gma, ‘heoreu 2.%].

Theoreu 2.1, let h and g ©0e two modull oI contiuuity.

A domain D is a Liph & -extension domain if and only if
1]
by 4 8 .

Notice that if hy<{ g in D, toen h {g in D , see
[L, Lemma 3.8].

Corollary 2.2. 4 domain D 1is a Lip, -extension dowain
if and only if by < h .

The next inclusion theorem is proved in Ip, Theorew 4.§].

Theorem 2,3, et D be a Liph —-extension domain and g

a modulus of continuity such that the function h/g is decreasing.

Then D 1is also a Lipg - extension domain.

If h(t) = t% ,.;(t)=t:rs and 0444(541 toen every

Lip, -extension domain is also a lip, -extension domain, be-

cause the function h(t)/g(t) = t* P 18 decreasing. On tho
other hand, we can counstruct Lipp -extension domains, which
arc not Lipd_ -extension domains. For one construction see
[?, Countexqmple 6.7].

Let us recall that a domain D in RP 18 ¢ -quasiconvex
if every x , y € D can be joined by a rectitiuble curve o
in D with

g) Lelx-y
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where Z('X" 1s the length of the curve 4 .

Lheorem 2.4, A Liph —-oexbension domain is quasiconvex.

rroof. Let g(t) = t . Usiag thne properties of vhe modulus
0oi coucinuity, we see that the function h(t)/g(t) = h(t)/t
is decreusing. Thus if D 1is a Lip, -extension domain, then
L 1is also a L:I.pg -extension domain, and by Corollary 2.2 tuere
oxisty ¢ (ao sucn that .

inl L) = g(%,5) D calx,y) = ¢|x - .
Tt::f)! ) = eplny) D ealx,y [x - 5]

30 o 4s quasicoavex.

Wotice that a L:I.‘p.n’s -extension domain need not to bve
quasiconvex, see [L, Theorem 5.1] .

0lli wartio introduced uniiorm dowmains in [H] « A domain D
in R® is ¢ -uniforu if every x , y € v can be joined with

a recviiiable curve T in D sucu that

(2.2) Liy) Lelx-73],

and
(2.3) diet(y(t) , 9D)> &+ min(e , [ (g)-t) .

4 domain is called uniform, if it is ¢ -uniform for some c<co .
The snowflake or the Xocan curve descrioved in wmandelbrot E‘uia, p.42_]
is un exawple of a uniforu domain whose boundary is very irregu-
lar.

If the wodulus of coutinuity h increases too fact near O ,
vuen tuere is no Lipu'6 -oxtension domuin; see [L, Lemma 4.11_] o
As a matier of fact, we can prove tne following tusorem for the

existence of the Lip, . -exleusion douains,
o
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Theorem 2.5. Let n and g wve two woduli ol coavinuity,.

ihen the following conditions are equivalenu:

(1) Zhere are constuuts K & 00 and te >0 such tnat ior
every O < t 4 tg
7

a(s)

8

a8 { K g(t) .

(i1i) All bounded uniiorm domains are L:I.pn g -extension
28 ————2

dowmains.

(iii) Tue unit ovall in RP 18 a Lip, . —extension dowsiu.

(iv) There exists at least one Id.pn & —-extension domain.
’

Proof. Suppose first tuat (i) nolas. From the properiies
of tne wodulus of continuity h 1t follows taat h'u;) \( a(t)/t
and so h(t) { K g(t) whenever 0 & b o Tat D be a
¢ —uniform domain witn the diameter d; . Choose x , ; €D
and g‘ as in the definition for c -—uanirlorm Gowaian. Since

h(t)/t_ is decreasing we ootain frow tne definition oI nD

Ly) patetiqs) , 202)

hD(x..Y) ,é ds &
L distlq (8) , D)
7 s h(s/c)
8/c
Aad ats)
2c - d8 s

Lecause ¢ }'l ‘geay (q)/2 étx , then
nyx,5) { 2ekeC f Ly )r2) { zckeie|x-y]) { 2ekeilamyl)

and oy Tneorew .1 VU is u Lipuw —extension Gomain,
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1t Jiqi/2 D>ty , tuen

d
acf ) Latelx-y|) eatdy) = cn(—sﬂ 5) £
3

e max(-%E— v 1) at) Lo axete) Lo akel L))

wnere 4 = max(G,/t. , 1) , and 80 h, g€ in D :
B Y]

Pt 1 41
(432 p(a) "% n(s) (L3 )72 1)
2c ds = 2¢ ds + 2¢ | ———da(
} & B o 8 J tK 8 N

([(T)/Z 3
< 2cK g(ty) + 20 (] (7)) | -+ as <

'

7

)
Szo (K 8L + etk 6 qpNin 12:"' ) £

clx=yl

éa:;x (1 + cila 2t )s(c]x—y“ \<
cd

\<202.K (1 + cA lnﬁ) gllx-30) .

Thus D is a Liph,g -extension domain.

Next, we suow that (iv) implies (i). Let D be a Li.ph'g -
extension dowain. Take a point 7, € D and choose a point
xoé 0L such that the line segmsnt J(xo 5 yo) CDhv {xo} o
Let G be the complement of x, and tK t= lxo - yol .
Let O <t \<tK and O < & <t . Choose points x,y € J(xo 5 yo)

such that [x - x| = € and |y- xol = t . By Theorem 2,1
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there exists a constant X such that hD(x,y)4§ K g(x,y)
and trivially hg(x,y) £ by(x,7) . So

t
h(s) ¥
ds = B(x,3) { bp(x,5) K g(x,7) = K glt=g) ,
¢ 8

and (1) holds by letting £ —>0 .
This completes the proof, since the fact Unat a uunit ball is
uniform and (iv) follows trivially from (iii).

Modifying the previous proof we have the same theorem for

unbounded domains:

Theorem 2.6. Let h and g be two moduli of continuity.

Then the followiaog conditions are equivalent:

(i) Tnere is a constant K £ e© sguch that for every t :>0

t h(s)

da é K g(t) .

° 8

(11) All uniform domasins are Liph g -extension domains.
"
(1i1i) The complement of a point in BD ig a L:I.ph's -extension
domain.

By Theorem 2.5 and Theorem 2.6 one could think taat Liph's -
extension douains are exactly uniforu domains. but tnat is wot
the case even witn Liph -extension domains. In [L, Lemma 4.26]
and 'Cua, sxample 2.26(cﬂ there are examples of uon—uniform
Lip, ;extension domains.

For an other characterization for Liph & -extension domuius
L ]
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vased oa che waxinum derivative see [p, Theorew 7.%] and

[um] .
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STRESZCZENIE

Méwimy, ze funkcja rzeczywlsta u okreslona w niepustym ob-
szarze D C IR" nalezy do klasy glob;lnoj Lipschitza Lip, (D),
jeéll istnieje stata M< 0, taka u (»)idu(x) = u(y)| £ M h (Ix=yl)
dla wszystkich x, y € D , gdzie h : (0; +)-> R jest funkcjaq ros-
nqcq | wklgsiy ( modut clagloéecl). Funkcja u nalezy do klasy lokal=-
nej Lipschitza loc Llph(D), jesll Istnlejq state be (03 1), M = m,
talkke , 2e (») ma miejscedlakazdego x & D | kazdego y w kuli
B(x, b dist (x, 9 D)). W pracy bada slq obszary, dla ktérych oble
klasy pokrywajq sle,

PE3WWE

BewecTBeHHAs SyHKUMSA M OnpefeNeHHas B HenycToRt ofaacTn
DC m“ npuHanAexuT K raoGa’ibHOMY KJjaaccy Junmuua Lip (D) .

ecam cymecTbyeT nNOCTORHHAA M L o0 , Takaa, uTO |u(x)- u(y)iu hLIx—yU
BJaa BCex X,yeD rmeh : (o; + w)ﬂ BO3pacTapilas U BOTHYT&aA

( wonyae nenpepusrotTH/. AYHKLUMA MPHHALAEXUT K JORANBHOMY KAACCY

Aummua loc Lipy, (D) , ecam cywecrsyor nocrosmuie b & (o : 1),

M= My, » Takme, uTo (*) MMEOT MECTO ARA NPOUIDOABLHOTO x € ) U BCeX

y » wape B(x,b dist (x,ao)) . B oroil pa6oTe Ouau MCCACKOBAHH
o6aacTy, AR KOTOPHX 2T KASCCH COBNALBDT.






