
ANNĄIES UNIVERSITATIS MARIAE CURIE-SKLODO^SKA’ 

LUBLIN-POLONIA

VOL .XXXIX ,8_______________SECTIO A________________________ 1985

Department of Mathematical Sciences 
University of Delaware Newark , Delaware

у

D. J.HALLENBECK

A Note on the Rlesz - Herglotz Representation

O reprezentacji Riesza - Herglotza

О представлении Риса - Гер гл отца

Introduction. Let A — {z : |jrj < 1} and let A denote the set of functions 
analytic in A. Then A is a locally convex linear topological space with respect to 
the topology given by uniform convergence on compact subsets of A . A function 
/ is called a support point of a compact subset F of A if f £ F and if there is a 
continuous, linear functional J on A so that Re J(f} = max(ReJ(g) : g £ F} and 
Re J is nonconstant on F. We denote the set of support points of such a family 

by supp F and the closed convex hull of such a family we denote by //F. Since 
HF is itself compact, the set of extreme points of HF which we denote by EHF 
is non-void.

A function f £ A is said to be subordinate to a function F € A if there exist 
<t> £ A such that = 0. |d(z)| < 1 and f = F o ip . We let Bo denote the 
set of functions & £ A and satisfying |^(z)| < |z|(jar| < 1). The set of functions 
subordinate to F we denote by »(F) and note that «(F) = {F o 6 : <j> € B}. It is 
known that supp Bo consists of all finite Blaschke products which vanLh at the 
origin ill, [4l. If F G A it was proved in 12! that supp«(F)C (F^:®6 supp Bq}. 
This inclusion was proved in !6i under the additional assumption that F'(r) 0
for z £ A. •

In recent years a number of proofs of the Riesz-Herglotz representation for 
» j have been given ’5],[8]. The basis of these arguments has been a proof

that Ei : 1*1 = The desired representation formula then
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follows by appeal to Choquet’s theorem [9] or to the Krein-Milman theorem and 
the weak star compactness of the set of probability measures on <?A.

In this short note we give a new proof of the Riesz-Herglotz representation. The 
proof uses the knowledge of supp Bo mentioned above [l j,[4]. It also depends on 
the observation made in [7,p.92j that H F = supp F C\EHF) for any compact 

family F contained in A. We note that s j = Ht Q ~ since * j* is

convex and univalent. Also, in [6] the set supp s j was exactly determined.

We do not use this result since its proof depended in part on knowning the Riesz 
- Herglotz representation.

We also give a new proof a generalization of the Riesz - Herglotz formula that 
was proved in [3j by D.A.Brannan,J.G.Clunieand W.E.Kirwan.

The Riesz-Herglotz representation. Theorem. A function p £ s Q + * j 

if and only if there is a probability measure p on db. such that

/>(*) = I (1*1 < •
Jl»=ll 1 - *2=11

Proof. It is clear that each function p of the form (l) is in s

1 + z . 
1 - z

(1)

(S) since

is univalent and convex in A and Re p(z) > 0, p(0) = 1.

We now prove that each p t s Q has the form (1). It is known that

supp t c 1supp Bo j (2), [6]. It follows from the fact that

<j> € supp Bo and from lemma 4 in (4,p.82j that 

1 + $(z) _ x 1 + xi>z 

k=l xtz (1*1 < 1) (2)

where 0 < A* < 1, 52 A* = 1 an^ I1*' = 1 (£ = 1,2,...,»). Also, A* = 1
t=i

for some k if and only if d>(z) = xz for some |x| = 0. It follows from (2) that if 
1 + ^ „Hence<j> 6 supp Bo and <j>(z) / xz for some ,z| = 1 then ----- - $ £» (------ ). I

, 1 ~ <? \ 1 - */ ‘ 
we deduced that

However, it is known in general that {F(x2'): jx = 1} is contained in EHs(F) and 
supp s(F) for any nonconstant F in A [7,p.50p.l03]. So it follows that

.„pp.(l±iJnE,(l±z) = {!±H; w=,l . («)

1 -
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The proof that (I) holds can now be completed from (3) by appealing to the 
Krein - Milman theorem and the weak star compactness of the set of probability 
measures on <?A or by apealing to Cboquet’s theorem [9).

Remark. The two proofs given in [1] and [4j that supp Bq consists of all finite 
Blaschke products which vanish at z = 0 are independent of the Riesz - Herglotz 
representation. We note that in [6] the set supp Bq was exactly determined by 
an argument that depended on the Rjesz-Herglotz representation. In the previous 
theorem, we reversed the procedure and obtained the Riesz-Herglotz representation 
from the exact knowledge of supp Bq.

Finally, we give a new proof of the well known generalization of the Riesz- 
Helglotz reprezentation that was proved in (3i.

Theorem. If a function / € s where a > 1 and |c| < 1 then ie

a probability mcaeure p on db. euch that

/(*)=[ ( ) dg(x) (|z|<l).

Proof. We assume a > 1 since a = 1 was essentially treated in the previous 
theorem. By arguing as in the proof of the previous theorem, it is clear that we 
need only prove that

HEHt

To prove this inclusion suppose / G supp s j J - We have

/(x) = ) f°r € supp Bo [2-6]. Note that for any JxJ = 1,

( I + cx.z\ ( 1 + c<j>(z)\a~l . . f(l + cz\a\ t
I----------I I--------—— I is in 11 I --------I I since a > 1. Now\l-XzM l-^(x) / \\ 1 - 2 ) ) assume

that ^(z) -fc'xz and write - -A» -CXk ’■ where 0 < A* < 1, 
1 -xkz

52 A* - l and 1**1 = 1 (* = 1,2,...,n) [4]. If we write =

\o-l
I and use the facts mentioned above we see that f ©

We conclude that p(z) = xz and the inclusion is proved.

The theorem now follows from the Krein - Milman theorem and the weak star 
compactness of the set of probability’ measures on <9A.

4 +
I - p(z)

EHs

:^(z)

((^)7
0>U)
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STRESZCZENIE

W pracy podano nowy dowód reprezentacji Riesza-Herglotza. Dowód jest oparty na tym, 
że zbiór punktów podparcia funkcji analitycznej ograniczonej w Д = {z : |z( < 1} zawiera 
wszystkie skończone produkty Blaschke’go.

• РЕЗЮМЕ

В данной работе подано новое доказательство представления Риса-Герглотца. До
казательство опирается на том ,что множество опорных точек аналитической ограни
ченной функции в-Д = {z : jzrj < 1} включает все конечные продукты Бляшке.
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