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Klasyczna interpretacja sbieznosci w pewnej przestrzeni Frécheta

Kaaccuvecxas HHTEPNPOTBUKA CXOORMOCTH B HEKOTOPOM MpOCTpAHCTBE QPCI.IICT!

1. Introductlon. Let A? denote the class of all functions a defined over
(a,00), —00 < a satisfying:

a is differentiable on (a.00) , (1.1)

@ increases strictly monotonically , (1.2)

a(z) = +00 as z — 400 , (1.3)

a(z) - —co as z —a* and , (1.4)
alkz)

o _a'(z—) -— l (1.5)

for all k, 0 < k < 0o, the convergence being uniform on every finite interval of

(0,00). Let LY represent the class of all functions # defined on (b,00), —co < b
sutisfying

3 is differentiable on (b,00) , v (1.8)

B increases strictly monotonically , (1.7)

B(z) = +00 as z — 400 , (1.8)

8(z) - —occ as z — b7 and , (1.9)
AT !

i ST NN (1.10)

7% B8(z)
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for every function v such that v(z) — 0 as z — oc.

A positive function h defined on [a,00] belongs to the class LO if it satisfies
(1.6), (1.7), (1.8) and (1.10). Similarly » function h € A° if h € LO and satisfies
(1.5) in place of (1.10). '

Let a; € Ao, By € L. If

d{B7" (kan(2))}
d(log z)

=0(1) asz—o©

for all k, 0 < k < 0o, then Seremeta order p [8] of an entire function f,

f(2) = S: anz” is defined by:
»n=0
¢ = pla,3) = lim sup allog(M(r. /) = lim sup
=00 ﬂ1(|°gr) A—soC 8, (llog mﬂ.—l)
n

ay(n)

(1.11)

where

M(r,f) = max [f(2)]

Obviously, if @ € A%, A € LY then Seremeta order p of the entire function f is given
by the same formula (1.11).

Let ['(a, A, p) denote the class of all entire functions f, including f = 0, whose
Seremeta order does not exceed p where o € A, and 4 € LY. It is simple to
verify that ['(a, J,p) is a linear space over the field of complex numbers C with

20

usual addition and scalar multiplication. Futher, any element f, f(z) = E ax2" €

a=0
['(a, 8, p) is characterized by the equation:
; a(log(M(r, f))
ll:l'l-‘:' A(log") <p (1.12)
Or equivalently:
2
lan |7 exp {,ﬂ" (ff—:-'%)}—o a‘s‘n—ooc (1.13)
for each 6 > 0.
Define, for f € I'(a, 8, )
I FieBio+ 0l = laoi+ 3 laalexp g™t (Z221) 1

Ii-‘-‘!
where
e = ad PR IER I T T
it " forn > N*
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N* being the least positive integer such that a(N°®) > 0. Obviously, for each 8 > 0.
the expression (1.14) gives a norm on ['(a, 7, 2). Denote the corresponding normed
space by (['{a, 3, p) . !|-ii5). Let 4, 3 be the metric topolegy on ['(a, 3, p) generated
by these family of norms i.e. for f and y = (a,3,p) define '

=1
das(f9) =2 5=
i l+|[!—g;a.,3.ﬂ+:—’||

e
”!_Uvatn’vp'?;”

(1.15)

It is easy to see that (I'(a.d,p) , d,,3) is a Fréchet space (for the definition of
Fréchet space see Rudin|(?)). Several authors including Iyer 2!, 3], Krishna-
murthy!5], (6!, Srivastava 3! have obtaiued the classical interpretation of co-
nvergence in various subspaces of analytic functions in general. Krishnamurthy
531, igl, studied the convergence criteria in the spaces I'(p) and I'(0) where ['(p)
denotes the space of all entire functions whose order does not exceed p while ['(0)
contains entire functions of order zero. Recently, Juneja and Srivastava(9! have
obtained the classical interpretation of convergence in the space I’ ¢(p) of all entire
functions whose index pair does not exceed (p,q) and whose (p,q) order does not
exceed p if of index pair (p,q}.

In this paper we obtain a classical interpretation of convergence in
(T'(a,3.p) , da.3) which includes che corresponding results of Krishnamurthy
{31, 6i,and Juneja and Srivastavai4.

2. Preliminary results. In this section we state a few lemma which are used
in the proof of our main theorem. These lemmas are either weil known or can be
easily proved on the lines adopted by Krishnamurthy(5i.

Lemma 2.1. Ifda,3(f,9) 21 (0 <! < 2), then

{
Nfia,8,p+ 6]} 2 m Jor some 6= 6 where 0 < b <1,

and therefore for all values of 6 < &.

Remark. A consequence of this lemma is that if a series converges in
(T(a, 8,p) ,|j - ilg) for each 6 > 0, then it converges in (['(a, 3, ) , da.3), converse
is also true.

Lemma 2.2. (Dunfordand Schwartz{l], p.58). If a vector space X is a
complete linear metric apace under each of the two snvariant metrices dy and dz and
tf one of corresponding topologies contains the other, the two topologies are equal.

Lemma 2.3. iRudini?!, p.4). If a topology = is induced by a metric d which
ta dertved from o norm, then it ia raay to verify that the vestor space operations are
continuoua in 7,

S. The main theorem. We are naw ready to prove our main theorem.

Theorem 8.1, Let {f,.} te a azquence of elements of '(a, B, p). The statement
In = [ n(Cla,8,p) . d4,5) te cquivalent to the statement that for each 6 > 0.
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{fa} converges uniformly to f in Dgo = {z : |z| > a?} relative to the Junction:

Il =1
o { f o ((p+f>aumnd,}

5 ns o (555)} v

" a1((p + 6)A(logt) , }

where

Proof. Define

/() (3.1)

“fa a,B,p+ 8ljy =‘:E|:|Bx. up{_j

clearly, for each 6 > 0 and f € I'(a,B,p) the expression (3.1) gives a norm on
I'(a,B,p). Denote the corresponding normed space by (I'(a,8,p) , |l - /|s,1). Let
d,, o be the metric defined by:

0 1 Hf-ﬂ;a,ﬂ,ﬂ“'llll
Loll0)=Y 5 = @2)
=1 1+||f—9:a.ﬂ.p+;lh

where f, g €(a,8,p).
Now, we first show that (T'(a, 8,0, d}, 4) is complete. For this, consider

20

L(2) = S_: al?) z* as Cauchy sequence in (I'(a, 8, ) .4'..’). Then it is Cauchy in

n=0
each of the normed space (T'(a, 8,p),||:|ls)- So, given ¢ > 0 these exists po(e) such
that for p , ¢ > po(e)

[ {_ /*" -'((p+s)ﬂam)),,}

LR i )= feDl<e  (33)
Let So be an arbitrary compact subset of Dgo and let r = sup iz{. Then for
IESo
each zE€ Sg and p, ¢ > po(e), (3.3) gives:
*ip ot i E
£5(2) = fe(2)| S eexp { / 2 (o +f)’9 (log ) 44 (3.4)

It shows that {f,} converges uniformly on So. Using Weierstrass theorem, it
is clear from (3.4) that {f,} converges uniformly to a regular function f in D..
Now consider a circle W = {z : |z| = rg > al}. Since {/,} is a sequence of entire
functions converging uniformly on W, it also converges uniformly inside W tc a
function g regular inside . But f and g coincide in the region {z : a{ < |z| < ro}.
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So f can be analytically continued over the finite complex plane. Hence f is entire.
Further, f, — f uniformly in Dyo so ifp(2) = f(2)]| < ¢ for every z belonging to a
compact subset of D, acd p 2 po(e). This gives M(r,f) < M(r, f,) + 5. Using
the fact that f, €I'(a,d,p) it is easy to see that f € ['(a, d, p).

From (3.3) it follows that f, — f in (I'(a,8.p), |l :|is. 1) for each § > 0. Hence
fy, = [ in (C(e,B,p) , 4, 3). Thus ([(a,B,p) , &, ) is complete. Because of
Lemma 2.3, it is also linear metric space. We now show that d), 4 is compared with
dqa 9. For this, consider

s b [cxp{_ f, a-l((p+f)ﬁ(logt)) 4:” e

sf<r<oo

Let

nlgr .

Py = :/.' a-l“pﬂ-f)ﬂ“og !))J‘_

It is easy to see that for

r=exp{ﬁ" (:{:‘)‘)} Bmry,

say, the function P(r) has a minimum value.
Case [ : forn > NV,

I. < [aalexp{n logra} = [anjexp {,,ﬂ_, (aml )} _
- p+4é
Case Il : for n, 0 < n < No where Ng = [al+1ifa>0and Ng=1ifa< 1.

(a)ifr>rg whrere
weeo {0 (539))

then P(r) is an increasing function of r. So we have:

= loaexp .[- [ e+ 930eg0)

dt + n log roJ <

<o (23]

a(N*)

< |aa|exp [nﬂ'_" ] as Ng < N°* .
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(b) If r < rg then

max |an|exp { - f: e (e +:).5(103‘))d, +n Iogrl <

e$<r<ro l

< |aa|exp(n log ra) < |aa{exp(n log ro) 38 ry < rg <

‘nﬂ_l (GPU:;))] as Ng < N°.

|aa|exp

Case IIl: for n, Ng < n < NV

I, < |an|exp {nﬂ"‘ (:%—;—) } < lana| exp {nﬂ‘l (E}{:—?)} as n<N®

Combining all cases together, we have

I, < |as|exp {nﬂ"l (a_(p_.])} for each n .
1 p+é

Hence d, 4 and d, 4 are comparable.
So, by Lemma 2.2, d,,s and d), 4 are equal. Therefore, f, — f in d, 4 implies
fa— fin d'a', that is for each 6 > 0, fu — f uniformly in D,? with respect to

7ot o
oo { / ((p+f)ﬁ(l gt) ,, }

this completes the proof.

Remark. On setting a(z) =.logz, A(z) = z, the above theorem leads to
analogous result for the spaces I'(p) and ['(0) studied by Krishnamurthy(5],
[6). Further, for a(z) = log!” 'z, A(z) = log!"~" z, analogous resuit for the
space I'(,,4)(p), p 2 2, ¢ 2 1 studied by Juneja and Srivastava(4| can also be
obtained.
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STRESZCZENIE

W pracy podano klasyezna interpretacje sbieinasci w prrestrzeni funkeji calkowityeh, ktorych
rzad Szeremiety nie preekracza p.

PE3IOME

B nannon psSore npencrapneHa KAACCHIESCKAS HHTEPAPETBUHA CXOAHMOCTH B NPOCTPAM-
cTee ueanx yHKuUHA , KOTOpai X paa lllepemers He NpoBOCXORHT .
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