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On Normality of Almost r-paracontact Structures 

O normalności struktur prawie r-parakontaktowych

О нормальности почти r-параконтактных структур

An almost r-paracontact structure E = (p, »’ = 1,... ,r on a manifold

M is normal if and only if: N(X,Y) = NV(X,Y) - 2drj'(X,Y){i = 0, [2{, where 
is the Nijenhuis tensor of p. In this paper we give one more algebraic charac­

terization of normal almost r-paracontact structures and define the notion of the
weak-normality and give its geometric interpretation.

Definition 1. [2]. E = (y,£i....... on a manifold Af is said to
be an almost r-paracontact structure if :

= = ....... r, (i)

*>(fc) = 0, t = l,2,...,r, (2)

ij'op=0, »' = 1,2,(3)

P2 = Id - rf to (4)

where p is a tensor field of type (1.1); £j,...,£,are vector fields and
r?1,...,rj’ 1-forms on Af.
Put

N(X.Y) = N^(X,Y) - 2dn‘{X,Y)^ ,

N‘(A,y) = (o^x»7')(K) ~ ,

A(A) = ~(aitp)(X) ,

(5)

(6) 

(U
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A?'(A) = -(a«./)(A) (8)

where axis the Lie derivative with respect to a vector field X.
Theorem 1. [2]. An almost r-paracontact structure E = (pR(i),’?'0t=i.... r

l
on M is normal if and only if N = 0.
Define:

D+ = {A;^A = A},

D~ = {A;y>A = -A}, (»)

D° = {A; <pX = 0} .

We also have:
Theorem 2. (2]. An almost r-paracontact structure E =

4
on M is normal if and only if N} — 0,[fy,fy] = 0, i,f = and the distribu­
tions: D+, D~, D+ © D° ,D~ ® D° are integrable.

Let A/ and A? be manifolds and E = .... ,andE= (^,?(,),^<,))i=i.... r
be almost r-paracontact structures on M and A/ respectively. A vector field A on 
A/ will be identified with the vector field A on A/ x A/ as follows: AjFi^) = Xr + O, 
for (p, p) € Af x M . where Op denotes the zero vector of M at p. Similary, we 
identify A on A/ with A on Af x Af as : A(r,y) = Or + Xp. Let A = A + A be a 
vector field on M x A/ and put:

F(A + A) = <pX + if (AR,- + ?A + rj'(AR,. . (10)

It is easy to see that : F2 = Id , so F is a tensor of an almost product 
structure on M x A/.

Remark 1. Observe that when M — R' , ip — 0 , , ff. = dt' the
definition (10) becomes (7) from [2j.

If E is an almost r-paracontact structure on N then we define the following 
tensor field </> of type (1,2) and differential 2-forms 6‘ on M:

MX,Y) = <p\X,Y}-[<pX,Y]-[X,tpy} +p[<pX,<pY]+

+ {fcA)(»f(y))Hpy )(№))}*,

F(A,y) = r,’[A.y] - A(fj’(y)) + y(n'(A)) + r/’f^A, y»y] . (12)

Similar}’ we define V’ and 0* for S on Af. Now we prove the following:
I emma 1. Let E and E be almost r-paracontact structures on M and A/ respec­

tively. Then the induced on M x A/ an almost product structure F given by (10) is 
integrable if and only if the following conditions are satisfied :

r = 0 and RiRj) = 0, = 1,2,...,r , (13)
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= 0 and [&,£;i = 0, 1,2,...,r . (14)

Proof. All calculations are similar to those in jl], so they are omitted. The 
integrability condition of the induced almost product structure F on Af x Af is the 
following:

F|A + X,y + F] + F[F(A + X),F(y + F)] = (j5)

= [F(A + X),y + y] + [X + X,F(y+ F)] .

The first term of the LHS of (15) is:

FfA + A, y + Fi = F([A,y] + [A,Fj) =
______ . ____ . (1*>)

ip{X, y] + №, y]6 + F! + n' (X, y ]£• •

The second term of the LHS of (15) is:

F[F(A + A),F(y + F)] = „ fcX + rf (X)£^y + ff(F)fy] +

+rf >A + rH'(A)?y,^y + rf (Y )T/j 6-+

+<P \<pX + rf(X)?,-,pF + ^'(y)?/] + G")

+’/* [pX + fj3 (A)<y, <pY + fj3 (F)sey] £•+

+/•■ (A, A, y, F) $ + T (A, A, y, F),

where

r(A,A,y,F) = fr’(ARy(»?,(y)) + »’(A)(»f,'(y))-^y)(»)<(A))-ff'(F)fy(rJ’(A))

7,(A,A,y,F) = rH'(A)?y(fr'(F))+^(A)(ir'(F))-m(fr'(A))-n>(y)?J(fr(7Y)). 

The first term of the RHS of (15) is :

[F(A + A),y + FI = l>A + ^(Y)6,y] +

+ [pX + rj'(A)£t-,F] - F(rT'(A))6 - y(r»’(A))ff .

The second term of the RHS of (15) is:

[X + A,F(y + F)] = [X,<pY + Tf(Y)(i\+

+\X,?Y + rrtyfol +X(r/(y))?i + A(f/(F)\S .

Hence, (15) is equivalent to the following two identities:

V5[A,yl + <p[VX + rf(X^,<pY + f?(F)sS! + n{A,Fi  ̂+

+fl?A + r,(X)(JtpV + ^(ytfjlf, + /’(A, A, y,F)fy =

= [pX + ^(A)e„yj + [A,<pY + rf (FR.-J + A(5T'(F))ff - F(ff (X))fc

(18)

(19)

(20)
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5?{A,Fj + + n’'(y)l] + n'[A, y|f<+
+ a<XKi,pY + ^(F)fy)?,. +/(A,y,FR,.) = (21)

= [pX + r/'(A)?„ F) + [A,pY + iffy)?,] + A(r,i(y))f< - y^A))?, .

Now, putting A = y = 0 in (20) and (21) we get:

^(Ary) + f,<(X)if(y)n*(lJJ]6=0 , (22)

ei (A, y)?,. + ^(A)^’(y^e. Jy) = 0 . (23)

Putting A - y = 0 in (20) and (21) we have:

r (A, F)f, + r? (X)^(F)F[6, fc] = 0 , (24)

^(A,F) + n(A)»F(F)»,№,ey)?* = 0 . • (25)

Putting A = y = 0 in (20) and (21) we have:

^A,rf(y)6i + rr'[rr,'(A)e>,^F]^-[A,ir'(F)^]-lr'(F)^(n’'(A))ei = 0 , (26)

^«/(X&.pF) + nW,?(!%£. - (•7,'(A)?<,F) + ^(A)?y(n<(F))ei = 0 . (27)

Inserting A = y = 0 into (20) and (21) we obtain:

^(X^^yi + rr'Wvjy)^.^ - ,y]-«-îF(X)ey(n*(y)Ri = o, (28)

pW(Tj?jW(  ̂ = 0 . (29)

The system of identities: (22) through (29) is equivalent to (20), (21). We have the 
following identities:

lKA,6)= P(A,6l~ (PA,61 . » = l,...,r, (30)

^(y>A,y) + W(A,y) + t,’ W(f,^y) + lT(A,y)e,- = n<(W(y)[fi,^] . (31)

We may write similar identities for the structure E on Af. It is easy to verily that 
the LHS of (26) may be expressed as:

LHS of (26) = rf'(F)r?(A)!$,<,] + r'(F)^(^A,$•) 

and the LHS of (27) in the following way:

LHS of (27) = nWft.PF) - p'W(F)[?,.JJ . (33)

Moreover, (26) is equivalent with (28) and (27) with (29). Now, if we assume that 
F is integrable, then acting with p* on (24) and with p* on (23) we obtain: 

ft’(A,y) = ?*(X,F) = 0 . (34)
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be an almost r-paracontact structure

Hence and from (23) and (24) we get:

^6,?y| = 0 and ^,^1 = 0. (35)

Putting X = fi, Y = in (22) and X = (it Y = (j in (25) and making use of 
(30) and (35) we obtain:

= *7*1^,^,] = o . (36)

Hence, from (22) and (25) we get:

= 0 and = 0 . (37)

Because of (35) and (36) we obtain:

(e.‘, 61 = ° = 0 (38)
and this means that (13) and (14) are satisfied. Now, if (13) and (14) are satisfied, 
then from (31) : F = 0* =0 and from (32) and (33) all identities (22) through (20) 
are fulfilled, and F is integrable.

In case of A/ = A/ and E = E we give:
Definition 2. An almost r-paracontact structure E on a manifold A/ is said 

to be integrable if an only if the product structure F given by (10) on Af x A/ is 
integrable. We have the following:

Theorem 3. Let E = (<p,

on M. Then E is integrable if and only if the following conditions are satisfied:

4> = Q and [£,-,£/] = 0 , » = l,...,r. (39)

Combining Lemma 1 and Theorem 3 we get:
Theorem 4. Let E and E be almost r-paracontact structures on M and M 

respectively. Then the induced by E and E almost product structure F on M x A/ 
«« integrable if and only ifT, and E are both integrable.

If in Theorem 4 we take A/ = R' and E = 0, df' j then we get:

Theorem K. An almost r-paracontact structure E on M is integrable if and 
only ifT, is normal.

In particular we have:
Corollary 1. An almost r-paracontact structure E on M is normal if and only 

*f the condition (SO) is satisfied.
Let:

Fi = <fi - & ® rf , Fi = <p + ® rf ,

then:
F2 = F2= Id .

Analogously as in [1] we can give the following:
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Definition 8. An almost r-paracontact structure E on M is said to be weak- 
normal, if both almost product structures Fi and Fi are integrable. Similarly as 
in (lj we prove:

Theorem 6. An almost r-paracontact structure É on M is weak-normal if and 
only if:

'K'f>X,<pY) = 0 , (40)

(<poi/>)(X,b) = 0 , i = l,2,...,r (41)

for any vector fields X and Y on M.
We also have:
Theorem 7. If an almost r-paracontact structure E on M is normal, then E 

is also weak-normal.
Now, we give geometric interpretation of weak-normality of an almost 

r-paracontact structure E.
Theorem 8. £e<E = } be an almost r-paracontact structure

on M. Then the following conditions are equivalent:
(i) E is weak-normal.
(ii) The distributions D+ , D~ , D+ 4- D° , D~ 4- are integrable.

Proof. We have:

D+ = {X‘,<pX = X} = (X;Fi(X) = X} = D+F' ;

D~ = {X;<pX = -X} = (X;F2(X) = -X} = D~F> .

On account of Lemma 2 from [2] we have:

D*+D° = {X;F2(X) = X} = D+J?’ ; D~+D° = {X-,Fi(X) = -X} = D~F' .

In virtue of the definition of the weak-normality and Remark 3 from [2] both con­
ditions are equivalent. From Theorems 2 and 8 we obtain:

Theorem 9. Weak-normal almost r-paracontact structure E on M is normal
if and only if: Nj = 0 and = 0, » = l,2,...,r.

We also have the following:
Theorem 10. For an almost r-paracontact structure E =

on M the following conditions are equivalent:
(i) iK<pX,<pY) = 0 ,
(Y»7 The distributions D+ and D~ are integrable.

Proof. If E satisfies d>(<pX,<pY) = 0, then for X , Y £ D+ we have:

0 = ^,^) = ^(X,K) = 2(v»[X,r]-[X,K]) or (X,r)£D+.

For X , Y £ D~ we have:

0 = *(PX, <pY ) = ^(X, F) = 2(p(X, K] + (X, F1)
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which means that D is integrable. Conversely, let D+ and D~ be integrable. 
Then for A,K ÇD+,X,Y G D~ and A G D+,Y e D~ we have: d’(<pX,pY) = 0.

Now consider an almost r-paracontact f-structure:
E = Id - q* ® 6,6<b’/^), t • Front Theorem 12 [2] we know that E is

normal if and only if: drf = 0 and (6-61 = 0, i = l,...,r. Now we prove the 
following:

Theorem 11. An almost r-paracontaet (-structure E on M is weak-normal if 
and only if:
(i) drf—rj'Aa' , for some 1 -form a* ,t'=l,...,r
('') 16,61 = ’/*16 »616 » l,--.,r

Proof. In our case: D+ = {A;rf(A) — 0}; D~ — 0; D° = Lin {6,•••,6b If 
E is weak-normal, then these distributions are integrable, and since D+ is described 
by means of Pfaff’s system 17' = 0, i — l,...,r, then the integrability of this 
distribution, from Frobenius’ Theorem, is equivalent to: drj* = rf A a', for some 
l-forms o’, i = l,...,r.

Theorem 12. For any almost r-paracontact (-structure S the following condi­
tions are equivalent:
(i) ^<pX,<pY) = 0 ,
(ii) dr)’ = r? A a' for some 1 -forms a*.
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STRESZCZENIE

W pracy podtjemy warunki algebraiczne charakteryzujące normalność struktury prawie r- 
parakontaktowej. Ponadto wprowadamy pojęcie słabej normalności i podajemy jej interpretację 
geometryczna.

< РЕЗЮМЕ

В данной работе введены алгебраические условия нормальности почти г-параконтактных 
структур. Введено также понятие слабой нормальности вместе с ее геометрической ин­
терпретацией . /




