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Introduction. In the present paper we will consider algebraic properties of
3-structures induced on the hypersurfaces in the Riemannian manifold by genera-
lized 3—structures given on the Riemannian manifold.

By MX TM* we will denote a k-dimensional C°°~ manifold and tangent space
to MX, respectively. The indices a, 8, v will run over the set {1,2,3}.

Let M** be a 4n-dimensional differentiable manifold of class C™° which admits
a set of three tensor fields {.ﬁ‘} of type (1, 1) satisiying the conditions:

FoF=F3=e¢l, €=l (1)
a a a a a
FoF=«¢F, £ = +1, a#tfEv#a, (2)
e 8 advy af

I denotes here the identity tensor field.
The set of these tensors fields {f} , (o = 1,2,3), will be called a generalized

3-structure, or shortly 3-structure.
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The formulas (1), (2) imply the following conditions:

(f°1;)°f =:’({;‘°{").
oD =ailh
Fo(eF) =scl
a M a af v
el =¢cc¢l,
a My LA
hence we have
ce==sc¢ (3)
a py afv
Analogously
Fo(FoF) =e(FoF),
(FoF)sF =¢ eF,
e o V) afayp
eF =¢eF,
ap afav g
and
z=a‘ﬂ:ﬁ' W
From (3) and (4) we obtain
Es—=lasigr; (5)
a fa 0

There exist four types of 3-structures {IE} on M** which satisfy the conditions

(1), (2):
L

F*=F*'=F3=-], (e=e=e=-1)
1 3 3 1YCHasNls
Taking into account (3), (4) we have
e=—-6 =€6=:%1, § =—¢=—¢, : e=—-85=g¢g,
12 31 13 31 ‘23 3z

This structure is called an almost quaternion structure ([1], (2]).
1.

2 — ) — P — . =
Bt BeR=-1, =1 geg=-i.
Making use of (3) and (4) we obtain
e=e=¢==], €c=6¢=¢, § =€ =-¢
12 2 13 3 2351 32

This structure is called an aimost quaternion structure of the first kind ({2]).
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Taking into account (3), (4) we have

e=—6 =¢==zl, e =—-6=
13 31 13 3 23 33

This structure is called an almost quaternion structure of the second kind ([2]).
Iv.

Fi=Fl=F?=], (e=e=2=1).
1 2 3 1 2 3
(3) and (4) imply
e =¢=e6=1=l, e =6=¢, e =6=¢6.
12 21 13 31 23 3

This structure is called the 8-product structure.
The values :, c’ for these 3-structures are illustrated by the following tables
@

1 2 8 1 2 ]
1| -1 ¢ | —¢ ) U 6 G 2 e
I 1I.
2 |-—e| -1 e 2|e| —-1]| -¢
3| « -e | -1 3je| -] -1
1 {2} 3 11213
1 1 e 4 1]1{e]e
1II. Iv.
2!—e}lk—s‘ Zisl|s
3?——3‘::—1[ 3-e||c|l

(we denote € = ¢ ).
a aa
Theorem 1. Let M*" be a Riemannsan manifold with a 3-structure {I:} There

ezisls a melric § which aatisfies the condition
EE), B0 = §(X.7) ©)

Jor all @ =1,2,3 and for arbstrary vector ficlds X,Y € TM*".
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Proof. Taking an arbitrary Riemannian metric a2 in M** we put
iX,¥) = a(X,Y)+a(F(X), F(Y)+
L(E (D), EW)) + (EC), )
(see [1]).

1. The 3-structures Induced on the hypersurface in a Riemannian
manifold. Let M** be a Riemannian manifold with a 3-structure {I:} and let

M**~1 be an orientable manifold such that there exists a differentiable immersion
§r MR M

A submanifold M4*~! will be identified with a hypersurface §(M**~!) in the
Riemannian manifold M**.

We denote by N the unit vector field normal to s(M**~!) with respect to the
Riemannian metric g satisfying (6):

g(IN,N)=1. (7)
For an arbitrary vector field X € TM* we put:

F(X)=X;+X, (8)
vlvhere )gl € TM*! | Xne € TM**~1, Let us denote:
{lzf(i’)a xﬂ2=:‘2(x.)Nv

where f‘ : TM4 — TM4-! | 42 : TM** — R are given by the decomposition

(8). We have e ¥ i -
F(X) = f‘(X) i :t:':(X)N . (8")

The condition i
f‘(X) € TM!

implies

_ J(P(X),N) =0. ®)
Putting X = N into (8) we can find

F(N) = F(N) + ea(N)N . (10)
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Let
ng(N)eTM"'". A=w(N)ER. (11)
Then we have Wy
F(N):z«'re/\N. (10")
a aoa
The restrictions F| W of F and & will be denoted by F' and .
a'TAf4e-1 @ Tpfea-1 @ a a o

respectively. F is a tensor feld of type (1.1) on T'Af**~! and v is a 1-form on
a Q

TM-!,

In this way on the submanifold Af1"~! there are given three tensor fields F of
a

type (1,1), three vector fields n and three 1-form fields w induced by F.
a Qa a

Thus the 3-structure {£'} induces the 3-structure {F,u,:a]} on the submanifold
o a a
‘\{4'\—1 i
We will consider the kind of the 3-structure {F,':;;,r,}. From (1), (5) and (11)
we have
X = f(g(x) + 2w(X)N) =
= F(F(X)) + sw(X)n+ e(F(X) + ew(X)AN =
a a aa a a oa aa a
= F*(X)+ ﬂ(x’)n +e(wo f)(_\'f)N o ;\:g(."{)N

for an arbitrary vector field X € TM 4",
From here, for X = N we have

N — . 2
= St G e RN
and
Fin)=-edn. w(n)=1-s)7.
a a aaca a a a a
However, for each vector field X € TM**~! we have

I:‘f(X):gX—sw(X)n, or F;'-'::(l—cgé‘ag)

and therefore,

o€
o
3o
]
|
[N\
ey
e g
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In this way we obtained the 3-structure, {f,(:,g} which satisfies the conditions:

(12)

It is a generalized contact or an almost contact 3-structure (with respect to the
values X = w(N)).
a a

We will consider dependences of this 3-structure derived from the condition (2).
For an arbitrary X € TM** we have

FEX)=¢eF, a#p#qr#a,

af 1
f‘(l;‘(i' )+ ;g(ff )N) = :,lj‘(i’ ),
P(E(X) + sw(X)N + e(@(E(X) + cw(X)N)N = e (F(X) + ew(X)N) .
Now making use of (11) we get
(fog)(£)+;g(i)2+:(§og)(X)qu(Xw = :ag(fr)ﬂu:,ﬁ(k)zv . (13)

Thus we have

(taking into account the equality (3)).
Putting X = N into (18) and using (11) we obtain

F(n) + sa\n + cw(n)N + ssAAN =en P nN .
afi af 9

It implies

F(n)
wig) =

;,\g ,

— el
po

]
I -
_): -l:
‘)‘
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In this way we find: fora £ § £ 7# a

FoF =sF-ew®n
a 8 aft1 B8 a
woF = g w-e\w
p a s L Ba 3 4 . (14)
5(3) - :5!1' = 792’\'0'
= ¢ A—-el)
S T e

Thus we have proved .
Theorem 2. The 3-structure {f‘} given on the 4n-dimensional Riemannian

manifold induces the 8-structure {F,w,n} on an orientable hyperaurface which sa-
a a a

tisfics the conditions (lZ),and (14).
Collolary. A linear subspace spanned by the vectors 1 18 an invariant

subspace with respect to linear mappings F.
a
Four types of 3-structures {F} on the 4n-dimensional Riemannian manifold
a
given on the pages 3 - -5 induce four types of 3-structures {F,w,n} on an orientable
a a a

hypersurface, which will be called: I - almost contact 3-structure |3],
II - generalized almost contact 3-structure of the first kind,
II1 - generalized almost contact 3-structure of the second kind,
IV - generalized almost paracontact 3-structure,
respectively.
3. A metric Induced on a hypersurface. Suppose that on a manifold M -
with a 3-structure {{‘} there is a metric g which satisfies condition (6):

JEX),E(V) =§(X,¥), X.¥eTM*.
With respect to (7), (9), (10’) we obtain
J(NE(N) = (Nug + eAN) = €.
On the other hand, using (6), (1) and the above equality we get
§(N,F(N)) = §(F(N),eN) = e§(N,F(N)) = X .

Thus we have two cases: c
l)::—l.Then;\:O and ﬁ(N,f'(N)):O. /

2) s = 1. Then ﬁ(N,i‘(N)) = X For each type of the 3-structures we obtain
a a a
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1. 1\#0,%#0, §=0,
IV. X£0,)#0,)#0.
The submanifold M4*~! will be considered with the metric g induced by 3:

9(X,Y) = §(X,Y) for X,Y € TM**"!,
Theorem 8. The induced metric g satisfics the following conditions:
g(F(X),E(Y)) =9(X,Y)-w(X)(Y), 9(X,n) = w(X),

9EX)LEY) =cegX,F(Y))-ecw(X)u(Y), a#f#q#a, (16)
g(n.n) =uw(n).
Proof. For X,Y € TM**~! with respect to (6), (7), (8), (9) we obtain
9(F(X),F(Y)) = §F(X), F(Y)) = §(E(X) - ew(X)N,F(Y) - ew(Y)N) =
= §F(X),F(Y)) = ew(X)§(N, F(Y))-
~ew(Y)H(F(X),N) + w(X)u(V)3(N,N) =
= §(X.Y) - ew(X)§(N, F(Y) + ew(Y)N))-
~ g0 (V)I(EX) + ew(XINN) + w(X)(Y) =
=9(X,¥) = (X (¥) - w(X)a(¥) + w(X)w(Y) =
= (X, ¥) - w(X)u(¥).
In the similar way we can prove the equality:
o(X,m) = §OX, E(N) - eAN) = §(X, E(N) = §(E(X), F*(N) =
= §(F(X) + sw(X)N,eN) = w(X)§(N,N) = w(X).
The third equality is obtained analogously. The fourth equality (16) dlrectly
results from the second one.
Similary, taking into account (164), (12¢) we obtain
g9(mn) = w(n)=1-e)*.

The above equality implies the following conditions for s =1 and Riemannian
metric g:
-l<)i<l, A#0, w(n)>0.
a a a a
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The second equality (16) and (14) give us
ﬂfg.gl =‘¢:(3; = A= ,\,\
Thus for each 3-structures we obtain

L g

L. g(n,p) =9(pm) =0,
9(7,3) =g(p.) =0,
00,) =g(n,p) =),
gty =1-0)?,
9.9 =9(np) =

ML g(n.g) =9g(p9)=".a,

.9(7,g) =9('3-7)=s;\-
9(9.m) =9(q.9) =~
ging) =1-(°,
oy =1-0,
9(.g) =1. ;
Iv. a(g,g) =0(2.3)=c§—.},’\,
on) =1-Q), a#p#v#a.

We will Iinvestigate the linear independence of the vector fields Y- Let

}ul+aq+aq=0, A,c’z,aER.

Making use of (12¢) and (144) we obtain

a1 - c(,\)’)-i-a(’t’as\- g}«z\)+a(’:{’\ 5‘1\3\) =0
“(1’3'8\ - cAA) - a(l - c(,\)z) - 0(3‘1'1\ L\) =0

A s+ Had - + 3o =0
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We must compute the determinant of the matrix

1-e(0)} ed-ed) e)\-ecl))

117 338 3217 937 313
A=| eX-el 1-6(Q)? sd-¢)))
183 112 2'2° 311 333
ed—6l) ed-el) 1-¢())?

123 113 211 22% 3'3

det A=1+(2 )‘+( )¢+ (A)‘

A(ee +6e +ece +eec +6e+e5+688+6858)-
125123 © 192 T 218 ' 231 ' S13 ' 331 ' 123831 183231

3 2 2 aF, 2 3 2
240 + 5+ 50 - 2+ QN + 5
For the I type of the 8-structures we have:
det A =1

Thus @ =a=a and the vector fields PYq re linearly independent.
For the II type we obtain:

det A=1+ (/})‘ - 2()1\)’ =(1- (i\)’]’.
The vector fields 7] are linearly independent iff
1-( #0.

For the III type we find:

det A =1+ + N -2(Q)° + V) +200)° = [1 - Q) - WP

The vector fields ] are linearly independent iff
1-Q)' - Q) #£0.
For the 1V type we have:

det A =140+ () )+ 801 = 2Q) + O + ())-
-2(Q0) + AN + ) =

= [1= Q)7 = ()P = Q71 + 8 = 4[N + QN + Q)]
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The vector fields 19,7 are linearly independent iff
[1- Q) = Q) - QP +8e10) - 41D + Q) + Q)P # 0.

We have proved
Theorem 4. The vector fields 7:9s9 ore linearly sndependent for the I type.

For the types II, IlI, IV, we have: the vector ficlds 7:7:7 are linearly independent
oy
1= %0  ( type)

1-()’-Qy#0 (I type)

(1= = Q) = QP + 8602 = 4N + AN + QY £ 0 (AV type)

8. A metrle on the submanifold Invariant with respect to {‘ On a

Riemannian submanifold M**~! with the 3-structure {l:,tz,rg} we can define such

metric § that
HEX),E(Y)) = §(X,Y) (17)

for arbitrary X,Y € TM**1,
Considering an arbitrary metric g on M4*~! which satisfies (16) we shall look
for a metric § on M**~! of the following form

JX.Y) =9(X,Y)+ Aw(X)w(Y) +@(X)(Y) + @ (X)e(Y)| + Blu(X (Y)]+
+y (X(Y)] + Clw(X)w(¥) + ¢ (X)w (V)] + Dlw(X) (Y) + ¢(X)w(Y)) .

We will choose the coefficients A, B,C, D in such a way that they satisfy (17).- We
must consider the system of linear equations

— 3 2 3
= l+A[(,}) +(,2\) +(3\) ]+233\‘s\+2c’1\’s\+w‘}§
B = -se|AA+ D)+ C)
223 1 2 S
C=-ce|DA+ A\ + B)|
113° 1 2 3

: D=—¢c[C}+B;\+A3\] (19)
B =¢B
1
C=e¢eC
2
D=eD
s
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We will fiud a solution of the system (19) for each of four types of the
3-structures:

I.A=-1,B=0,C =0,D =0 is a solution of (19). Thus we have
§X,Y) = g(X,¥) - wX)w(Y) + w(X)w(Y) + @(X)u (V)]

II. We can rewrite (19) in the form

A=—1+A(zl\)2
B =-¢elA

{ 1
C=0
D=0o0.

The solution of this system exists, iff
W7 #1 (21)

and it has the form "

A= qu——_ 1 y

_ell\
qu?‘_"

Thus

§(X,Y) =9(X,Y)+m, (X (¥) + ¢ (X (V) + (X (Y)]-

cA ' (22)
(/\)2 {w(X)w(Y) + w(X)w(Y)]

IiI. We can rewrite (19) in the form
A= -1+ A0 + (VY
B =¢)\A
C=-¢)A
2

D=y,
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The solution of this system exists, iff

W+ #1 (23)
and it has the form

Laie el & o

(})’ +Q) -1 ’

‘{‘

B= ——Mm8M—,

P+ -1
C= ————— |

=1
D=0.

Thus
#(X,Y)=g(X,Y)+
1
"-'W [ﬁ{(x)‘f(}') 5 a;(X):g(Y) + (g(X)tg(Y)] +
eX
1 (24)
+(})2 + (,’\)2 =01 [‘g(x)‘g(y) +(§l(X)(g(Y)] w
2}
2
“W—;—l— if(x)ig(]’)"“g(xr‘f(r)] .

IV. We can rewrite (19) in the form

D 2 ] 2
=-1+ A[(,l\) - (,’\) + (/‘\) ]+ 23%@ + zc,}g - wh\
= —¢[AX + D\ + C)\|

1 2 L)

A
B
C = —¢[D)A+ A\ + B)]
1 2 : |
D = —e[C% + B/z\ + A's\!

&

The solution of this system exists, iff

[P + Q) + Q) — 117 +8a202 - 4Q)* + QN* + QN1 £ 0 (25)
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and it has the form
2 (})’ + (;\)’ + (3\)’ —1-2eA\)
" OF + Q7 + Q) — 1P + 80103 — 4007 + Q) + O]
Al - Q)P + Q)+ W) -2))

P QA Qr P s - 0 + QY+ QY

M1+ - Q) + (M- 2)) ; (26)
T QF QR - 0 + 0D F QY7

eA[1+ (A2 + ()% - (A)?] - 222
D = 3 1 3 3 12

[OF + Q) + Q)7 — 1P + 8] — 4103 + Q)7 + Q7]

The metric § has the form (18) with coefficients A, B, C, D given by (26). Theorem
4 and the conditicns (21), (23), (25) imply the linear independence of the vector

fields VLR
Theorem 8. Let {F,w,n} be a 3-structure on the submangfold M4*~=1, Then
a a a
there czists the metric § which satisfies the condition (17) iff the vector ficlds 17

are linearly independent. The metric § is given by (20) - I type, (22) - II type, (24)
- HI type, (18) with cocfficients A,B,C, D given by (26) - IV type.
4. Elgenvectors of the tensors /' and f‘ The real eigenvalues do not exists

for f‘,li’ = — 1 Let us assume that

F?=1 ; (27)

By x, X we denote the real eigenvalue and eigenvector of the tensor F, respectively.
a

Thus f‘(X ) = xX. Hence using (27) we obtain

X= 15;’(1.’) = nf‘(i’) =rX

and :
3] o', ‘ (28)
I. Let us assume X = N. Making use of (8) and (11) we get y
AN
:r(N) = ;\ =34

Then the relations (12) can be rewrite as follows

=1,
a
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F(q)z')

v(n)=0,

a a
woF = —rw

Thus the 3-structure {F,w.n} on M%*~! is not complete.
a a a

II. Let us assume

(X)=¢X, X#N.

ﬁ'i’l

The equality (8) implies ) 1
I:(X) +(;)(.\'):V =X .

Hence using (28), (29) and (12) we obtain
F(xF(X)) + w(X)N = kX .
sf(g(x) ) :;;(X)N) = cz(i')N =xX,
kX - ma;(fr)g + n:z(.’-()g + cg(X)N + g-;(.’i’)N =rX.

So w(X) =0 and 1:(.\') = kX. Therefore X & TAfi"~1,
Thus we proved that. the eigenvector X off‘ is the eizenvector of F.

It implies that X = TAM**—1, ¥
We will ind all eigenvectors of F. Let X = TM**~! and
a

F(X)=pX
for some real p. Making use of the first equality (12) and (30) we zet

P =X -u(Xn) ,  FX)=pE(X)=p'X,
(X -w(X)n) =p'X | (1 - £0)X = w(X)n .

The last equality of (12) and (30) imply

(cz o FYX) = pw(X), —-fdwiX)= pc;)(X) . (p+ :.})c:(.\') =10

Thus we have two possibilities:
1. p=-2).
aa

Then the equalivy -(31) can be rewritten in the form

(1 - e(N)X =w(X)y. w(n)X = w(X)n,
a a a a a o (] o

{2¢)

{30)

(31)

{321
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(see (12)). The above relation implies that an arbitrary eigenvector of f and the
vector n = I:(N ) are linearly dependent (In the case [ 1 we must assume that
(A #1).

2. (:(X) =) ¢
Then 1 - :p’ = 0. The real enginenvalues do not exist for £ = —1.
For: =1 we have p = 1 or p = —1 and we compute an eigenvector X from the
condition (:(X) =0.
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STRESZCZENIE

Niech M4® bedsie 4n-wymiarowa régniczkowalna rocmahtodels Riemanna s sadana na niej
8-struktury {F} bedaca uogdinieniem struktur rozwaianych w pracach [1] | [3]. 8-struktura
a

ta indukuje na hiperpowlerzchni M1 sanurzonej w M3 pewna $-strukture {F,u,n}.
a a a

W pracy tej badane sa algebraiczne wiasnadei tej 8-struktury na hiperpowlerzchnl MESE™

W azceegblnoéel rozwaiania dotycey metrykl na M) Indukowanej przez metryke na Min

nlezmienniczg wegledem 8-struktury {F} Nastepnie wyprowadsone zostaly warunki istnienia
a

| postaé metryki na Min-} nbnmlennl?ze] wegiadem tensoréw F'. Rorwadania w kofcowe)
a

czedel pracy dotycsq wektordw wlasnyeh tensoréw F 1 F.
a a

PE3IOME

Tyces M4 ecns 4n-wepnoe nudpepenunBAbHOE PHMBHOBOE MHOTOOGpAIKHE € SAOBHHOR HA
Hew oBobméunoft 3.crpyxrypont {F} e 3-CTPYXTYPS MHOYUMpPYET N FHNEpnoBepXMHo-
[+ ]

cen M1 norpymennoft » M nexoropyw 3-crpyxrypy { F.w.n}. B nannoR paSore
a a a

da=1
H3yXenh anreSpaueckue coft cTas J-cTpyRTypu Ma M . B wactHom caywae paccma-
TPHBREM METPHEKY Ha /\{""_—l uHayunposannywo Merpurofl wa M3™ uneapuanrHof oTHO-
CHMTENsHO 3-CTPYKTYPH {F} Hasee npeacTama=isl yCAOBMA CymecTBOSAHHA M GOpMB Me
a

rpuxu {F,w,n} m M1 HHBBPHBNTHOR OTHOCHTEALHO TENSOPOR {F} Hansnef nne
a a a a

" paccy»®neHKua KacmoTcs cobcraennnix Bexropos mas rensopos { F'} u {F}.
a e



