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In this paper we introduce the notion of the almost r-paracontact structure on 
a manifold A/, which is the generalization of the almost paracontact structures. We 
define the notion of normality of this structure and give its geometric interpreta­
tion. Every almost r-paracontact structure induces, in a natural way, some almost 
paracontact structures whose normality is closely related to the one of the initial 
structure. We also give some examples of almost r-paracontact structures. Such 
structures, in a natural way, appear while lifting of an almost paracontact struc­
ture to the tangent bundle.Manifolds and tensor fields, being under consideration 
throughout the paper are of the class (?°°.

Definition 1. If, on a manifold A/, there exist a tensor field 4> of type (1.1) 
and r vector fields £i, &, • • • > and r 1-forms rç1, rj2,..., such, that:

M = l,2,...,r , (1)

<*(&) = 0, » = l,2,...,r, (2)

rf о 4 = 0 , i = I,2,...,r , (3)

<T = Id - 53 ® 6 (4)
•=1

then, the structure E= is said to be
r-paracontact structure on M.

an almost
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If, moreover, on M , there exists a positive definite Riemannian metric g such 
that :

A »?’(*) = 0(A,&) (5)
X€V(M)

r

A n(dÀ’,<>F) = y(X,r)-52»7,(A’)»7<(K) (6)
X.YOV(M) i=l

(F(A/) denotes the set of all vector fields on A/), then E = (d, £(,),rç*'' ,ÿ)«=i,...,» 
is called an almost r-paracontaet metric structure on M. The metric g is called 
compatible Riemannian metric.

Lemma 1. [5j. Let £i,and tjl,t]2,... ,r/' be r vector fields and 
r I-forms on a manifold M respectively, such that the condition (1) is satisfied. 
Then there exists a positive definite Riemannian metric g on M satisfying the 
condition (5).

Theorem 1. Let E = (d>f(i)>,7*,’)»=l,...,r l>e on almost r-paracontact structure 
on M. Then M admits a positive definite Riemannian metric G satisfying the 
conditions (5) and (6).

Proof. According to Lemma 1 we can find a metric g satisfying the condition 
(5).

Let
G(X,Y)= I ^(A,r) + ÿ№^r) + Ç^(A)r/(K)J .

Obviously we have G(A, £,) = n'(A) and G($,fy) = 6,-y. Then:

G(d>X,^Y) = I p(dA,dK)+nW2A,d2K) + Çr?,(W»7i(dy)J

= | +„(A,K) + (7)^(6, fy) -

-r,'(X)g(f,Y) - r/« (y)ÿ(A,6)} =

= G(X,Y)-YrtWr,\Y) 
i

or G satisfies the condition (6).
Remark 1. Observe, that the restriction of d to the subspace 

{A :rj'(A) = 0.» = 1,2,...,r}

of TXf satisfies the condition: G(X,g>Y) = G(d>X,Y). Hence the eigenvalues of <t> 
ktc real and equaled 0, 1, -1 .

Analogously to the case of paracontactness ([3),[4j), we have the following: 
Theorem 2. On a manifold M there is one-to-one correspondence between

almost r-paracontaet metric structures on M and the reductions of the structural
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group of the tangent bundle of M to the subgroup 1 x • • • x 1 x 0(n - p - r) x O(p), 
where p is the multiplicity of the eigenvalue 1 of the characteristic equation of~<b.

Now, we deal with the normality of the almost r-paracontact structure on a 
manifold M. Let E = (^, ft<),n^’)»=i,...,r be an almost r-paracontact structure 
on M. Denoting by (tl,...,t') the canonical coordinates on R' we can define on 
N = A/ x R' the following tensor field:

F<i')=f'(x+vrd.) = (’>

for every vector field '

Y = X +Vf-E V (TV) where X(=V(M) . 
dV

Remark 2. Prom now on, we’ll be omitting the sign and the summation
I

convention will be used.
F is the tensor field of an almost product structure on N because:

nr) =F>(x+/'dr)=F(«+rei+,''m±) =

= (#(*x+ r«,) + ,‘(x)e, + v (^x+rf,) d,) =

= (?!X + r>«,) + ,'(X)r, + ((rr’=«(X) + /i^(6))p) =

= (x - ✓me, + ,‘(X){, + /• A) = (x= K

For any A,B € F (TV), the value of the Nijenhuis tensor field of F is:

NF(A,B) = [A,B] + [FA,FB\ - F[A,FB] - F[FA,B] . (8)

Definition 2. An almost r-paracontact structure E = (^,f(,),q^’).=i.... r on
a manifold Af is said to be normal if and only if the almost product structure F 
defined by (7) on M x Rf is integrable i.e. NF = 0.

Now, since NF is the tensor field, then the vanishing of NF on M x R' is 
equivalent to the vanishing of TV/? on:

(«•) A,Bev(M), («) A<=V(M),B eP(R'), (Hi) A,BeV(R') .
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(i) Let X,Y eF(M),then:

Np{X, Y) = IX, K] + [FX, FK] - F[X, FK] - F{FX, Yj =

= |X, K] + PX +
-F[X,4Y + rj‘(Y)~} - F[/X + n*(X) Jr,K] =

= [X,r] + ^X,^K] + [^X,n<(r)^] + [»j<(X)^-^K]+

+ - F([X,W) -F ([x,„‘(r)^]) -

-F(|^X,r])-F(p(X)^-,y]j =

= [X, yj + (^x^yj + rn (n’(y)) - (#y) (9‘(x)) A_

-^X^y]-^[X^y]^- + X(^'(y))F -
-44X,y] - |^,y) A - y(n'(X))F (A.j =

= (X, y) + f4X, ^yj - 4[X,/Yj - MX, Y1- 

-n‘fx,y]6 - {X(rj’(y)) - y(p’(X)) - H*|X,y]R,+
+ {(<№№) - »/’^x.y] - (*y)fo‘(x)) + n’^y.x]} A .

We have:

N+ (X, y) = (X, y| + foX, +Y] - *(X, d>Y] - 4>[4>X, y] - rf'fX, Y. (0)

This is the Nijenhuis tensor of the almost r-paracontact structure

E= (^,£(4),»/

Making use of the following:

2^<(X,y) = X(^(X,y))-y(»Z<(X))-^[X,y] , ,•= 1,2,...,r (10)

(<W»‘)(K) = X(r,*'(y)>- n’[X,y] (11)

(axMy) = lX,*yl-4X,y] (12)

where ax denotes the Lie derivative with respect to a vector field X, we have: .

JVF(X,y) = ^(X,y) - 2dr,-(X,y)6 + {(a^x^’Xy) - {«„j)#)} A
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In the second case i.e. if A' G V(M) and B = y-r we have :
at*

N' (a; j?)=[fa’f (£)] +[x4] -f[x’f U)] 'f «•z?]

ccpA + ^'W^-^i] -^Y,6l-^'!A,6l J- =

= [^A, 6| + ^(A) 6-] - 6 №) - ^{A, 61 - rf (A, 61 ^- =

= -(16^A) - 416, A!) - (6(nJ(A)) - r?[6,XI) =
= -(at^)(A)-(o{^)(A)^ . 

d d
If A = -r-r and B = -rcr we have: dV dV

Put :
N(X,Y) =i ^(A,F) - 2drj’(A, F)6 , A,F G V(M) , (13)

N’(A,r) = (a^r^Y) - (o,y»j’)(A), A,F G F(A/) , (14)

N#(A) = -(oe,^)(A), AgF(AZ), (15)

= -MKX) , AGF(Af). (1C)

Now, we can write the values of Nf in all three cases as follows :

(i) N,(A,y) = N(A,r) + N’'(A,K)^, X,YeV(M), (17)

(ii) Nf^A,^=N4(A) + N{(A)^ , AgF(A/), (18) 

(««>) Nr = »,7 = l,2,...,r. (19)

Hence we have:
Theorem 8. An almost r-paracontaet structure E on M is normal if and only 

if:

N=N‘ = N, = at; = [6,61 = 0. », / = 1,2,..., r.

Now we Drove:we prove:
/
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Theorem 4. If N = 0, then

Ni = Ni=Ni = l(i^J]=Q, i,j ■— 1,2,..., r .

l
Proof. Suppose that N = 0. For & and fy we have:

jv(6,6)== [6,^]

thus, because of the assumption we get:

A ie.-.6-i
iij — l*2(..Mr

= 0. (20)

It is easy to verify, that:

FA>(A,fl) =-A>(A,FB) , A,B<=V(N) . (21)

This relation gives the following identities:

FNF{X,Y)=-Nf(X,FY), X,YeY(M), (22)

, xeV(M), (23)

F№ (^-x)= ), l€F(M),
(24)

M •
(25)

From (22) we have:

MV) + A’(X,r)6 + »l'(A(X,y)) =

= -N(X,<j>Y) - AT* (X^F) A - rz’(F)(AT,(X) - ^(F)JV/ (X) A.

Hence we get:

^(X.F) + N(X,^r) + N’'(X,y)f, + r,4(nN,W = 0 • (20)

From (23) we have:

^V,(X) + »H^W^ + JV^XRyzz 

= -JV(X,fr)-AP(X,6)-^.
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Wi(X) + N(X, b) + N* (XR, = 0 . (27)

From (24) we have:

^N.-(X) + r/(jV,(X))  ̂+ N/(X)?y =

= -JV.^X) - + rr’W,

Hence we get:

<W.(X) + A’.(^X) + N{(X)(, - r/(X)[£„ <,] = 0 . (28)

From the identity (25) we have:

6) + №,*) £ = A',(6) + N? (fc) ~ . .

Hence
Mb fc) = A,•(£,). (29)

Acting with tj* on (27) we obtain:

N'(X) = -r/N(X,fc) 

and because of the assumption we get:

JVf = 0 . (30)

From (27) because of the assumption and (30) we have:

<j>Ni(X) = 0 .

From (28) we have:

N,(<>X) = 0. (31)

Ftom (29) because of (20) we have:

N.«,) = 0 . (32)

Since every vector field X € V (A/) is a combination of <t>X and so from (31) and 
(32) we obtain:

= 0 . (33)

' J
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Having acted with rjk on (26) we have:

V(A,F) = i/JV(A,^y) - r/(y)^(N,(A)).

Now, because of the assumption and (33) we obtain:

N* = 0 (34)

and this completes the proof.
We’ll need one more identity being useful in the next part of the paper. From 

(27) and (28) we have:

N(A,f,) = A (M') - «/(X)[M1,

Now, if we insert <t>X instead of A' into the above, we get:

<V(M = A\(A) - t?(A)JV,(fc) 

and on account of (29) we have:

W*. e.) = A,(A) - rf (A)^,, &). (35)

Combining Theorems 3 and 4 we obtain:
Theorem 5. An almoel r-paracontact structure E on M is normal if and only

ifN <= 0.
For every manifold M with an almost r-paracontact structure, on account of 

Remark 1, we can define the following distributions:

D° = {A;dA = 0}, dim D° = r

Dr = {A;4A = A), dim D+ = p (36)

D~ = {A:4A = -A} , dim D~ = q , p + q + r = n .

Analogously as in }2j we have:
Lemma 2.

a) XeD+(f>DQ o <f>X = A -rf (A)6 ,

b) A € D~ ® 0° o 4>X = -A + r?’(A)6 .

1Now we deal with the relation between the tensor Ar and the integrability of the 
above distributions. For A', Y £ D+ we have:

AT(A,r) = [A,K] - flA.Fj + [A,K] - d[X,Y]
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^Y)r! = [X,r]-i'V(X,K). (37)

For A', K G D~ we have:

N(A, K) = [A, FJ + [A, r] + #A, Y ] + <j>[X,Y\

^A,yi=-(A,y] + i/V(A,r). (38)

We’ll use the obvious:
Lemma 3. Let D+ (resp. D~) be integrable and each (&,£/) = 0. The 

distribution D+ © D° (resp. D~ *5 D°) is integrable if and only if for X G D + 
(resp. X e D~) [A, «,] G D+ © D° (resp. [A, f,] G D~ © D°).

For A G we have:

N(A,&) = [A,6]-^A,&1.

Hence we get:

#A, *] = [A, 6) - ^(A, 610 - N(X, (,) + r/[A, *]£, =

= [A, fc] - ^[A, fctfy - TV(A, 6) - A% •

After having used (35), (11), (16) and the assumption of Lemma 3, we obtain:
For A G D+

<№, e,i = [a, e,i - r/[A, e.ifc - A (a) - (ar, . (39)

Similarly, for A G D~ we have:

^[A, e.) = -[A,*] + ^[A,fclfc + TV,(A) + TV/(A)e> . (40)

Now we’ll prove the following:
1

Theorem 6. In an almost r-paraeontaet manifold the tensor N = 0 if and only 
4 .

if each [&,£,•) = 0 and TV/ = 0 and the distributions D*, D~, D+ © D°, D~ © D° 
are integrable.

Proof. Let TV = 0, then from Theorem 4 £,] = 0 i,j = l,2...,r
2 . S 4 .

TV = TV,- = TV/ = 0, and because of (37), (38), (39), (40), Lemma 2 and Frobenius’s
theorem, we obtain that the distributions D+, D~, D+ © D°, D~ © £>° are inte- 

4 .
grable. Now, conversely we can prove that if TV'/ = 0, [&,£/) = 0 ,»,/ = l,2...,r 

1 . - -and the above distributions are all integrable, then the tensor TV is identically zero.
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To this end, since N is a tensor field, it suffices to prove the vanishing of N in the 
following four cases:

(») X,Y ED+VX,Y ED~ ,

(»») X ED+ AK 6D°vA ED~AY ED° ,

(«0 X € D+ A Y € D~ ,

(•») A,KeD°.

The first case is obvious, because of (37) and (38). In the second case, for every 
and A € Z>+ from (35), (39), and TV/ = 0 , [£,-,£/] = 0 > hl = we ^ave:

0 = A-(A) = 7V(dA, 6) = N(X, (<). 

and this means that for any A 6 D+ and Y € D°

N(A,K) = 0.

Similarly, we have for A € D~ and Y E D°

N(A,y) = 0.

In the case (iii), for A G D+ and Y E D~

N(X, y) = [A, y] - [A, y] + d[A, y] - d{A, y] = 0.

In the last case, for A = and Y = £,• we have:

N(A,y) = N(f,-,fy) = [ef,fy] = O.

Combining Theorems 5 and 6 we obtain the geometric interpretation of normality 
in the following:

Theorem 7. An almost r-paracontact structure E on a manifold M is normal 
if and only if Nj = 0 , [&,£/] = ® > •>/ = 1>2,...,r and the distributions D+, D~, 
D+ ffi D°, D~ D° are integrable.

Remark. Proceeding in the similar way we can give the geometric interpreta­
tion of integrability of an almost product structure, namely: Let F be a tensor field 
of an almost product structure on a manifold. Then there exists a positive definite 
Riemannian metric g such that g(FX,FY) = g(X,Y) or g(X,FY) = g(FX,Y) 
and this means that all eigenvalues of F are real and equal to 1 or —1. Defining 
the distributions D+F = {A;FA = A} and D~F = {A;FA = -A} we obtain 
that F is integrable if and only if D+F and D~F are integrable.

Now, we show that on a manifold M with an almost r-paracontact structure 
E there exist almost paracontact and product structures whose normality depends 
on the normality of the structure E.
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Let E = (^,£(j), t7^),=i.... r be an almost r-paracontact structure on A/. Here
we use the following notations: = £,»/' = r/ and so E =
We have:

Theorem 8. Ei = ($,£, rj) where <& = <t> — f?° & ta '* on almost r-paracontact 
structure on A/.

Now we’ll prove the following:
Theorem 9. If an almost r-paracontaet structure E on Af is normal then the 

almost paracontact structure Ei = (^ - »)“ ® ^<», <5, r?) on M is normal.
Proof. For the structure Ei we have:

A’E‘(A’,y) = [X,y] + [$-Y,$r)-$i$X',y]-$[X,$r]- 

-r?fX,yie-2dr?(A-,y)^ =
= [X,y] + (0X - ^(XR.^y - n^(y)6- 

-*[X,4>Y - r,a(Y)^a\- Q[tX - rja(X)0a,Y\- 

—rf[X,Y)t - 2drj(X,Y)( =

= [X, Vj + №X,4V! - flUX^Vj - 4>[<t>X,Y\-

-r/“(A')ifo^y] + ^y)(r?“(A-))fo - r,“(V )(M',e«]- 

-(^X)(rz°(y))e- +n“(A)fo(^(y))^ - rf{YK,(rf{XMa+ 

+r,°IX^y|fa +r/“(y)^X,^i - ^(y^lX.e.l^- 

-Xfo“ (y)R„ + r}a{<j>X,Y]fa + r,°(X)<j>[fa,Y}-

-n^X^^.Y]  ̂+ y<t?“(*))6, - nfA,y)f-

-2<h?(X, y)f + r,a(X)^(Y Ko,ö! =

= N(X,Y) - A“(X,V)^ + rf{X)Na(Y)- 

-ria(Y)Na(X) - tf(X)NKYKfi+

+T,a(Y)N’(X)f/, + tj“(X)r/(y)[ea,M .

Since E is normal, then in virtue of Theoreme 3 we have:

TV = A" = A,- = N3 = [fc,£y] = 0 , ij = 1,2...........

and hence A’r‘ = 0 or Ej is normal. In the similar way we can prove that the 
structure E< — (<p + t)a ® f) is also an almost paracontact structure. Let 
7 € (0, r) be a positive integer and put

= <b - <? p1 - fe ® rj2 - ••• - ,

then
E» = (<•»,6_f+i,..., 6,
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is an almost ^-paracontact structure.
Let

D+» = {X;**(X) = X}, D“» = {X;*(X)= -X}, D°* = {X;*'(X) = 0}.

Then we have:

D+1 = D+ ,

D * = D ® lin {^i,...,} , 

I?0 = lin {^r—f+l>• • • >} »

D+» ® P°* = D+ e lin {6_f+1....... 6} ,

p-« e z>°* = d~ e d°

where D+, D~, D° are defined by (36) and lin {Xi,. . .,X,} denotes a linear space 
being spanned by vector fields Xj,...,Xr. Now we have the following:

Proposition 1. If an almost r-paracontact structure E = f?’))»=i,...,»■
on M is normal then an almost q-paracontact structure

E“ = (^,6_f+1,...,6,<-»+1,;..,^)

is also normal.
Proof. If E is normal, then D+, D~, D+ ® D°, D~ ® D° are integrable 

4 . 4 .
and N’}- = 0 and [&,£,] = 0,»,/ = l,2,...,r. From Nj = 0 we have = 0 or 
^•»?’(X) - n’lG-.X] = 0. For X E D+ and X E D~ we have rj%,X] = 0. Now 
from integrability of D+ ® D° (resp. D~ ® D°) in virtue of Lemma 3, for X E D+ 
(resp. X E D~), [X, &•] £ D+ ® D° (resp. {X,&] £ D~ ® D°). On account of 
Lemma 2 and the condition if[fy,X] = 0, we have for X E D+, ^[X, ft] = [X, &] 
what means that [X,ft] E D+ and similarly, for X E D~, [X,ft] E D~. Hence
the distributions D+1, D~f, D+1 ® D01, D~* ® D°* are integrable and obviously

4
Np - 0, 16«,fr] = 0 , a,(j = l,...,r - 1. Thus E* is normal.

More general, put = ^4-«if/1® ^i4-«2»/2® ?2 4-------I-e,-,!/1’-’® where
e„ — ±1, a = - q. We have:

Theorem 10. E* = (^*,£f_f+i,...,£f,fj,-,"l:l,...,r/’) is an almost q- 
paracontact structure on M and if an almost r-paracontact structure

E = (^,f(i),n”'’),=i......

on M'is normal then E* is normal as well.
Proof is similar to the one of Proposition 1.
Remark 4. Note that in the case q = 1 we get a geometric proof of Theorem 

8. The proof of the above theorem one can do with an algebraic method (comp. 
Theorem 8), but it is more complicated than the one presented in Proposition 1.

Now if we put $ = if 4- «if/1 ® f i 4- «2»?J ® £2 4- •• • 4- e,rf ® «,••= ±1, then
we obtain the tensor field of an almost product structure on A/ and we have:
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Theorem 11. // an almost r-paracontact structure 

2 = .... r

on M is normal then an almost product structure d> is integrate.
Proof. Without loss of generality, we may assume that ej = ••• = 5, = 1 and

sf+i,...,s, = -1. Then the distributions fl+* and D~* are as follows:

D+* = {A;$A = A} = D+ $/m{6,.... 6}

D-* = {A;«A = -A} = D-e/m{6+i,...,6}.

Both distributions are integrable and in virtue of Remark 3 $ is integrable.
Remark 5. Note that if a positive definite Riemannian metric g is compatible 

with an almost r-paracontact structure E, then g is also compatible with any almost 
9-paracontact structure E’ and an almost product structure <&.

Examples. 1. Let be an almost r-contact structure [5] on
M. Then .... , is an almost r-paracontact structure on A/.
2. Suppose that (M,g) is a Riemannian manifold and are orthonor­
mal vector fields . Put rf(A) = g{X, 6) and <j> — Id - rf ® 6- Then

is an almost r-paracontact structure on Af and is called 
an almost r-paracontact ^-structure. In this case:

D+E = {A;»j‘(A) = 0,« = l,...,r},

P~E = 0 ,

D°s = lin{6,6,...,6}.

Now we prove the following:
Theorem 12. An almost r-paracontact 6"»structure E on M is normal if and 

only if drf = 0 and (6,61 = °> = 1,-• -,r.
Proof. Suppose that E is normal. If A, F G D+E then [A, Kj G D+E and

dr?(A,y) = 0. If A G P+E then dr?(A,6) = W-rj‘[A,6! = -N*.(A) = 0
and so drj' = 0, i — 1,2, ...,r. Now, conversely, suppose that drf = 0, and 
[6)61 = 0, » = 1,2,...,r. Let A',K G Z?+E. Then we ha* e 0 = dr/‘(A,y) = 
-rfP^yl. Thus (A.y) G D+E. If A G D+E then 0 = dr? (A,6) = -»?[*,6) and 
so [A,61 € D+£. Hence we have that the distributions D+E, D_E, D+E ® Z?0E,

D~E ® D°z are integrable and Nj = 0 and (6,61 = ^*'1 — 1.2,...,r.
3. If we lift an almost paracontact structure S = (^,6n) on a manifold A/ to 

the tangent bundle TA/ we obtain, in the natural way, an almost 2-paracontact 
structure E on TM. Let E = (^,6’?) be an almost paracontact structure on Af. 
Then E = (<^e,f’,r/’’,r,c) is an almost 2-paracontact structure on TM, where

£*, •?* »re complete lifts and rj* are vertical lifts of <p, 6 rj. to the tangent 
bundle TM. Making use of the properties of complete and vertical lifts [6], we
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have:

N^~(Xc,Ye) = \tfteXet$eYc} 4- [X\Fe] - ^*Xe,F«l - </>'[X',</>'Y'}- 

-2drj'l(Xt, Y‘)(‘ - 2dr,‘(Xe, Fe)C - »j’(X', Yc)?- 

-flX'WWWl + [X,F] - MX.r] - flVF)- 

-2d,j(X,F)f - »/[X,F]f)‘ = (N (X, F))‘ .

In virtue of Proposition 1 p.33 (6) we have:
Theorem 18. An almost poracontact structure E = (<^, £,»?) on M is normal 

if and only if an almost 2-paracontact structure E = on TM **
normal.

From Theorem 10 and 13 we have:
Theorem 14. If E = (<&,£, r?)j£ an almost paraconlaet structure on M , then 

Ei = (<f>e + eft* ® rf ,£e,riv), and E* = (</>e 4- t£e ® ,»?'), where e — ±1, are
almost paracontact structures on TAI. Moreover if E is normal, then Ei and E2 
are normal.
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STRESZCZENIE

W pracy rozpatrujemy struktury r-parakontaktowe, będęce naturalnym uogólnieniem struk­
tur parakontaktowych, wprowadzonych przez LSato. Definiujemy pojęcie normalności takich 
struktur i podajemy Jej interpretację geometryczna. Podajemy takie przykłady struktur r- 
parakontaktowycli.

РЕЗЮМЕ

В данной работе рассматриваются Г-параконтакные структуры, которые обобщают 
параконтактные структуры введенные И. С атом. Определяется понятие нормальной Г-струк- 
туры вместе с её геометрической интерпретацией . Работу кончаем примерами.


