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Классическая интерпретация сходимости в некотором пространстве Фрешета

1. Introduction. Let A° denote the class of all functions 
(a,oo), -oo < a satisfying:

i a defined over

a is differentiable on (a.oo) , (1.1)

a increases strictly monotonically , (1.2)

a(x) —► +oo as x -+ +oo , (1-3)
a(x) —► -oo as x —* a+ and , (1.4)

lin, “(‘*> = 1 
»—oo Of(z) (1.5)

for all A, 0 < k < oo, the convergence being uniform on every 
(0,oo). Let represent the class of all functions 3 defined on
satisfying

3 is differentiable on (fc,oo) ,

finite interval of 
(6,oo), -oo < 6

> (1.6)

3 increases strictly monotonically , (1.7)
0(x) —» -too as x —► +oo , (1-8)

0(x) —* —oc as x —* b+ and , (1.9)

Bn, = ix-»oo a(x) (1.10)
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for every function u such that j/(x) —♦ 0 as x —♦ oo.
A positive function h defined on [a, ooj belongs to the class L° if it satisfies

(1.6), (1.7), (1.8) and (1.10). Similarly a function h £ A° if h E L° and satisfies 
(1.5) in place of (1.10).

Let a, £ A°, ft E L°. If

a(logx) as x 00

for all k, 0 < k < oo, then Seremeta order p [8] of an entire function /, 
00

/(z) = y «»?’ is defined by:
»=o

p = p(a, /)} = lim sup
P—*00

q1(log(Af(r./)) 
ft (log»1)

lim sup 
a-*oc

«1 (n)
ft Q log ;a«r j

(1.11)

where
A/(r,/) = max |/(z)||»|=r

Obviously, if a E A°, 0 E L° then Seremeta order p of the entire function f is given 
by the same formula (1.11).

Let r{a,f),p) denote the class of all entire functions /, including / = 0, whose 
Seremeta order does not exceed p where a £ A^, and d E It is simple to 
verify that r[a,fi,p} is a linear space over the field of complex numbers G with

OO

usual addition and scalar multiplication. Futher, any element /, /(z) = V' aj|Z» g 
»=o

r(a.ftp) is characterized by the equation:

,. o(log(A/(r,/)) lim sup----- —----- ------< p .ftlogr) (1.12)

Or equivalently:

1«. as n —* oo (1-13)

for each 6 > 0.
Define, for / E T(a, d,p)

if f;a,fi,p + i li = iao:-r y («„[exp |«d 1 ( y~y ) • (1.14)

where
0 < n < ,V
for n > N*
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N* being the least positive integer such that a(A’’) > 0. Obviously, for each 8 > 0. 
the expression (1.14) gives a norm on T(o, ,i,p). Denote the corresponding normed 
space by (r(o,^,p) . ’H's). Let d.^.g be the metric topology onr(o,.J,p) generated 
by these family of norms i.e. for / and g £ T(o, 3tP) define

* , Ii/-iz ;<» .p+II
<,(/,$) = E ---------------------------h- (1J5)

r=i i+ 1! / - $ ;<* >.d + - II
p

It is easy to see that (F(a.d,p) , da,^) is a Frechet space (for the definition of 
Freehet space see Rudin[7j). Several authors including Iyer 2', !3], Krishna- 
murthy[$), ?6|, Srivastava|9j have obtained the classical interpretation of co
nvergence in various subspaces of analytic functions in general. Krishnamurthy 
5i, jo’i, studied the convergence criteria in the spaces Ftp) and T(0) where I'(p) 

denotes the space of all entire functions whose order does not exceed p while T(0) 
contains entire functions of order zero. Recently, Juneja and Srivastava[9| have 
obtained the classical interpretation of convergence in the space rF,,(p) of all entire 
functions whose index pair does not exceed (p,q) and whose lp,q) order does not 
exceed p if of index pair (p, q).

In this paper we obtain a classical interpretation of convergence in 
(r(o, d,p) , da,g) which includes the corresponding results of Krishnamurthy 
(5), Si, and Juneja and Srivastavai4j.

2. Preliminary results. In this section we state a few lemma which are used 
in the proof of our main theorem. These iemmas are either well known or can be 
easily proved on the lines adopted by Krishnamurthy j5i.

Lemma 2.1. If da.g(f,<8) > I (0 < I < 2), then

]!/; a,)9, p + £|| > g—- for tome s = brj where 0 < <So < 1 , 

and therefore for all value» of 6 < <jq.
Remark. A consequence of this lemma is that if a series converges in 

(r(o,d,p) ,|| • i!f) for each 8 > 0, then it converges in (r(o,d,p) , da^g), converse 
is aiso true.

Lemma 2.2. (Dunfordand Schwartz[lj, p.58). If a vector space X is a 
complete linear metric space under each of the two »nvarfant mctricesdi and d2 and 
if one of corresponding topologies contains the other, the two topologies are equal.

Lemma 2.8. (RudiniTS, p.4). If a topology r is induced by a metric d which 
is derived from a norm, then it is easy to verify that the vector space operations are 
continuous in r.

5. The main theorem. We are now ready to prove our main theorem.
Theorem 5.1. Let {/,.} be a sequence of elements ofHa,0,p). The statement 

fn —* f in (T(a,0,p} . da,g) is equivalent -to the statement that for each 8 > 0,
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{/•} converge« uniformly to f in D,o = {z : |z| > a°} relative to the function:

where
a-t > max

Proof. Define

II/» a,ft,p + ftlji !/(*)! («-I)

clearly, for each ft > 0 and f G T(a,ft,p) the expression (3.1) gives a norm on 
r(o,ft,p). Denote the corresponding normed space by (r(a,ft,p) , || • |j«,l). Let 
^a,p b* metric defined by:

« . Ii / - 0;«»3 »p+ - 111
----------------------------

=i 1 +|| / - j ;q ,ft .p + - ||i
(3.2)

where f,y £T(a,f),p).
Now, we first show that (T(a,ft,p , d'a ^) is complete. For this, consider

OO
f,(z) = v z* as Cauchy sequence in (Y(a,fi,p) Then it is Cauchy in

n~O
each of the normed space (T(a,ft,p) , ,| • ||>). So, given e > 0 these exists po(e) such 
that for p , q > po(z)

max iexp | J )/,(,) _ /f(z)| < e (3.3)

Let So be an arbitrary compact subset of Da° and let r — sup Izj. Then for 
* »es«

each z G So and p , q > po(«), (3.3) gives:

!/«(*) ~ /»(*)! < ««xp j -Wflo&t)) di (3.4)

It shows that {/F} converges uniformly on Sq. Using Weierstrass theorem, it 
is clear from (3.4) that {/p} converges uniformly to a regular function f in D,o. 
Now consider a circle W — {z : }z| = ro > a?}. Since {/F} is a sequence of entire 
functions converging uniformly on W, it also converges uniformly inside R’ to a 
function g regular inside W. But f and g coincide in the region {z : a° < jzl < ro}.
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So f can be analytically continued over the finite complex plane. Hence f is entire. 
Further, ff —*■ f uniformly in D„<> so i/?(z) - f(z)[ < s for every z belonging to a 
compact subset of Dao and p > Po(Y). This gives M(r,f) < M(r,fr) + s. Using 
the fact that fv E r(a,/3,p) it is easy to see that f E Y(a,0,p).

From (3.3) it follows that fr -+ f in (r(a,3,p), It •(!«» 0 f°r each > 0. Hence 
fr — f in (r(o,3,p) , /a>3). Thus (r(or,3,p) , d'a ^ is complete. Because of 
Lemma 2.3, it is also linear metric space. We now show that dfa ^ is compared with 
da,p. For this, consider

/„ = max |a„!r" exp 
«®<f<oo

a ‘((p + ^dflogt))
(3.5)

Let

J.o t

It is easy to see that for

say, the function P(r) has a minimum value.
Case I : for n > AT*,

/, < ja.jexp{n logr,} = ja.jexp {n/T1 } •

Case II : for n, 0 < n < Nq where A'o = [ai + 1 if a > 0 and No = 1 if a < 1. 
(a) if r > r0 where

then P(r) is an increasing function of r. So we have:

»-‘((^ + i)3(logt))max a„| 
ro<r<oo

= la. i exp
^((p+UMlogt))

-dt + O log To
K

< ia, [ exp

< |a«jexp ~ '
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(b) If r < ro then

max |4„ j exp 
«?<r<ro

n < N'

< |aB|exp(n log r,) < |aB|exp(n log r0> as r, < r0 <

|a.|exp [nft-1 as N° - N* '

Case III: for n, Nq < n < N\

I. < ja.jexp {nft-1 (^0 | < |a,|exp {nft-1 } *'

Combining all cases together, we have

In < |a,|exp (nft-1 | f°r eacb n '

Hence da,0 and d*a # are comparable.
So, by Lemma 2.2, da>g and d*o are equal. Therefore. /»—*■/ in da,g implies 

f„~f in J'a^ that is for each 6 > 0, fn —» / uniformly in Dt<> with respect to

JjU »-*((,-M
exp

6)ft(logt))
dt

this completes the proof.
Remark. On setting a(x) = .logx, ft(x) = x, the above theorem leads to 

analogous result for the spaces T(p) and T(0) studied by Krisbnamurthy[5], 
[6]. Further, for o(x) = log'p-1*x, ft(x) = log1’-x, analogous result for the 
space r(Pi,)(p), p > 2, q > 1 studied by Junejaand Srivastava[4i can also be 
obtained.
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STRESZCZENIE

W pracy podano klasyczna interpretację zbieżności w przestrzeni funkcji całkowitych, których 
rząd Szeremiety nie przekracza p.

РЕЗЮМЕ

В данной работе представлена классическая интерпретация сходимости в простран
стве целых функций , которых ряд Шереметы не провосходит р.
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