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An Integral Inequality for Entire Functlons of Exponentlal Type
Nieréwnoéé calkowa dla funkcji calkowitych typu wykladniczego
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Goviland Jain(2, Theorem 1, inequality (1.5)] proved that if f(z) is an entire
function of exponential type r, belonging to L%(1 < § < co) on the real axis,

1(2) =™ (f(2)}, then :

(f_:, 'f'("““’)‘/‘ 2 (- ( / e m.xn‘dz)m : 1)

—00
where

e =2t/-l;!'|l+ci°|‘da= 2“\/;1‘(];6+l)/1‘(}6+ ;—) .

In this paper we observe that the inequality (1) can in fact be replaced by the
sharper inequality:

(f_: lf'(s]l‘dz)m > (;) (j::lf(z)!'d:)m. (2)

To show that the inequality (2) is sharper than (1) we have to show that
(l - c:.!') < %, which is equivalent to

*3r A1ME
j 1+ da=2""x. (3)
0
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Since (3) is equivalent to:

ris
-/o ]co-‘ a/2| da < 27 (4)

and (4) is evidently true, our claim that the inequality (2) is sharper then (1) is

verified.
To prove (2) note that since by hypothesis f(z) = &7 {f(2)}, we got on diffe-
rentiating with respect to 2 :

L =@} +ir{f(]
which implies that for all real z :
IF'(2)| = [irf(2) + ['(2)] 2 rlf(2)] - (£ ()],

which is equivalent to : ,
F@I2 i),  —co<z<oo, (5)

from which the inequality (2) follows.
Combining (2) with the inequality (1.4) of [2], we get Theorem. If f(z) is an
entire function of ezponential type r, belonging to L® (1 < é < 00) on the real azi,

[(z) = ¢ ([ @), then for 6 2 1,

([ wora) < ([ irere)” <

<rel (7 itartes) b 2

where .
A =2r//;"|l +¢‘°|'da =2-%/ar (-;-6+ 1) /T (;a + ;) 4

If we apply the above theorem to the function f(z) = p.(e'*), where pa(2) is a

polynomial of degree n, satisfying po(2) = 2" {m}, we get ‘
Corollary 1. If p.(2) e a polynomial of degree n, satisfysng

Pa(z) = 2" {WZ—)T, then for § > 1:

1".( jo " Ipate]’ “)m < ( j; 3 Ir'.(j'/")l‘ ‘”)m 3 @)

< ney/* (/o" lpa(e™)]* d') :

where ¢ 18 the same as in the above theorem.
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The inequality on the right hand side of the above inequality also appears in
Dewan and Govil{l}.

If we make § — oc in Corollary 1, we get

Corollary 2. Ifp.(2) is a polynomial of degree n, aatisfying
pa(2) = 2* {p,.(l/?)}. then

e pa(2)l = '5’ pa()]. (8)

The above corollary was proved independently by O'Hara and Rodriguez 3.
Theorem 1| and by Saffand Shiel-Small[4, Theorem 7.
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STRESZCZENIE

Funkeja calkowita f(2) typu wykladnicsego 1 naleiaca do L°(1 < § < 00) na cai rzecey-
wistej f(2) = " {f(3)} dia 6 > 1 spelnia nieréwocéé

1/8 o 1/8 ; o 1/6
g(/ +!(:)}‘dz) s(/ u‘{zn‘ds) Sre}"(j lf(z)l‘dz) :

gdzle

e . 1 1, 1
¢§=2I’/[ |l+¢.°| da=2"\/;l‘(§6+l)/l‘(56+§-) o
0

Nierdwnosé ta poprawia tnane nleréwnuodel tego typu | zawiera jako specjalne prrypadki pewne
gnane wyniki tego typu.
PE3IOME

Uenas dynxuus sxenowenupmasmoro tuna r xascca L8(1 < § < 00) wa seme
crosnnof ocu, f(2) = &7 f(Z)} nrn § > 1 ucnoanser nepasencroo

g( F : u(:n‘a)m < ( / i u’(:n‘a)m < relf® ( _: i) dr)m,
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dTo HCPABEHCTBO YAYIUIACT HIBECTHLIC HECPABEHCTBA BTYOINO THNA H DKJIORRET KAK RACTHbIE

CAYNAH HEROTOpbLIC HIBECCTHLIC PESYALTATbI.



