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1. Introduction. Extremal problens for qugsicouforwal wap-

Pings in the mean are closely related to the extrewal provleas for
quasiconformal mappings with a prescribod dilatation bouad wuich
is a oounded funcﬁion of a complex variable, whereas now tue
dilatation is only bounded in tne wean (6) . It was £.A. Biluta
[1], [2] who first investigated such probleus. He derived a neces-
sary condition for extremal functions if they do exist. R. KlUhnau
[b] proved, tnat under sowe further conditions tais necessary
condition is also sufficient. Tuis condition ceans, toat tane ex-
tremal function is connected with a quasilinear elliptic systeuw
of differential equctions and inequalities walcih appears in gas
dynamics, sce [7], [&] In nis peper [3]1 slacau used tais
uecessary and sufficient condition to coustruct analytically tae
extreual function and tvo deverwine tne extreme value ol tne consi-

dered fuuctional in a special case.
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But it is also possible to go just tae oilner way. Our uain
ziiort ceaturs on sherp upper and lower estiumates of the extreme
valuce ol ©vae considered funetinnal and on the xeouwetrical
characterization of those ranges of integration G° in (6) for
waici tue extreaal Lroblem adwits solution and coanstruction of
tne cxtrecal function and the exireme value of the functional is
¢:uel vo the upper, or lower oound,

Iu general tae proof ror the existence of solution of these
orovlzus 13 rataer couwplicated, Tae c¢lass of uasicontorual map-
oir_s sacistying (o) is usually not compact. lhe existence of
urorewal functions depends on the wean function in (6) and on the
voundary of G° . To illusurate.this we consider the case where
G° is a squere and @ is a linear functiom. In order to wake
cleur tne walin ideas we choose as an exanple a functional of
cr¥uzsca - Teichallller type wuose associated quadratic differen-

ial is a cowplele syuare.

2. hotailons and the Problem. ‘Let G®e0 be a n-tuply

conuccted Jordun domain ia the couwplex plane § with tue boundary
P=00+ 0000 '+ G’ = 8N\T, I :=1(6") 1s the urea of
2’ wd 6 the uwo-diwensional Ledesgue weasure. Further, let
res A 271 beé a real valued bounded and measurable function
waicu is defined on ¢ and identical 1 in G .,

we denote Ly &g the uniquely ceterained quasicontormal
wepoing of & onto ¢ with aydrodynaaical norwmalization

1

-1 . .l 1a=10
z + 8.5 2 '+ ... upear z=00 , wnere W = U + iV := ie €o

satislies

(1) e = = 9:1 v, 6§ - aluost everywhere,

«oreover, we denote by GQ tac univalent conformal mappiag of
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G onto a © - parallel slit doaain, 0‘0"]( + @aita cydrodyaa-

1

-

mical norwalization 2z + A1 o 2 4+ ... D€ar 2z =& .
¥

wo put

(2) ug + 1vg 1= je~19 ( ge(z) =Mz )l 4y z €8,

Re (1678(6y - 2)) , zeG
(3)

[+
©
W

Ry - Re Lie_le z) i z witoin P.‘ i EY 2, ...

G0 o (e

where R := Re (19'10 G P; )) = const. , WV =T7,2,..0,0 ,

In (ie-ie(GO+ e - z2)) , z€G

(4) \.70 HE
l‘Ie - In (1e710 ) s, 2 ®ithnin ['; s D 31,2,000,0 ,

waere I3 := Im (ie'io GG+ 1(/2([10)) = const., , ¥=1,2,.0.,0

and

(5) Q+ry := 1716 , |

Lét z; be tne class ol all reel valued piecewiss swootn
functions wu=u(z) defined on ¢ wita finite Diricaiet iuteyral

and lim u(z) = O . Denote by ¥ tae class of all univalent
Z=peo

conformal wappings of G with quasiconforual continuaGion iato
G’ eand hydrodynamical norwalization z + a,]z'1 + ...  NEAr 2z2=00 ,

The dilatation p(z) satisfies

(8) { $wunas, o
v G'
1
where the constant C>{(1)°I(G') and @ [1,'0)—9R is a
prescribed contiauous, wonotone and convex function for whica @
exists. Uenote by §'1 tue inverse function of & .

4@ study the followinyg extremal problem:
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cio

(7) Ko (e~ a,l) —P sup =: 5, ,

aere tvhe suprewud is teken over A§ . Because of the extremal
property of bg o SOE [5,p.98] y it is clear, that for wmeximiza=
tion it is sufficient to consider only such S‘Af tor waich

ic';eg satisfies tne systea (1).

5. A variational cheracterization for u, and v, .

- in witn let p and G be sufficieantly smootn, so that

G d ucorcu i1s applicavle., Because of (1) ug sutisfies the

cLuF 1 aiv(pV(ug+?))=0 in ¢ .

iasrzsfore we n&ve

() I(pAu9+ Vo Vo, + Veluad =0 , ued).
:

)1ylng Caus’s Theorem (&) yields

v

{J) (u, u‘,)p - lu) =0 , uéi;

ise (u o, V) i fp Qv a6 , - 1(u) := I VPV(f udé |,
: [; )
u,'\le&; .

hence we obtain
(10) o0& lu- ualg = F(u) - F(ug) , ue i; ’

saere F(u) &= lul|2 - 21(u) .

liow we coupute F(ue) . because of (9) we nave for u = ug

1)L Fug) = =llug) = - f VoV¢-ug d6 = - prthw- Qo=
€ T

_r VLP-‘I}V?onf - _erth U af =
i T
) I,’\P—"JG“ _( tq'%%- ”gi ) ds

G Iz] =Rk

U]
1}
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= S (p=1) a6 - Iu S (ie-‘iebe) a(te™¥ z) =
G’ el =R

]

- f (p=1) 46 + 29LRe (u™%Y 4o s
'G‘

woere (|z{{R) coutains [' end m 1is toe ouiwurd goiating

unit norwal vector on {z{=R .

Putd u = Gg we ovtaln

= ‘( (p—1)|Vu|2d6-+ Iqu|2d6'= ‘( (p-1)d6 + 1G") + !lvulcuﬂ-
¢ [ G’ G

Further calculation snows

7Re(1e729G )

2. qu 9 i

{qul aG:i‘ ‘ds= }:{,o—zds-glt? Am

- Ro(ie™19%g) :—:—E )ds = - I(6") + Inm '{ R‘“-w%) aio™t® 4y -
2§ =

= - I(G") + 2&Re(e™® 4 ),
L]

P 2
hence “ua““

g (p=1) 46 + zXie(e~%® Ayg)

and l(ug)

G
{Vqu Gy a6 = - {VLp-‘l}V(f'(f 6 = _CE‘L,.-‘; .6,

Putting A:

(13

- JORErTE S
1(ug) /M A =

S (p=1) 46 /( 5 (p-1)d6 + JRe(u"Zi"'A,l’.e))
G’ / ¢

we have

(12) CRCAGY) = - A SLQ—‘\) 6 .
Gl

Taus (10), (11) =nd (12) yield
=1k v -Z‘F, \
(13 o {RAG; - o3 = zar[xae(o “19,.¢) - Bole “’aq,gz]

Taking invo account taat vy satisficvs tae equation
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iv ( ;{V(VQ +¥)) =0, we ovtain aualogously

(4 o LU= Ny - vl =

= —2![&{0(0-21(9+ x/z) A1'94' 1’/2) = RQ(G-ZiO&,]'Q)]

) ( (1- %)ds/(zstae(e‘zﬂ"* %/2) Ay erxy2) - j'u- l—';}dt)).
G ;
..lso under uwore geueral assuuptions on p and F we have

ti.e following vaoriational characterization of ug and Vo in

Lowwa 1« If p and G satisfy the assumptions stated in
.ect. 2, then we have for all & , O 6fT , the inequalities

(15) i;<e(e“21(9* x/2) ko4 x/z) \( Re(e-zie 8, 9) ‘(
) ’

{ Ave(oe1® hy,g) 0

#hore X, \ ure the saue constants as in (12), (13) and (14).

Lie eguality on vune rignt and left nolds iff

{18) AGQ =uy on ¢
ond
(17) - A ‘76 = vy om € respectively.

rroof. Secause of (13) and (14) the inequalities (15) are
valia for sufficiently swooth Pn and Gn y and also for p
end G . Tno latter case is obtained by spplying well-known
‘[heoreus ['11,1.5] about the convergence for conformal mappings of
sequences of dowmains Gn and quasiconformal wmappings g@,n for

wnlch 101 €g n 6alisfies (1) ~Lor® Jp=iti= P, » whereas
L]

(18) G, —»G in the sense of kernel convergence and p, —oP

6 - alwost ecveryshere with supp(pn-q) [ G; .
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49 now prove (1o). Lot o Dpe au arbitrary coupuct setv in .
Tuore exists a natural numoer noko) suca tuat o ccGn lor ail

n)no(e) . Considering (13) we have tno ineguality
- 2
(19) S IVK ’\nue,n - “e,n)l a€ -{
[}
{ = [xﬂne '(e"aig Ay gt6.)) - Ro i a,‘,egcn))]

for n>n°(e) . Because of (18) and by apylying cuc tacoreu on
tne coavergence for sequences of quasiconforual wapoings [12] §
Eﬂ,l.}] and the tneorew oa zernel couverpence ior coutoreal wap-

piugs we ootain from (19)
(20) S I9CAG, - ul? a6
]
‘ 2X [4\Re(e'210 A,]'O(G)) - Re(e-eie a,"a(G))] )

for all coupuct eC€\[' . luerefore, it tue equality oL tae
right-nand side in (15) aolds, there wust be wuecessarily
Alg - ug B 0 on every coapuct e€@\[' oearine iu wind tee
nydrodynauical norwalizetiqn of &g and G9 pcar z= p@ &Dd tho
continuity of Gg in T . If on the othner cand (15) is valld we
conclude that gy = (1- Az + AGO in G . Tnerctore we cave
Re(e'219 a,"g) = ARe(e'aie A1'9) 5

Analogously one can prove the assertion in couuection with

(17).

4, Saarp estimates for tlLe extreme value s, . Iu tue Icllo-

wing we use tne iuequality of Jensen [3,p.150] io cue Toru

(21) gp a6 £ 13717 j $oiz)) a6) .
[ G’

L LR
Here tae equality wolds iff p =2 const. in G , or § >~' .
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accerulng iy we nave
( -1
{a2) _) p aG é 137'C /1)
G'
tor all p satisfying () and by epplying the ineyuality of

Sciavare

B, = ( J(‘p-p_1d6.)2‘ ‘g‘pdf- S‘p"]ds ‘ J‘p"]aG'I'f-.‘(C /1) .
G G G G

iuus W€ obiuwin

L o] 1
(22) (1- =)u6 G T
‘Ef P < $7'c/n)

for all p Satisfying (6) . Equality in (22) ana (23) holds iff
o= §_q(C/I) = couss. in G° and @°“P0 . From this in con-
wecvion witn Lewwa 1 , (15), we have except for the asssertion on

.. cqualicy tne following snarpend form of (31) in [8] 5

iueorcm 1. If 5 and ¢ satisly tane assuuptioas undaer 2.,

Gl lont elll | oRY Oée\“ff ’

4y f)o —oIlT - /&7 c/1)) {s,{ == 1@ Ner1)-1) X
I G - 1=/ S UC/1)) T O M +Ld T (0/1)-1)

] g -2ic L -2i(e+X/2)
wosre  a i= Re(e '“1,6) , a := Re(e A'I,‘:’HI/Z) .

If in eddivion @°° D0 and the extrewal problew is solvable,

Lucn tie ecualities on tue right aau left io (24) always wold

siuwulvsneously, Tals is vae case it

(5) . ®G,(z) + PG g/ o & 2z in T,

aere e = A/LA+ A, B = :\/(A+ i) . 4ne extrewal fuanction g

#lth tne represcataiion

= Az + MG(z) , ze€G

-

. . o
NER LB R - A A+ A Cie — _ + i ie
< (1= A )z + ; 0®1® T - I3 e - 1Ry .Ae
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2 wichin [y |, 9=1,2,0.000

where Ry := I:lek:ua"'i9 Gdkf‘a)) ) LRiE i.m(le'ie G, 1,/,‘(["9 5 Jo (I

9=12,...,0 , is uniquely deteruirced.

Proof. If the equality on tne rigut (leit) in (24) colds,
then by Leuwa we have recessarily (1o) ((17)) and veceuse ot
(22) ((2%)) ps= §_1(C/I) = const. in G . From (%o) ((17))
in cornectiou with (1) we conclude, ctnat By EAPp Lo wu aliiue

wapping witnin J% of the foru

% (1- A)(1+p)(z+q021g z) +Cy ,

with q := (p=1)/(p+1) , C3 constaut , V=1,2,...,0 . Liereiore
(25) foilows froa [6, Theorem 1, p.Z;.‘?]. pecuuse ol [l»,
Theorew 2 and 3] (25) is valia 1tf the equality on taic riub aua
loft in (24) nolds siwmultaneously. From (15) and (17 .2 oviaia
(26). Conversly, one can prove that gueAg is represeated oy

(26) as in [6] by considering (25).

In tne case i is linear, tune class of cdowains u Ltor
whicn the equality in (24) nolds is widor tien ia tue surics cern-
vex case of § . A couplete geoumetrical caaracterizatioa of those

domains is giver in

lneorem 2. Let G be a douwein ooundec oy auaiytic closed

Jordan curves, &(p) = p.

1. Tne extremal proolei (7) is solvable and tie extireuc value

5 = 233 E = E T =t a-A (tue upper bound in (24,), axhere

-21e

a 1= Re(e A e) i1fI tae following tarce couditions ure
L]

Lfulfilled

(1) toere is uno tangent on J' subtendiny tue angle o+ W/2

witn tue positive real exis except for taose points ok r
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snica correspond to tie end points of boundary sezuwents

of the o - parallel slit dowmain G4(G) ;

.ii) for every pair of points z’ 5 z"é—[‘e satisfying

wo(e™®(2°= 2°7)) = 0 and every 9=1,2,¢.0,0
Gylz) = 64(2"") ;5

1iii) in all exceptional points under (i) [ has a non-vanis-

hing curvavure .

lue extrewal function is uniquely deterwmined and has the

resresentation

A e A lz) , z€G
/\C‘// 50 = o
(1- Az + Acg(z') L2 ElG e

Laere z is one of tne two points of intersection of the line

through zeG’ subtending thne angle ©+7/2 with the positive

r.al axis and tae closed curve ra containingy 2z iusige.

II.i@%e extramal problem (?) is solvable and tue extrewe value

Sy = ;‘liclchi) =t Aa (the.lower bound in (24)) ,

agere & 1= Re( o72HO*W/2) 4 o) o all G pubbive
]

(25). The uniquely deterwined extrewal function is given by

(26), Toe constants A, A are given under I. and II.

Rewark 1. Jomains G satisfying (1), (ii) and (1ii) are for
instance those with the prope;ty (25) or analytic bounded domains
G fulfilling (i) and (iii), which are syumetric with respect to
an urbic?ary fixed line subtending tne angle © with the positive

real axis and intersecting e\}ery closead curve !.".; 39=1,2500e,0 o

Rewark 2. Wow 0y considering dowains bounded by piecewise
cnalytic closed Jordan curves with tne property of symaetry as

noted in keuwark 1 , Taeorem 2,1 is also valid in tue case of
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analytic corners (exterior angle §¥ , St(u(zﬂ') corresponding
to the end points of tue straight lines or tne © - parallel slit
doaain GO(G) 3

Proof of Tneoreum 2. I. Let ggtip be an extreaal functiou
for which 8y is equal to the upper obound in (<4). Because of

P21 in G and Leuua 1, (17), we have for &g tne following

representation
(28) Bg = (1= Nz + AGg(z) 1in G
and

U := Reu.e—19 gg) = (1= A) Reu.e'ie 2) + AR.; » Ry = coust. ,

for 2z witanian [‘0 , 9=1,2,000,0 . Becauss U + iV 3= 10”1 s
satisfies the system (1) for which the corresponding ailatutiow

p realizes .the eguality in (6) the level lines (U = const.)
which are straignt 'lines are necessarily orthogonal to (V = consiJ
in G’ . Therefore by considering (28) and tne coutinuity of By

we concluae

Voi= Imue‘iege) = (1= A)lia(ie~192) «+ AIm(ie'iOGg(z')) for z €G’.

Here 2z’ 1is one of the tw¥o points of intersection of tae line
+hrouch z G'subtending th;)—'trgle e+J1/2 with the positive racl
exis and tne closed curve P.o contuining 2z inside, rarticular-
ly to every 2z wituin PQ there may be at most two sucn points
of intersection 2z’ andl z°° satisfying (ii) Iroa Theorem 2.
Those points z & [¥ for which z°= z°’ ooviously correspond

to the end points of the straight lines of the © - parallel slit
douain Ge(G) « Tuis yields tne representavion (27). Svidently

6y Wags ractangles witn sides parallel to the axis of the co-

-ordinate systeam after a rotation T:= ¢+ i'{ = e 19 2 into
. ]

-
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rectangles witin 6ldos parallel to tae axes in tne iwage plane,
By cousidering infiuitesiual rectungles we ootain for tae ratio

o) btae side-lengius

S 1) . Lo
Re(e™ %G, (z")) le ez
(29)  ple) =1+ 1_xx% §9 = Ty cog(q. -e)
' 26G° ,

suercas the larger siac is parellel to the real axig of thu rota-
ted co-ordinate systewm., we uenote by el tho angle between the
tungent on I' at 2° and the positive real axis. Obviously

p(z) is tae dilatation of tne wapping &g in G° . From (29)

wg concluuc necessarily (i), otherwisze p(z) would not be vounded.
Tuxing into account that every oxceptional point z, 1s a simple
soro of Gi(z) , we ceduce from (23) and p { e0

i Jegtz") 1 c,
e plz’) = e Gaggy = e |2 (%,
o (o]

Gglz)

whare C_ = 1lin | lgo,co and k denotes tue curvature

>z
=%

ot I' at 2, . #row this (111) rollows.

Conversly, ‘it G fulrils the conditions (i), (ii), (iii) of
Theorew 2, ono proves <8 iu [9] tnat for every )\ o) (,\(1 q
by s&ivea by (27) is a hydrodynanically norumalized quasiconforuul

aapping of € onto ¢ . Using (29) ond writting s = f +in =
-i8 =

= ¢ ¢4 wc obtain alter a short calculation
(0) g pd6 = I + -.‘—__Ax- Re S e'iuGedQ =
4 M
=1+ ﬁ.i\r Re (ér J b-ig GG d(j -_3-)) =
Jum

[}
[ o]
+

2% ~2i0 4 Z2ftald
,:-XRe’\t. A’le)"l"—:—‘\
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waere ais Re(e'ai‘" A,I.e) . If we caooss A so that uue e¢guaiisy
in (6) bolds, tuen 8g Snows to be an auwissiole aupric: for
woich the ecuality oa the right-hand side in (24) ho.lds.

II. The assertion under II. can oe proved iu tne sawe waaner

as in Theoreu 1,

- Rewark 3. R. slunau [6] proved tuat in vhe case G = (1z1M)

and lim .t\ = O an extrewal function can not exist vecause
y=Poo b

8y = Re(e"219 A1’g) . Decause or (24) this situation is obviously

not possible in the case of an arbitrary dowain G and convex $

In tue following we illustrate tae depenucnce of tne solva-
pility of the extrewal problem (7) on tne boundary or G in the
case $(p) Ep .

Tusorem >. Let G o0e wne exterior of & S_UWIG Wiud u.i@

centur at tne origin and tue siues of leu;Tk P, parallel to tue

axes of the coordinate system, ®(p) Tp , 9 =0 .

Then extremal runction for tae provlea (7) does not exist

and we have

(31) R __GLC_'__'LE)__
S, $= sup Re &, = .
& foLroapar sacn 1§ ¥

wnere tue supramum is taken over Ap and a := Re A,‘ 0=

»
24
= -‘—-‘E-ﬂ&2 , ['¢.) : Gamza - funcvion.

T tex?

Proof. . At first we prove (31) . Because of (24) Zor
é(p) E p it is sufficient to coustruct a wuxiulzing secusuce
(go,n) S e;o'ne AP , where (Re a,\[go’n]) converges to the expres-
sion on ti.e right-hana sice of (31) . Let Gn be tae exterior
of the pisecewise anulytic closed Jordan curve given by the

ecuation



92 S. Kirsch

el i

Lfuc two analytic arcs of [1“ = ’}Gn ucet at b e

12

U
S
-

+ n),:—.’, 2=x+iy €8 .

under Lue same exterior angle Y= 2( - arctan n) . Obviously
(Gu) converges to G in the sense of the kernel convergence.
lience  (a, 3= Re A'I,O(Gn) ) converges to a := Re A1’O(G) and
(1(6.)) tw I(G") for n=%e .

according to Remarc 2 and Theorem 2, (27), the wapping

ne,« H

SJy P

_((1-xn)z + AnGO’an) y  2€G,
€,n * A .
(1-)«n)z + ane,n‘z ), 2€G ;

1s aduissible if xn is chosen so that

2 . 2 xL’L

C = - IG S a6 =

1 ln)\‘G'Pn l*’:r_—x;?t&n ’
n

wnich is obtained by using (29) and (30).

Cousequently we have

lia Re aqfe ]= i )\-an~——-a-&'——"'—2)—— s
n—re *1150,n n=>0 =2 2Na+ C -~ (° %

secause of the gyunetrical configuration of G evidently
. 2
a 8= A'I,O =d
of G wnose nuuerical value is d = 1'[‘2(1/4) /(45(7/2) =

= L+0,59017... , see [10].

Suppose taere exists an extremal function goeAp . Then

. He denote by d .the exterior conformal radius

according to Taooreum 2.1 8, would have necessarily the represen-
tation (27). 3But from (29y) omo concludes tnat the dilatation p(z)
of €o would be unbounded if 2z2€G° converges to zq = 1/2.

hioreover, 6o vould oe discontinuous along the vertical sides of

tue squere G . Accordingly e"o"‘&p .
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5. Geouwevricul oounas for tine dowainus oI tuae values a4

and '.tqu , w € A . Lot oe

Ki $= {81 g weni} 5 i‘ 5 §”>0 . Because of the fact, that

)

a = Re(e"21 A,]’a) =T+ ke(e'zlil"m) 4 r +\al ,

where I i= (A'\,O - A1’4!/2) [y o wd f= (A,"o + A'l,f/.?) 12T
and that tne upper and lower bound of 8, in (24) increases and
docreases by increasing a and a respectively we outuin the

following

Corollary 1. The boundary of K! lies within the closuad

annulus witn centre at the origin and the interior and exterior

radii
T - - . -1
(32) Ry 1= —Etlad)elo(1 - 1/§ (O/1))
2 (r +1al) - L1 - 1/E€7(C/1))
L3

R 1o Az etme1-(F-e/) - 1)
23 (r +Mat) + I(E~'C/I) - 1)

wnereas Ri = Re iff .

Golz) + G.nz(z) ® 2z for all 26G .

In this case K§ = Uz|$Ri=Re) is a closed disc.

Remark 4, It is well-known that for instance the dowain of
values a4 over the class of quasiconforiial wappings with a pres-
cribed dilatation bound which is a bounded function of a complex
variable 1s‘always a closed disc.

In the case of the class Kf this is in general not true
except for the special case of Corollary 1 , for instance. The

example in Theorem 3 shows that K! % is i.g. closed.
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newark 5, bscause of Re(o™<1¥ hq o) dr+al £ R,

wier@ R 13 tae ruadius of vhe swallest circle K which contains
f' wid oy aa wrgument of monotonicity oune cun replace

Re(e?19 A,].g) or (r + jm|) by K% in 11 estimates. After
sr:1s replacement equality bolds in every estimate 1ff G 1is the

exiurior of K .

Applyinz tho square root tranaformation 3 = 'dz -2, .
¢, €% <fixed, in (15) wo obtain by Remork 5

Coroliary 2. FPut §{p,z) t= (p=-1) /lz-z1| . z,lec fixed.
_ieh ve nave tae ineguality
2D(z,)+C
| iy 1
S SRV ¥ onr BINRRLES S

ubere  D(z,) := meJIc' lz-2,1 . In the casc G 1s the exterior of
T 5 z@

4 circle ccutered at 2z, toe exact dowain of values w(z,l) ,

«€Ag , is a closed disc giveu by (33). See also 14]

Reuark 6. Analogously to Corollary 2 a roasoning as in [4]
.nables us to obtain snarp estiwates for the functionals of
Gruosky and Golusin type by using mean functions € adapted to
che functional.
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STRESZCZENIE

Praca jest poswigcona istnieniu funkcji ekstremalnej realizu-
jace] kresy gérny | dolny pewnego funkcjonatu na klasie odwzoro-
warl érednio quasikonforemnych, tzn. homeomorfizméw, ktérych dyla=-
tacja ma ograniczong sdredniq polowq.

Szczegélowo rozpatrzono przypadek, kiedy dziedzing odwzo-
rowania jest kwadrat, a réiniczka kwadratowa zwigqzana z funkcjo-
nalem jest zupeinym kwadratem,

PE3YME

PaGora nocpsArieHa CymecTBOBAHMD 3KcTpemaabHORl DyRxuuM,
KOTOpas ANeT TOYHYD BEPXHOD MJAM HMXHOD FPAHb HEKOTOpPOro QyHk-
yuoHAaAa B kaacce orolbparerufl KBasUKOHPOPMHHX B cpenHeMm, T.e,
roMeouopdr3MOB, IRMAATAUMA KOTOPHX MMEeT OrpaHuueHHOE Cpentes
no naomamu. loapoSuee paccuoren cAyuall oroSpaxenuft samarmAmx
HO kpazpaTe u JyHKLUKMOHAAA COMPAREHHOTrO C KBaaparuueckum nudde-
penunaiom, Koropull apageTCA DOJAKM KBAADPATOM.,



