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Close-to-convex Functions, Univalel_ice Criteria
and Quasiconformal Extension

Funkcje prawie wypukle, kryteria jednolistnosoi i przediuzenie
quasiconforemne

Moatk BhInyXable PYHELMH W NPUIHAKU OJHOJUCTHOCTH
n xBa3uxoHGOPMHOe NMPOADIIKEHHe

~Let S deuote toe family of univaleut iuuctious L oI taw

unit disk D , norualized by
(1) 2(2) = z + 5222 + a5z5 3 wate] o

Let K denote the subset or couvux Tfuncivious, i.e. iunctious
that have a couvex raugs. A function £ , noruaiized by (1), is
called close-to-convex of order f , § > 0, if there is a
convex function . § such that |arg(ei°‘ f'(z)/q'kz)l_{ I %
for some ©® € R . Let c(p) denote the family ol close-to-
-convex functions of order f . For # é 1 1t turns out uhat
a function is close-to-convex of order p , iX and only iI
it maps D wunivalently onto a domain whose complewent & is
the union of rays which are pairwise disjoint up to tueir cips,

sucih that every ray is the Lisector of a sector of anglu
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(5 pJ.TE' which wholly lies in E (see [9], pP.176) . Ooviously
C(0) equuls =k .
Lensri showed tnat if a locally univalent function £ satis-

iies a conaitioa of tone form
" 2y2. | 248 2595%| ¢ s
{2) (1= (2] ) CF )(2)-(1 )(Z)I\.

with 6= 2, then f 4s univalent [?]. Later he showed that
cacn convex functiou satisfies ine univalence criterion [8]
fac uext theorem gives a generalized version of this result for

close-to-convex functions.

tnoorem 1. Let (>0 and £ ¢C(f) . Then i satisfies

a ilenari type condition (2) with

2+ 4p it p {1

2p2+ap 1f pY

and tnis result is sharp.

ue indicate the idea of uhe proof, which is in [4]. Tue

Iirst step is to snow the result at the origin, i.e.
) les - azzl LalifS: = o

where 6 18 defined by (3). Therefore one uses the represen=

tatiou

£'(z) = o~1% (f'(z)(cosat -plz) + 1sinc()p
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with sous qiz) =2z + qazz + !.bz'a = rse | ENKig )
ple) =1+ pyz + pzz2 + ... wiin positive real parc aunu

cosa >0 . Witu ald of the ostimates

45 - €2[<F - 1w
[11] end

Ipa t ’1‘912l {z- % IP1|2

(866 €.g. [10]. p.166, formula (10)) one gets usipg tce triangle
inequality

2 2V
3 [aj-azzl \<1- ]l!ala + pcoset (2— [-22— (1- {1-9-0520( (= Li-. )))+

)
+ pcoso( (p'lHqu 5

Now 1t is well known toat |[p,| € [0 , 2] C [qZI € [O p 1}
and cos X € [0 ’ ’I] « A careful analysis sbows that the rignc
aand side of (5) is maximized at Llp.][ , [((2( s COSQL) =
=©,0,1 iz pe€fo, 1] and e
Cpqls lgol s cost) = (2, 1, 1) 12 D1 widcu gives (4).

Now the linear-invariance of C([}) 15 used (see e.g. [5]).
Composing with an autoworpnism of L the information at Ghe
origin is tré.nsported to an arvitrary point 2z €D , whica

Linisnes tne proof. i'he sharpness is easily veriiied.

Becker showed that ir a locally uaivalent function =



100 W. Koep!

satisrivs a coudivion oi the form

I'"z)
2°(z)

&

{8) (1 - ’ZIZ)

wita A= 1, then £ 4is univalent [ﬂ]. ‘ihe Lecker univulence
criverion is olten used to construct exotic univalent functions
wicn ‘‘bad venaviour". In wost cases tiuvse examples are gap se-

«c cnow couversely that m -fold symmetric close-to-convex
lunceions witn large @ <rulfill tne Decxer uuivaleuce criteriou.

a Juuction L is called w =-Zold symmetric if it has the special

soxin

t e -

m+1 122m+1

I(2) = 2 + 8,412 + a,

Lueoreum 2.

2

(a) Let i(2z) =z + am_,‘zm+1 + am+zzm+ + WENeSK % Then 1 £

sutisfivs u becker type condition (6) with A= 4/m . In parti-

cular, ii m ).4 , then £ <Iulfills tue Bscker univalence

cviverion.

(o) Let pe€(0, 1) and let f be an m -iold Syuwsiric

close=to-convex function of order ﬂ « Tuen f satisfies a

oecxer type condition (6) witn A=4/n+ 2p . _In particular,
12 pd/2 and mP4/ii-2p) , then £ ZFuliills the Secker

univalence criterion. woreover, the results are sharp.

‘“he prooi or Pheorsm 2 is in [5]. The idea for (a) is to use

& suwvordiuation resuiv Ior counvex runctions of the given form,
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nanely £ =< k1-z)—2/m . lhe stateweut £ = g aeaus thet
£ = gew , where ¢v satisfies the aypotueses of scawarz s
Lewnma. 1G iwplies that

-

(7 sup (1 - IZIZ)L (2l Lop - \ziz)\s"\zﬂ
z €D ! I X.z2eD |

(560 8.8, DO]. P.35, tormula (4)), whica is usea to deauce (a).
This result and a further application of (7) leads to (u). Lhe
sharpness is again easily verified.

¥rom iheorem 2 one could deduce a conaition whicn guarantees
tonat ana m -fold syuwetric close-to-convex funciion of order p

uas a quasiconforwal extension. 4 wore preciso recsule is

inheorew 3, Lev f e[b ’ ﬁ) aua I wve an m -fola syagetric

close-to-convex fuuction oI oraar p .

(a) If m >»2/(1— p) , then I nas a rectiliavle vounaary;

(0) i u »4/(i-p) , taen I nas a guasiconforual extecsioa.

This result is in [6]. For vo prove (&) one uses an estimata
on the integrul uwcaus of the derivative of w -1ola syometric
close-~to-convex functions of order b ([b], Tueorew 5), aud
for (b) a genoral condition, wnicn implies the existeace of a
quasiconformal extension for sazilevié Iunctions [EJ, gives the

result.
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STRESZCZENIE

Niech C(ﬁ) bqdzie rodzing funkcji prawie wypukiych rzgdu
f € (0; 1). Znaleziono dokladng warto£¢ normy szwarcjanu ”S‘H- s
dla f € C((&) (tw. 1). Wykazano réwnlez, ze ~-symelryczna funkcja
f klasy C(2) spetnia warunek jednolistnoécl Beckera, jeéll > < 12
oraz m > 4/(1-2£), (tw. 2). Ponadto, jesi m > 4/(1~(3), to ( ma
przediuzenie quasikonforemne na catq ptaszczyzng (tw. 3).

PE3IME

Myers C (p) cexeZlcTBO nouTHM BHNYKAMX $ynrumi nopaaxa

pe (05 1). Halnema Tounag OueHKa HOPMN WBapuuoHa || .|| -G &
feC(p) weop. 1). Joxasano Toxe, §TO n-CHMMETDUUSCKAN PYHK-
uud fe C (p) ucnoaHseT npusHaxk Bekepa ans P <T: , @ lh/te - )

freop. 2) . Hpome TOro, ecJm p “/(1"'P ) » Toraa f keacukondopuiio
NPOROARMMA HA UEAYD MAOCKOCTb (TOOP. J3).






