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HenoasixHBIE TOYKH H MCTPHYCCKHe NpoeKliHe

1. Introduction. Throughout this paper X .will denote a (real) Hilbert space, ,‘2 X),
@(X) and ‘e(X) will denote respectively the family of all (nonempty) closed bounded,
convex closed bounded and compact subsets of X.
In the following we denote by co 4 the convex closure of a set A, by dist (x, A) the
distance between a point x and a set A, by H(A4,, A,) the Hausdorff distance between
-twosets 4, and A,:

H(A,, A;) = Max {Sup [dist (@,, A2) :a; €A, ]; Sup [dist (a2, 4,) :a; GA;]} .

Finally we denote by P4 the metric projection into 4, i.e. for x in X, P4 (x) = fy €
€A :ll x-yll=dist(x, A)}and ford, in R (X)Py(4,)=U{P(x):XEA}. We
recall that a set C is said Chebyshev with respect to co C when Pc(x) is a singleton for
eachx inco C.

The aim of the present paper is to prove that any (nonempty) bounded subsct C of X
which is Chebyshev w.r.t. co C has the fixed point property for nonexpansive multi-
applications with values in @(X) or in ‘e(X), under the assumption that the boundary
oC of C is mapped into C.

2. Preliminary results. In this section we list some well known results and their conse-
quences. Proofs may be found in [2] or [15].

Let K € B(X) and let us denote Px by P. K is Chebyshev w.r.t. X and
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(2.1) Px=x—=x€K.
(2.2) xEK=Px€ok.
23) yEK=(x-Px,y-Px)<0

for each x € X, hence

(2.4) YEK=lx-yI*>lx-Pxi*+1IPx-yl’.
(2.5) I1Px-Pyli<|ix-yll

for any x, y in X, i.e. P is nonexpansive and , of consequence

(2.6) H(P(A),P(B))<H(A, B)

for any 4, B € A(X).

(2.7) Let T : X - A(X) be nonexpansive and consider F = P * T: F is nonexpansive
too, but usually it does not assume closed values. Nevertheless

Inf §aist (x, Fx):x GK§ =0.

In fact the map G, * K = A(K) defined by G, (x) = (I — a)x, + aF(x) is a contraction,
for xo fixed in K and for any a in (0, 1). G4 has a fixed point ([14] theorem §), say x,.
We have x, = (1 — @)x, +ay, with y, 3F(x,) and then dist (xq, FXo) < || X — Yo ll =
=(l —a)llxg = Yo ll < (1 — @) diam K.

(2.8) Suppose now that the above nonexpansive T has values in € (X): in this case
F = P - T rakes values in €(K) ([13],9.6) so F has a fixed point in K ([8] theorem 3.2).

(2.9) We conclude our preparation recalling the following result, which holds in more
general spaces than Hilbert ones ([12] theorems 2 and 4, see also [7], [9] and [10]):

Let K be a weakly compact subset of X and T be a nonexpansive mapping with values
in € (X) |or in (5(X), and let X be separable). T has a fixed point in K if and only if

Inf dist(x, Tx):x €K =0.

3. Main results., Theorem 1. Let C be a bounded Chebyshev set w.r.t. co C and let
T : X = @ (X) be nonexpansive. If T(3C) C C, then T has a fixed point in C,

Theorem 2. Let X be separable, C be a bounded Chebyshev set w.r.t. coCand T : X -
-’B(X) be nonexpansive. If T(dC) C C, then T has a fixed point in C.

In the following proofs we put K =coCand F=Pg « T.
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Proof of Theorem 1. In view of (2.8) F has a fixed point in K, say x. We claim that
Pc(x) is a fixed point of T. This is trivial if x € 3C (indeed Fx = Tx). If x is an inner
point of C, Fx is the union of Tx N K with a subset of 9K, so x € Fx and x € int C=
= x € Tx. Suppose now x € K \ C: let y = P¢(x) and choose a z in Ty such that ||x—z|| =
=dist (x, Ty). Asy € 9C, Ty = Fy C C and

Ilx -z |l =dist (x, FY) K H(Fx, Fy)< || x — y || = dist (x, C).
Unicity of y implies y = 2.
Proof of Theorem 2, It is sufficient to prove that
Inf {dist (x, Tx) : x €K} =0.
If so indeed, T has a fixed point in K, whose projection into C is still a fixed point of T,

by the same argument used in theorem 1.
In view of (2.7) it is possible to construct two sequences {xu} and {y,;} x, €K and

¥n € Txp such that

3.1 | xn — Px yn Il 0.
Suppose, by contradiction, that

(3.2) Inf {dist (x, Tx) :xEK] =6 >0.

We have

| xn — yn Il 2 dist (xn, Txp) > 8

dist n, K) =llyn - Pk yn Il =llyn - xall +o0(1)
hence lim inf dist (¥, K) > 8 which means that y, has to be (for large n) out of K, and
(by (2.2) and (3.1)) that x, has to approach the boundary of K: we may suppose, by the
continuity of F, that x, € 3K.
For each n let z; and up be the points which are uniquely determincd by
Zp = Pc Xpitup € Tzp such that || yp — up || = dist (vn, T2n).

As up € C we have

(3.3) Hin —xa 21127 — xn Il
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moreover
(3.4) N yn = un Il = dist Yn, Tzn) <H (Txp, Tzp) <l Xn = 2n |l .
Finally, from (2.4)
(3.5) lyn—unl* Zllyn - Pkyn|® + | Pk yn = Un I* =
=llyn - xn I? + | Xn - up I* +o0(1).
The combination of (3.4), (3.5),(3.3) and (3.2) leads us to
Ixn=zn I 2l yn —un > 2N yn—xn 1> +llxn - un II* +0(1) >
283+ |lzg - xn 12 +0(1)
a contradiction if § > 0.

4. Remarks,

1. Suppose T is a single-valued map: we obtain a result of K. Goebel and R. Schone-
berg [6]: other results under weaker assumptions on C may be found in [4] and [5].

2.If C is a convex set, theorem 1 is known true even if X is an Opial space ([1],
theorem 2), moreover the condition T(dC) C C may be weakened in the inwardness con-
dition. In this framework the above result holds when C is star-shaped too, but C must
be at least weakly compact. while theorem 1 does not require this property.

3. Few results are known for nonexpansive mappings with, as in theorem 2, convex
closed bounded values. Usually the set C in which fixed points are searched is assumed
to be convex. We only know a result ([12], theorem 3) which holds for nonconvex C,
but it requires its weak compactness. Observe that in theorem 2 no assumption of weak
compactness is done.
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STRESZCZENIE

W pracy tej wykazano, ze dowolny ograniczony podzbidr C przestrzeni Hilberta bedacy zbiorem
Czebyszewa wzgledem swej otoczki wypuktej ma whasnosé punktu statego dla wicloznacznych od-
wzorowad nieoddalajgcych o wartosciach ze zbioru zwartego lub ze zbioru domknigtego, ograniczo-
nego i wypuktego, takich, ie brzeg C przechodzi w C.

PE3IOME

B paBoTe moxa3blBaeTcs, YTO APOH3IBONBHOE, OFpaHHYcHHOC MOAMHOXcCcTBO C rHnLGeproro
NpPOCTPAHCTBa, ABNSOILHECA MHOXecTBOM UebbIlieBa OTHOCHTENLHO CBOCR BbIMyKNMOR 0BONOYKH,
ofnanierT CBOACTBOM HEMOJBHXKHOA TOYKH IUIA MHONO3HaYHBIX OTOGpaciuif (YIORIETBOPSIOUBIX
ycnoBuio JIHOUWHHA ¢ KOHCTAHTOA paBHOM eaMMHUE) MPHMAOLIMX 3HayeHHS H3 HEKOTOPOro KOM-
MAKTA HIH H3 HEKOTOPOIO, OrPAHMYEHHONO W 3aMKHYTOrO MHOXCCTBA, MPH YCNIOBHH, \TO Ipanuua
C oroBpaxaerca B C.






