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On the Bieberbach Inequalities in the Class S

O nierównościach Bieberbecha w klasie S

HepaæHCTBa Tuna Bn6ep6axa njut Kjiacca S

Tne coefficient of any holomorpnic function in tne

disk |z| of the form f(,z) = z + a2z2 + a^ + ... is 

given by the integral

/•2T
aktf) = 2'j A I f(.reit:)e-ikt:<it ,

J 0

«L,if) = 1 for all f .

“e denote this class of functions by “s . If we require in audi

tion that the functions are univalent we obtain the class of 

"schlicht" functions S C S . Put

= j ftrei,:)e-ilctdt

then

rk_1 a^ttjr.f) = e-iU-1)t a'tt;r>£) .

Integrating over ^0,2X^ we obtain
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I*) rk"\lf) = 1 + Wo:-1) I a1(.t}r,ije~l(-‘t-'^dt .

hence wnen r X 1
( 27

a,Xf) = 1 + ilk-1) lia I au,lt$r,f )e”itk-'1 J’dt
* r'1 J o

or shortly

U) 11)clf) = 1 + lk-1)c£^

>'.e proceed with the integral ini*) as before: we put

■ t
a1lt;r,f)e~iU'1)t:dt

then the derivative with respect to t gives 

I'^ltjr.f) = e“itl£“2)t: l'(.t;r,f) .

Hence using (.* ) after integration
2T

1^(21 ;r,f) = lra2lf)-1)/i + ilk-2) \ I^tjr.f )e~iU"2}tdt,£-2) J

Therefore

12) aklf) = 1 + lk-1)la2lf)-1) - lk-1)lk-2)c£2^

where
cS2^ = lia 

K»1 r>1
r2i I^lt.r, 
J 0

;r,f )e-i(-k_2itdt .

Repeating the same procedure we obtain a sequence of represen 
1)

tation formulas for the coefficients:

15) aklf) = 1 + lk-1)la2lf) - 1) +

1) 6e can write k-1 formula of tlłis type
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+ U-1)Uc-2)lajli)/2 - a2tf) + 1/2) - llt-1)U-2)U-))c^

14) ak(.i) = 1 + (,ic-1)(.a2(,f)-1) f U-1)U-2)<a5(.l')/2-a2U)+1/2) ♦

+ U-1)U-2)(.k-3)(.a4(.f)/6-a5(.f)/2+a2U')/2-1/6) - 

- Çk-D(.k-2)(.k-3)(.k-4)c^

(.5) afcCf) = 1 + U-l)ta2U)-1) + lk-1)(.k-2)(.aj(.i )/2-a2lf )+1/2) + 

+ (.k-1)(.K-2)(.k-3)(.a4(.f)/6-a5(.f)/2+a2U)/2-1/b) +

+ (.k-l)Qk-2)Qk-3)(k-4)(.a5(.f)/24-a4Qf)/6+a_j(.f)/4- 

-a2«.f)/6+1/24) - lk-1)U-2)U-3)U-4)U-5)c 5̂| .

From the obtained formulas it follows:
* ( 11 ✓ ~11) If re 1 in a certain suoclass of 8 then

re at(.f) / k in this subclass.
Ç2)* If the real pare of the coefficient of -k is positive and

re a2(.f) ( 2 , then re a/f) 1 + lk-1)(.re a2(.f) - 1)Z k

t3)* If the real part of the coefficient of -k^ is positive,
2

tne real part of tne coefficient of -k is positive and 

re a2(,f) 2 then

re akQf) 4 1 ♦ (,k-l)(.re a2(.f) - 1) k , k > 3 

re a^lf) 2re a^f) -1^3 •

<4)* If c^ , re(.a4(.f)/6 - a^(.f)/2 + a2Qf)/2 - 1/6)^ 0 , 

re(,aj(.f)/2 - a2(,f) - 1/2) 0 and re a2(,f) 2 then

re ak(.f) 1 + (,k-1)(,re a2(,f) - 1) ( k , k > 4 

re a^lf) 2re a2(.f) -1^3 

re a4(.f) 3re a^lf) - 3re a2(.f) + 1

^3tre a2tf) 2 - 1) - >rea2(.f) + 1^4
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(.£>)* If nas real part 0 , re(,a^(.f )/24 - a4(.f)/b +

+ a3tf)/4 - a2lf)/6 + 1/24) / 0 ,

re(,a4(f)/6 - a^f)/2 + a2(,f)/2 - 1/6) 0 ,

re(.a^<f )/2 - a2(,f) + 1/2) 0 and re a2tf) 2 then .

re a^f) 4 *> ♦ <.k-lXre a2lf) - 1) It , k > 5 

re a^(.f) 4 re a^tf) 4 - re a^(.f) 6 + re a2(.f) 4 - 1^f

4re(12a.jCf) - 12a2Qf) + 4 - ba^Qf) + 4a2(.f)-1)  ̂

4'ret12a2(.f) - 6 - ba2(f) ♦ 4 - 1)^5

re a4(.f) 4 , re a^Qf) j .

Let ¿2 a ue a subclass of sucn that |a2(,f)| 2 ,

|aKtf)| Ak , wnere a is independent on k and f , a 1 .
** *

Therefore Ss , D 3 . On the other hand tne conditions in (.1) ,
*

...,(.5) are satisfied for f € S? . .

STRESZCiZENIE

Niech S będzie klasą funkcji holomorficznych f(z) - z+Oj(f) z^*... 

w kole jednostkowym.
Podano pewien wzór na ek(f) w terminach współczynników 

wcześniejszych i pewnego wyrażenia całkowego, który przy dodat

kowych założeniach może prowadzić do oszacowania współczynni

ków.

PE3KME

nycTb a KJtacc rojioiiop<{>Hiix o cauhm^hok Kpyre $yHKmifl Bitnao
f(zy = z + a2(f) z + ... . TToJiyneHHaji $opMyjia npencTanJia®n;aH
a^if) b anne pam>nnx KoerJyJiinneHTOB n HeKOTOporo nHTerpaza,
KOTOpa« MOKST CJlyzMTb OdCHKBM KOetJuflllilieHTOB npH HeKOTOpHZ naAbimtX 

yCJIOBMHX.


