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A Generallzatlon of Chebyshev’s Inequality
Pewne uogélnienie nieréwnoéci Czebyszewa

Hexoropme o6oSmetine HepapericTas Yebui tnesn

Let a;; and p; (5,5 =1,...,n) be real numbers. Let us adopt the notations:

Qg = a1y~ G,
846i5 = 8541 8ij

A4, = “\(eau) = Qg1 41— GG+l — Gisly t G,

[ ] n
Pl':z:pi; Pk-:EPh (t=lt'“|"l-

=1 =k
Then the following theorem is valid:

Theorem 1. (a) Let n-tuple p satisfy the conditions 0 < p, < p, (1 <k < n).
Ifeéa.-,‘ >0 (1,j=1,...,n—1), then

D(aip) 20 (1)

where d : :
D(a;p) =Y _pi Y _piass - Y pipsais -

=1  g=1 ig=1
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l/A?a,-,- <0 (1, =1,...,n — 1), then the reverse snegquality in (1) s valsid.
1

(b) Let be esther 0 < pa < pr (k=1,...,n) 0or0 < pa < ps (k=1,...,n).
If ?90,5 <0 (s,§ = 1,...,n—1), then (1) holds; and isf ‘}%a‘" >0 (1,4 =

1,...,m— 1), then the reverse snequality sn (1) s valid.

Proof. As identity Y p,(a;5 — ai;) = a; + f; is valid, where

J=1
i—1

a
ai = ZP.v'(“ii‘av'j‘“;'+1J+l+a".i+l)| pi = z Pilaji—aij=aj-1 -1+ j-1),
=1 J=i+l

then, because @; = 0 and g, = 0, we obtain:

D(alp) = Ep" (zpj(a.fj = dij)) V‘Plao = Eptﬂn =

i=1 \u=1 i=1 i=1

= ZP;(a. -ai—1)+ v Fi(Bi — fina1) =

|=l

-2
"Y‘P (ZPJQQG- X.j'P'-lAac —lyi— l|+
i=2 =1 ’
- n
+Z:Pi[ z PJA%auq 1+R+1Aa!|+l
=1 i‘j=i+2 5
s
l.e.
a 1-1 -1
D(e;p) =) Y PP; Ada;_ ,,,+Y‘ Z FiP;alai 1. (2)
i=25=1 i=1 y=i42

Using (2), we can easily prove Theorem 1.

Remarks: 1° We can also easily show that the conditions of Theorem 1 are
necessary and sufficient.

2° If a and b are monotonous n-tuples, then from Theorem 1, for a;; = aib;,
we can get the well-known Chebyshev’s inequality. -

Theorem 3. Let p be posstive n—tuple such that

M= max (PyPyy).

1<k<a—1

If esther eea,-j 20 (6,7j=1,...,n—1) or eea,-,- <0 (t,§ =1,...,n—1) then

'D(G;P)l S Mlag, —aqy — a1+ al.ll .
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Proof. From (2) we have:

|nu -1 = '

[D(a;p)|] < \flvaAa,_u + E S .'1194,-‘,-_1' =

|._JI—410

||-2] =1 ial y=irl
=Mlaaa — 201 — 33a + al.l' .

Corollary 1. If either ./Ih’&a.-,- >0 (f,y=1,...,n—1I)or
?ea,-,- <0 (8§ =1,...,n — 1) then

nva.; - v a;,
d=l

l=l

[E}(n—ir—')la —Gpy — @14 + 81,1
2 12 an nl 1a 1,1) «

Analogously we can prove the corresponding integral analogue of Theorems I
and 2.

Theorem 3. Let the function X : [a,b] — R be esther continuous or of bounded

2
variation and let the funetion f : {a,b] x {a,b] — R have partial dersvative :Iéfy
Jor every 2,y € [a,b].
(a) Let A(a) < M(z) < Mb) , for all z € |a,bl.
Iy 4/ >0 (forall z,y€(ab] then
8z8y ~ i
T(fi3) 2 0 (3)
where
5 . b .
= [ 0 [ reaoe- [ [ remaeae.
L a a -
s : = L :
It 328y < 0( for all z,y € a,b]) then the reverse snequality sn (3) is vahd.

(b) Lct bs either A(a) < A(b) € \(z) for all z € [a,b] or
A(8) > X(a) > \(z) for all 2z € [a,b). If Ez—;; <0 (Jorallz,y € [a,b]) then (3)
holds, and sf %

holds.
Theorem 4. Let X be nondecreasing function on [a,bl such that

a2
M = max.e(e,i)((A(2) — A(@))(A(b) = A(2))). ] esther 320 !

>0 (forallz,y € |a,b]) then the reverse snequality in (3)

>0 (forallz,y €
\

{a,8]) or 3 ?! <0'( for all 2,y < [a,b]), then

[T(f; D] < M|f(},6) - [(a,8) - f(b.e) + f(a,a)].
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Remark 8. If ) is continuous nondecreasing function then
1 ?
M = 20 = Xa)*.
The previous results are generalizations of some results from {1}, (2], (3] and (4].
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STRESZCZENIE

W pracy tej tostalo podane uogélnienie dobrze tnanej nieréwnosci Crebyszewa. Podano
rownlei uogolnienie pewne) nieréwnodel M.Biernackiego, H.Pidek i C.Rylla-Nardzewsklego.

PE3IOME

B nannof pabote npeacrasiasno oSobuwenue nspecTHoro HepapercTea YeSuesa. Ipen-
craBieno Takxe oSobmen e HexoToporo HepasetcTa bepnauxoro, lnaex u Puaa-Hapaaescroro.




