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oo
l.Let S denote the class of functions of the form: g(z) = z + 5 6Bz" that are 

»—2
analytic in U = {z : |z| < 1}. Denote by S*(a) and K(a), (0 < a < 1) the subclas
ses of functions g in S that satisfy respectively the conditions: Re { 1 > a

I ÿ(x) )
and Re f I + 1 > <* for z E U.

1 9'W )
OO

Let T denote the subclass of functions in S of the form: </(z) = z - bnzn, 
n = l

6, > 0. Also set T*(a) = Tf~lS*(°) and C(o) = mff(o). The classes T*(a) and 
C(a) possess some interesting properties and have been recently studied in detail 
by Silverman and others (See, e.g., [10] to (14j).

Let E denote the class of functions of the form:

A(z) = - + Va^z", 
‘ n = l

(1.1)
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which are regular in D = {z : 0 < |z| < 1}, having a simple pole at the origin. 
Let E<? denote the class of functions in E which are univalent in D and E* (a) and 
Ek(o) (0 < a < 1) be the subclasses of functions /(z) in E satisfying respectively 
the conditions:

Re

and
Re I-»-«?) > or for z G U, (1-3)

it being understood that if a = 1 then /(z) = 1/z is the only function which is 
in E*(l) and Ek(1). Functions in E*(a) and Ek(«) are called meromorphically 
starlike functions of order a and meromorphically convex functions of order a 
respectively.

The classes E*(a) and E/f(a) have been extensively studied by P o m me
re n k e (7), Clunie[2j, Kaczmarskiej, RoysterlOj and others.

Since to a certain extent the work in the meromorphic univaient case has paral
leled that of regular univalent case, one is tempted to search for a ciass of functions 
which are regular in D with simple pole at the origin having properties analogous 
to those of T*(a). To this end we introduce in this paper such a class of functions 
which are regular in D and which demonstrate properties similar to those of T*(a).

Let Ea/ denote the subclass of functions in E$ of the form:

/(z) = - + V a»z" with an > 0 (1.4)
z »=i

and let
E^(«) = EMnE’(a).

In Section 2 we find necessary and sufficient condition in terms of a'n for a 
function f in Em to be in a). Sharp coefficient estimates are obtained, these 
bounds being sharper then those obtained by Pommerenke{7] and Clunie[2j. 
Section 3 is devoted to obtain distortion properties and radius of meromorphic 
convexity of order i (0 < 6 < 1) for functions in EJ^(a). In Section 4 we study 
integral transforms of functions in E^(a). In Section 5 it is shown that the class 
££,(«) 1s closed under convex linear combinations. The last section deals with 
certain convolution properties of functions in W

2. Coefficient Inequalities for the class E^(a). We first obtain a sufficient 
condition for a function /(z) in E to be in E*(a).

Theorem 1 Let f(z) = - + 57 a,z" be regular in D. If 
2 «=1

£(n + o)l«.|< l-o (0<o<l) (2.1)

»=1

then f(z) G E*(a).
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Proof: It is easy to see that (2.1) implies /(z) 0 in D. Suppose (2.1) holds.
If or = 1 then (2.1) gives a, = 0 for n = 1,2,... and so /(z) = l/z is in E*(l). For 
0 < a < 1, consider the expression:

H(f,f) = [zf!z) + /(z)l - iz/'(zl + (2a - 1 )/(z)| (2.2)

Replacing / and f by their series expansions we have, for 0 < |z( = r < 1:

H(f,f) = E(n+ 1)««*"
n = l

I J <»
— i2(a — 1)- + (n + 2a - l)a.z" 

2 .“1
(2.3)

or

< E(«+o KirB+i - 2(1 - or)++2a - *) la»r"+ll
» = 1 »

OO

= E 2(n + a) |a„ j r 4-1 - 2(1 - a).
« = 1

»=1
Since this holds for all r , 0 < r < 1, making r —► 1, we have:

00
< E 2(n + o)ja.j - 2(1 - a) < 0 

«2=1
in view of (2.1). From (2,2), we thus have:

(2.4,

![w-][zf(z) -l
+ (2a - 1) < 1

/(*)

Hence f(z) G E’(a).

Theorem 2. Let f(z) = - + E a»2*’ a» - 0 re9v^ar *n Then f(z) G 
2 »=i

E)v(a) if and only if (2.1) is satisfied.
Proof. In view of Theorem 1 it is sufficient to show the "only if” part. Let us

or

1assume that /(z) = - + E a«*"> <*• > 0 14 in 
2 . = 1

Re{w}<_o’ *eD' (2'5)

Replacing /(z) and f'(z) in (2.5) by their series expansions we have:

-i+E-.^

Re n = l
1 + V a.z-

<-a zG D (2-6)
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When z is real is real and since <i„ > 0, making z —> 1 through positive

values, (2.6) becomes:
OO

-i + 52na>- 
»=1 < —a (2.7)

•=?1

Since ^1 + 5 an j > 0, from (2.7) we have:

OO

5>+Q)a* <i-a
» = 1

Hence the result follows.
Corollary 1. IJ f(z) = - + 5 anzn, a, > 0 it in then:

z »=i

»='1,2,...„ n + a
with equality, for each n, for function» of the form:

. . , 1 1 - a „
AW=; + ^ •

(2.8)

(2.9)

1 °°Remark: It was shown by Pommerenke[7j that for f(z) = - + 52 °»*" 
* 0 = 1

in E*(a), one has |a„| < ——The coefficient estimates obtained in (2.8) are 
n + 1

sharper then the above estimates.
8. Distortion properties and radius of convexity estimates.
Theorem 8. If f(z) it in E^(n), then:

; - - tf(*)l - " + for 0<|z| = r<l. (3.1)

Equality hold» for the function:

, , , 1 1 — or z = tr , r . (3-2)

Proof. Since f(z) in E^(n) implies that 52(n + °')a» - 1 - a one has:
n=l

0+<*) 52 - 52 (n + 1 -«»
0=1 0=1
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or

x.

Now

E*.
n=l

I

1 -Or
14-a

(3.3)

!/(*)! = I + E„.2. s i+£..|,Ps: +
n=l «=1 n —1

r 1 + a
by (3.3) for 0 < jzj < 1. This gives the right side of (3.1). Also

|/(x)| - ~ ~ E aBr" > - - r E a, > - — r|—- 
wv n - r . Z-w " -r Z-j • - r l + o

which is the left side of (3.1). It can be easily seen that the function Zi(~) defined 
by (3.2) is extremal for the theorem.

Theorem 4. If f(z) is in Sj(y(a), then f(z) it meromorphically convex of order

1

8 (0 < 8 < 1) in iz| < 7 = 7(0,1$) = inf
(n + a)(l-A) „ + i

n(n + 2 - 6)(1 - a

and the result is sharp for each n for functions of the form (2.9). 
Proof.Let /(z) € In view of (1.3) it is sufficient to show that:

2 + zf'M
Z'(*)

<1-8 for |z| < 7(a,d) (3.4)

where 7(0,3) is as specified in the statement of the theorem; or equivalently, to 
show that:

//(z)/W i ~ 1 ~ f°r (3’5)

Substituting the series for f(z), (zf(z)f in the left side of (3.5) we hav»:

E n(n-t-Ila,.?*-1 j V n(n -t- l)anIzi"rl

« = 1 R = 1

+ E na"-T
2

i - e^»w*M —1
» = 1

This will be bounded by 1 - 8 if:

OO /00

E »<»•+ l)a»l*l"+I < (1 - V 1 - E W" + 1
» = 1
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or

(3.6)

Since for f(z) G S]^(o() we have:

E
n + o
-------«• < 1
1 - a»=1

(3.6) will be satisfied if

»(n + î„ n + o 
1-6 |z| -

for each n, or

|zj < inf

1
(n+£»)(! -6) ln + 1

» [n(n + 2 - 6)(l - a) = 7(o,/î).

Sharpness can be verified easily.
4. Integral transforms. In this section we consider integral transforms of 

functions in E]^(o) of the type considered by Bajpa i [1| and Goel and Sohi (3].
Theorem S. If f(z) € E^(or), then the integral transform

F(z) = e i uef(uz)du , for 0 < 
Jo

e < oo (4-1)

it in EJ^(^), where

a _ ? v _ (1 + o)(2 + c) - c(l - o) 
/’-(«,<=)-(l + a)(2 + c) + c(l+a).

TAe result is sharp for the function

'<‘>=;+nr-

Proof. Suppose

then

/(*) = 7 + 52 a*z* G Em(«) ,
• = 1

F(z) = c I u'f(uz)du = ; + £
Jo 2 n + c + 1

It is sufficient to show that:

Ed• (n + ^Jea,
(1 - ^)(n + e+ 1) < 1. (4.2)



Me romorpbie Starlike Univalent Function» with Positive Coefficients 71

(n + a)

»==1

e(n + /J) _ n 4- a

Since /(z) € £X/(a) >mplies that 52 y—-—a„ < 1, (4.2) will be satisfied it

for each n or
(l-0)(n + c+l) " 1 —a

fl < (» + a)(n + c+ 1)- cn(l - a)
P~ (n + a)(n + c+l) + c(l-a) 1 ’

The right side of (4.3) is an increasing function of n, therefore putting n = 1 in 
(4.3) we get:

< (1 + a)(2 4- e) - c(l - a)
“ (1 4- a)(2 4- c) 4- e( 1 - a)

Hence the theorem.
Remark. It is interesting to note that for c = 1 and a = 0 Theorem 5 gives 

that if /(z) € Em(°) then F(z) = /J uf(uz)du is in Ejv(^).

5. Convex linear combinations. In this section we shall prove that the class 
EL(a) 19 closed under convex linear combinations.

Theorem 6. Let
Zo(x) = ; z

fn(z) = - 4- —(0 < a < 1), n = 1,2,... . (5.1)z n 4- a
Then f(z) € EJy(a) 'f and onh) *f can expreteed in the form:

/(*) = 52 wilh A. > 0 and A, = 1 . (5.2)
•=o «=0

Proof. Let

/(*) = 52 with A. > 0 and Y A, = 1 .
»=0 »=0

Since

52 A./.(z) = Ao/o + 52 A./.(Z) = 
»=0 »=0

= (i-5>-)/o(*)+52a./.(*) =
•=1 « = 1

»=1 « = 1

= i + V>.—c 
’ s "+«
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X
and

OO

)la» + 
0 = 1

1 - a n + a 
n + a 1 - a

oc
= £>„=I-Ao<1, 

* = 1

the coefficients of f(z) satisfy the coefficient inequality (2.1). Thus from Theorem 
2, /(z)eE^(a).

Conversely, suppose f(z) £ E^(ar). Since

1 — a . " n + a v—,
a„ < -------for n = 1,2,..., setting A« = -------- a„,n = 1,2,... and Ao = 1- / A„

«=1

it follows that
OO '

/co = 52 A»/«(*) -
n=0

This completes the proof of the theorem.
6. Convolution properties of functions In E^(a). It was shown by 

Robertson [8] that if

00 oo

f(z) - - + 52an2*and ~+52baz'
11=1 »=1

are in then so is their convolution

/(r)»^(z) = 7 + 52a»fc«z" •
« = 1

For functions in E*j(o) much more can be said.
Theorem 7. If

/(*) = ; +52a«*" ’ =
M —- 1 n = l

are element» ofY^lct}. then

A(z) = f(z) » g(z) = - + 52 a”b*z*

is an element of

n = l

The result i» beet possible.
Proof. Since f(z) and g(z) are in E^(a), (2.1) gives

oo n 4- a------- 1
1 - a

< 1 (6.1)
» = 1
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and
n + o 

<1-0 b» < 1. (6.2)V

OO n +
V

Since f(z) and g(z) are regular in D = [z : 0 < jzf < I). so is f(z)*g(z). Further, 

2q
1 + ft2 +\n(l+o2) + 2o

= L, .... -(T“j2 -
-..... . ■ ■ • — I '

-«,6. <
>i 1 1 + o-

n + Q‘S 0 - °)4
» =1

n + a i 
1-0

S I 5 x
l n — 1

n + a 
------- <
1 - o

< 1

in view of (6.1) and (6.2). Thus, by Theorem 1,

h№'^- .

The result is sharp with equality for

/(*) = ?(*) = - + ;—-* •

Remark. If f(z) and g(z) are in £*f(0), then, according to above theorem, 
Z(*)*7(?) >s also >h £.’/(0), the result being best possible. This is in sharp contrast 
with corresponding result for T”(0) (cf. Remark following Theorem 1 of Schild 
and Sil vermanjlOj).

Theorem 8. // f(z) € E^(o) and g(z) e E.v(7) then

the retail being best pottible.
Proof. The lines of proof are the same as theses of Theorem 7. In fact:

0 + 7
OO n
v___ b = V'

1 + 07

n(l + 07) J- (o 4- 7)
1)

anbn <

< (n-o)^ < (V WV ±±26.
- —Jl-o)(l-7) " " - I’*

since f(z) € Ex/(o) and g(z) € £^(7). Thus

< I
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The result is best possible for

, 1 I - ° / X 1 1 - 7
=;+ iTi2 ■ M=?+rzr •

Theorem 9. //

1 °° 1 °°/(*) = -+E a.z" G E^(a) and g(z) = -+E 4»2" wilh I4» I 1 f0T n ~ *> 2< • • 2 «=i 2 .=i
then f *gE 

Proof.

n + a n + aX'' n + a v n + a n + aE rzH*-6" i = E rr^i6«i * E rz^5- *1 •
n=l »=1W = 1

V y £> y UVt.U UVU VVVU 'Z V UJL1I V Cbl V 11V • 1. vl C A<11 11 1V j 11

1, but g'(z) = -1- - lz = ^1 + jz3) = 0 for= ~~ I*’,
Z <6

1/3

Hence by Theorem 1, / * g G E*(a).
Here it may be noted that g(z) need not even be univalent. For example, if 

2 
3

/ 3\1/s
z = I - - I which lies inside D.

Corollary. If

/(*) e Em and f (*) = ; + E 4*2’
2 «=i

with 0 < 6, < 1, for n = 1,2,..., then f * g G Em(<»).
Theorem 10. If f(z) and g(z). are in Ej^(o) for 3 — 2i/2 < a < 1, then

The result is sharp for the functions

/(z)=I + iT^z = g(2)--

Proof. Since f(z) G E^(o) we have:

n + aV' n "*■ ° i> --------a« - L1 - a “ ’

therefore

Sesl'-Hss-)'“
•=1
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/
Similarly

jhence

(6.3)

We want to find largest ft = ft (or) such that 

°° n + ft

«=1 p
(6.4)

On comparing this with (6.3) we see that (6.4) is satisfied if

n + ft < £ /n-t-oV 
l-ft“2\I-a/

or
/n + a\2 .(7—-) -2n

Ki , '»» = •.«..... «•»>

The right side of (6.5) is an increasing function of n, hence the minimum value 
is obtained by setting n = 1. This gives

/1 + a>I2 ,
Vl -a>I 4a — (1 — a)2

Zl + a5J 4a+ 3(1 - a)2(.-,) +2

Remark. It may be noted that the quantity —————-r is negative for 
4a + 3(1 - a)2

0 < a < 3 - 2\/2 (compare with Theorem 8 of Schildand Sil vermanflOj).
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STRESZCZENIE

Niech
1 00

E oznacza klasę funkcji f(z) = —(- У &n2*, regularnych w D = {z : 0 <
n = l

< |z[ <1}. Przez E’(a), 0 < Ot < 1 oznacza się podklasę tej klasy, skladzyęca się z funkcji 
f, spełniających warunek:

/ */'(*) 1 Г /(X) I ’Re z G D,

a przez E^(a) podklasę klasy E*(cr) skiadtyaca się z funkcji o nieęjemnych współczynnikach. 
W pracy podano warunek konieczny i wystarczający na to, aby funkcja f € E należała

do klasy Ej^(a). Wykorzystując ten warunek otrzymano twierdzenie dotyczące cezacowania 
współczynników, twierdzenie o zniekształceniu i wypukłości funkcji f G Ej^(o) oraz pewne 
rezultaty dotyczące kombinacji liniowych i splotu Hadamarda funkcji klasy EJ^tOt).

РЕЗЮМЕ

Пусть Е обозначает класс функций [(г) — —Н 5 регулярных в Р = {г :
2

п = 1
О < |г| < 1}, а ЕЧ*),0 < а < 1 класс функций / таких, что

Не О, г Е О- Через Е^(о) обозначим подкласс класса Е*(л) со

стоящий из функций с позитивными коэффициентами. В работе рассматривает"» 
конечное и достаточное условие на то, чтобы функция из Е принадлежала к классу 
Ед^(а). Авторы получают оценки коэффициентов, теоремы о аеформнроеке и выпукло
сти функций из Ед^(а) и другие результаты.


