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, Introduction. We will consider the following bilinear and quadratic forms in
R?.

<z.y>=z'y! +2%°,
(s,y) =3'y* - 2%},
p(z) =< z,Pz >

Where P is a fixed symmetric and nonsingular matrix.
By G, we denote the subgroup of GL3 defined as follows:

G, = {A €GL, : p(AX) = (detA)p(z), for z€ R?}. (1)
In this paper we will consider the group of affine transformations of R*:
zw Az + a, AEG, (2

and the plane curves with the arc length defined by the formula:

585 -
de={ plz) ety o G (3)

0 if p(z)=0.
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In the centroaffine case and:
{z,2) s ;
——dt if p(z 0
de = p(2) p(2) ;6'
0 if p(z)=0.

()

in the general case.

The pair (R?,de) is the 2-dimensional special Kawaguchi space [1], [2].

In this paper we shall give the geometric interpretation of the curvature of a
" plane curve. Moreover, we shall find Frenet’s formulas (1], [2] and curves with a
constant curvature.

3. The centroafine curvature. We note that for arbitrary z,y € R? we
have: .

<zy>=(z,Jy), (6)

0 -1
where J = . In this paragraph we will consider centreaffine transfor-

1 0

mations and curves ¢ — z(t) such that p(z) # 0.
By # we denote the natural parameter of z. Then we have:

(=.7) _,

<z,Pz>

Making use of (5) in the above condition we can rewrite it in the form:
(2,2 =JPz)=0.

Hence
' =rz+JPz. (6)

We will call the function x a centroaffine curvature of a curve z.
Lemma 1. The centroaffine curvatsre K of a curve z : ¢ — z(a) va given by the

fJormula: .
x(e) = g(’?o%)(('}) p (7)
Proof. Let A = detP. It is easy to verify that:
JPJPz = - Az. g (8)

The conditions (5) and (6) imply:
= («,JPz)
plz)
Making use of (8), (8) and (9) we obtain:

(®)

(poz)y =(z2,JPz) =(,JP2)+ (2,JPZ)=
= (2',JPz) + (2,xJPz + JPJz) =
= (¢!,JPz)+ k(2,JPz) .
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Hence due to (6) we get (7).

Now we give the geometric interpretation of the centroaffine curvature x in an
arbitrary parametrisation.

Let 2o = z(tg), 2a = z(tp + h). We denote by A, B, Q the ends of the vectors

JPzg, 20, 2\, respectively. Further, let C(Q) denote the points of intersection of
straight lines BQ and OA.

d

We prove that: o
o area AAOB
k(o) = I!Ena *area ABOC(P)’ (10)
where *area APQR = ;-(6?, 07).
The curvature « in an arbitrary parametrisation is given by the formula:

_ (#,JP32)
x(t) = T (1)

We have:
20 + A(zp — 20) = uJPzo
for some A and p. Hence:
& (zl = ‘01‘0)
B= s - 20,dPs0
Using Taylor’s expansion we get:

*area AAOB  (JPz,20) _

%area ABOC(P) ~ (zo,pJPzo)
_ (JPzq,20) (20,JPzo)h+ -+ (30,JPz0) _

~ (%0, JPz) (F0,50)h+ =% a iy
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We denote by Z the point of mtersection (if it exists) of the tangent to z at the
point B and the straight line OA. It is easy to see that:

0Z = -%JP:O = (12)
8. The counterpart of Frenet's formulas. Let

(13)
l n =JPz.
Making use of (6) and (8) we get:
t =«xt
xt+n (“)
n =-At+xn. ;

Theorem 2. Let x be a function defined and continuoue in an open interval
which contains 0. For a given 2o € R?, to # 0 and o fized symmetric matriz P
such that det P = A # 0 there ezists czactly one curve z : 8 — z(8) passing through
zo with the curvature K.

Proof. We consider the system of differential equations:

¢ =«xt+n
n' =-At+xn
with the initial condition ng = JPto , (to,no0) # 0.
Making use of (8) and (14) we obtain:

(n—-JPty =-At+xn—-xJPt-JPn=
=(JP -xI)}JPt+ (kI —JP)n =
= (xl — JP)(n - JPt).

The above differential equation and the initial condition imply n = JPt. Moreover
(t,n) # 0 follows from the differential equation (t,n) = 2x(t,n) and the initial
condition. -
The curve:
2(0) = t(s) — n(0) + 20 (15)

has required properties.

4. Curves with constant centroafine curvature. The solution of the
equation (6) £ = k2 + JPz, (x(s) = k£ = const) which passes through a point
20 € R?, p(20) # 0 is of the form:

2(s) = e** exp(sJP)zo . ) (16)
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A
. ( a b (p
We find curves with k = 0. Let P = | and 2o = | !
b e \ ¢
1° A= det P> 0. Let 6 = vA. Due to (8) we have:

exp(sJP)z = cosbe z + %sin&v JPx.

Hence we have:
(2.JPz20)* + A(20,2)* = plz0)* . (17)

The equation (17) can be rewritten as follows:

p(z) = p(z0) (18)
or .
aX?®+26XY +¢Y? - (ap® + 2bpg + ¢q*) =0 (19)

This equation represents an ellipse with the center at 0.
2° A < 0.Let ¢ =+/—A. We have:

exp(sJP)z = choez + % sh os JPz

Hence we get (18). This equation represents a hyperbola with the center at O.
Example. Let’s consider the quadraric form p(z) =< z,z >. It is easy to see

that: 3 _
G, = {( jb : ) :a’+b’>0}.

The arc length of a curve t — z(t) is given by the formula

de = LR d

= 3.
<z,z>

The circles with the center at O are curves with the centroaffine curvature = 0.
The equation (19) has the form:

X +y?=p+ 45

We note that the vector JPzq is parallel to the tangent at zo.
8. The general case. In the general case for the natural parameter ¢ we have:
T L
p(z')

Hence

2" = \2' + JPZ ; (20)
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the function A will be called a curvature. Consider the indicatrix of tangents of
the curve z {3]. We denote by & and x the centroafline arc length and centroaffine
curvature of the indicatrix respectively.Using (20) we obtain:

(zl iz'
di "de _ (2" A" + JPZ')

&~ (#,0Ps) - (@, dPzy !
Thus dé = de. Moreover, we have: £
d ’ !
‘- (E’ WS ) _ (\' +JP,JPZ) _ |

(z',JPz') (z,JPz')

It means that the curvature of a curve coincides with the centroaffine curvature of
its indicatrix.
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4 STRESZCZENIE

W pracy tej podajemy geometryczng Interpretacje krzywleny kreywych plaskich w specjalnych
2.wymiarowych preestrzeniach Kawaguchiego. Ponadto podajemy reper Freneta i znajdujemy
krsywe o stale) kreywifnie.

PE3IOME
B nannof paoTe NPEACTABACHB FEOMETPHUCCKAN HHTEPNPETALUMA KPHUBMSHB NJAOCKHX
KPHBMX B CNeuHaAbHb X 2-Mepruix npocrpancrsax Kasaryxu. Haf neno taxxe penép @ pe-
HeTa K KpHBLIE C NOCTOSHHOR KPHBHSHOA .



