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1. Introduction. The numerical solutions of the dynamical problems obtained by the
Greenspan’s method [3 —5, 8] have the analogous properties as the solutions of continuous
mechanics equations, i.e. they conserve a total energy of isolated system of the material
points [S], the linear and angular momentum of the system [8]. Moreover, basing on
them, it may be proved an uniform motion of the center of mass of this system [8]. The
Greenspan’s dynamical equations, which are the difference equations, are invariant with
respect to translation, with respect to rotation and under uniform motion of the frame
of references [6]. As application of Greenspan'’s technique, the equations that describe
the motion of material points in a rotating frame are also obtained [1, 11]. The discrete
equations of relativistic mechanics are known too [2, 7, 8].

All mentioned = above equations are of the first order-accuracy. Therefore they have a
comparatively small precision. In this connexion it comes into existence the problem of
improving this precision. It is generally known that in order to increasc the precision up
to the order J it must exists, for a method under consideration, an asymptotic expansion
of the total discretization error cf the same order [13].

In this paper, basing oneself on the theory given by H. J. Stetter [14], the existence
of mentioned expansion for the Greenspan’s discrete mechanics is deduced. Therby,
a possibility for an precision-increasing for this method is also proved.

2. Preliminaries. Let us take into account the inertial frame of references xyx:x; and
let At =ty .y —tx (k=0,1,2,..)denotes an arbitrary given time interval. In this frame
let us consider the motion of an isolated system of n material points £; (¢ = | (1)) with
coordinates x,’-‘ = [x’f,-, x‘{,-, xﬁ,- ] at the moment tz and with velocities V,k = [u‘,',-, vAi oA
at the same moment. D. Greenspan [3-5, 8] dcfines for this system the following
dicrete dynamical equations
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where, in gravitational case,

o N X +xp -t —
@2 Fh=-0m T m ot
//;; if r,l (7” + fg)

and where G denotes the gravitational constant, m; — the mass of P; (i = 1 (1) N) and
3

@3) () = = (xf - xf ).
al e

Undiminishing the generality, we restrict our consideration to the time interval [0,1]
and record the discrete problem (2.1)—(2.3) in Stetter’s notations [14]. °

For (2.1)—(2.3) let us define an input (continuous) problem B= {E, E°, d’} , where
& : E—~ E° is of the form

-}’p(o)_ Zg
— S0
(24) d()=|"P3N O 23N | por ye E,
Yp — Yp+aN
Y;':»SN_fp(}’)

P =1(1)3N;
where yp =xjii YpeaN v I=[(p—1)/N]+ Li=p—[(p—1)/N]N;

E=cM[o,1}x..xcM(o,1],
6Nf5ctors

E°=RX..XR X CMf0,1]x..xc"[0,1],
6 N factors 6 N factors

N Xji— Xy
25) fpONV=fi k@Ol=—C X mj ———
ey

Let us introduce in the spaces E and E° the following norms
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E = max t
rE[O,l] pllyp()l’
(2.6) '
N 6N
Ndtge =14 Tige = T 101+ max
o =19 Jige p-_,x' pI+ T 1401

respectively. In accordance with Stetter’s notations, the formulas of the discrete mechanics
may be written in the form of a discrete problem & = {£,,, E3, ®p} , where ®, : £, ~ Ej,
and, in our case, Ep = (G, » R*), ES = (G, » R*N), G, = {@wmER:v=0 (1)n},
and where (compare (2.1)—(2.2))

EORES
v + 0)— °+
@7 n(g)=|" w ©) =2 ”_Vi i
Tb(,%)—np(v—,r') B np+31v(%)+np+3~('”,,—)
1 2
n
v v—1
noN(“)_n+N(—) -
P B Rl (55
H -
p=11)3N;v=1(1)n;
Fu .N Ilr(ip)“‘ xji ( ,..;1 ]_xﬁ(}?)_ Xy ( p:] )
2.8) F‘,E?‘= -GZI my 7o =
Joi g () (25 [y () + 1 (B50)]

Apart from the discrete problem D, let us define the discretization method JA = {E ;
E3, An, A, ¢,,} (D =Jd(B)), where the mappings A,, A} and ¢, are defined as in
the below diagram

E P

E° input problem B

4, ¢,.' A%

Ep—— E} discrete probleme
S, = ¢n(P)

Let us assume that
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[ 1%
}’p(i)
(Any)(%)= y | for yEE,
yp43N(i
29) % i
2 | :
283N
(A?:d)(‘;)= p—1 for [zot:lez-:,
() )
2pesn (250))

where z = z(r) denotes the exact solution of the input problem BB . On the analogy of
(2.6). we introduce the norms in £, and £y respectively as follows

inllg, = max Z (5 =)
@10 rmon p-.' At
151y = £ 15,01+ °? An Gl
= max
En p=1 v=1()n p= p(")

In the further considerations we will use the definitions and the theorem quoted
below [14].

Definition 1. The method JA and the problem AL (B ) is called stable on B, if the
discrete problem M (:b) isstable on {A,,z} ,Where z € E denotes the exact solution of 3.

Definition 2. The discrete problem D is called stable on the sequence n = {n,.}
n € Ep, if there exist the constants S and7 > 0 independent of 7 such that

I ng? — 0 lig, < SNl &n 0 — n n? ligy
holds for each n(') (i = 1, 2) satisfying the condition
Il n 7 — By mn llgg <7 -

Definition 3. The method M (and the problem M (B)) is called consistent with
with order p, if forally EE

ll ¢n () By — AR @y llg, =0 (1 P)asn —~ .
Definition 4. The sequence of mappings A, : E - E® (n € N) such that

$n (2) Bg Yy =0 By y = A3 (P + Ag)y
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for all y from a domain of @, is called a local esror-mapping of the method Jf onB.
Definition §. We say that the local error-mapping {A,.} of the discretization method
or B has an asymptotic expansion up to the order J, if there exist nonempty subset

Dy C E and the mappings Nj : Dy > E® (j = 1 (1) /) independent of n such that

. z 1 o0
Il An (Any — lz "2 AN I=0mY*Y) aspn >
=1
forally €Dy.

A, . RS
Definition 6. The mapping LA,.} is called (J, p)-smooth, if there exists

1 -
k}m)y(ép F e )™ for m=0(l)|:Jp—]]

d
an l [JE—[]l = 4 ,..1
—_ + —— dm s =
j-zl n lkl me1 m! A" 7 (kz-p K €k ) !—

g
=M+ I e)+0(n VYY)
k=pn
holds for arbitrary y, e €Dy, (k=p(1)J).

Theorem 1 [14]. Ler M= [E,,, EQ, AN, ¢n\ denotes the discretization  method
applied to B = {E E°, ¢} with the exact solution z. Let us assume that for Mand B
hold: .

(i) Mis stable on B ;

(ii) Mis consistent with B with order p and there exists the local error-mapping of il
on B, which has the asymptotic expansion up to the order J and z € D ;

(iii)the mapping & has Fréchets derivatives up to the order [J/p), that satisfy
Lipschitz’s condition in some domain of the form Bg = £y EE:lly—zllg<R,R>0
and the asymptotic expansion assumed in (ii) is (J, p)-smooth;

(iv) there exists ®'(z)~*.

For j = 2p (1) J let us define the mappings g : Dy p X Dy psy X ... XDy j.p > E°
by comparison of the coefficients of n "/ in the following relation

il
j-zzp - 5 ti-p)=

2l 1 J-mp 1 1
=35 —[@™M e+ T — ) —_ oy ~(J+1)
- ot [@7(@) it )\ (z)](kf_pnk g)" +0(n h=

and for | = p (1) 2p — 1 let us put gy =0.
If the elements e) € E (j = p (1) J) are defined as follows
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1 /.. 1
P@g=1=Nz+ T K@)k + 5o,

then the total error fe,,} of the discretization method M for the input probIemB has an
unique asymptotic expansion up to the orderJ, i.e.

J
€n=4, Z —’79+0(n'("”)).
j=p

Using this Theorem, we will show that for the discrete mechanics method (2.7) applied
to the input problem (2.4) a total error of discretization has an asymptotic expansion.

- 3. Stability. Let

= inry(t), R= maxrz(t), M= max m;,
Galle D=y IET(:!.‘H,/() tEIO.llb() i=1 ()N
i,j=1 Q)N Lj=1 ()N

where r;;(t) is defined by (2.3) and m; denotes the mass of P; (i = 1 (1) N). Existence of
such constants exclude the collisions among the bodies. Moreover, they assure that the
mutual distances between them remain finite at any arbitrary moment.

Let the function fp [y ()] given by (2.5) be approximated by the function Fp, [y (¢ +
+ h), y(t)] with the following properties

Fp [y, y®] = fp [¥()] (compare (2.5) and (2.8)),

Lemma 1 [9]). If there exist constants (3.1), then for derivatives of the function
Fp [y (1), y(1)), where ¥ (t) = y(t + h), and p, q = 1 (1) 3N the following estimations

aF, | |
35,
, < MG (6rr® + 1)
3F, 27
3,

hold.
Lemma 2 [9). If there exist constants (3.1), then there exists M> (3N such that
= = v = =
| Fp(. ) Fpx,X)I< M QE] (lyg—xq % |Y¢g—Xq1)ip=1(1)3N.
From the above lemmas it may be deduced the following theorem:

Theorem 2 [9]). If there exist constants (3.1), then the discrete mechanics method
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(2.7)—(2.8) is stable on the input problem (2.4)—(2.5), and the constantsr and S from
the Definition 2 have the following mlu_es

( wﬂﬂl_ﬂ)+ll-u\l[ﬂ|—1
U wim+1 '

~|

=00 =g

4. Consistency and local error-mapping. In [9] it was shown that the method (2.7)—
—(2.8) is consistent with the problem (2.4)—(2.5). Now we deduce that it is consistent
with order 1.

Theorem 3. If there exist constants (3.1), then for the discrete mechanics method
2.7)-(2.8)

I én (®) &n y — A3 By llgg =0(;) as n>oe.

Proof. Let us consider the difference ¢, () &n y (v/n) — AR ® y (v/n) = (*). From
(2.4),2.7) and (2.9) we have

e ]
0
L v—I1
@1 *)= A l m & )'poaN(,,)+y2p.:N( )
n
-'y‘,',(—"“l )+yp”N(_1:_1_)
1
YpeaN ()= Vpe ¥y (—)
p+3 lp; —-—F[y( )'y
n
"'J'pnN( )+fp[y( )1
Since
< N - ) < .
WG =0 (T g (P g R
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i

1

n)posN( )+ _! }’puN &),
yp”N(") - where §; - , 7‘;')

or

711')'1;.03N (£2), where £; =1 ’ ;v);

then

@ =1 (z)—y,;.m(zz)] .
7 Dpeontn— {6 }

If there exist constants (3.1), then the functions y;,y;, +3n and }'; +3N are bounded.
Moreover,

Vs a
D"(p n = -
W al‘p(}’) v-l 1 W ) .,
= H == TR (53).
q” %, l)’q( ) Yol g i oy Yq

wherey € (y V;] £)),53 e("—;—l 3 -:,1). From the Lemma 1 it follows that the

function aFp/dyq is bounded. Thus

—ByEEh y =0 .

By,

Therefore we have

0

w |0
*)= o/m|®

.0(1/n)

Taking into account (2.10), i.e. the definition of norm in the space Ej. the Theorem 3
follows readily.
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Now we show that there exists a mapping of the local error and that this mapping has
an asymptotic expansion up to the orderJ.

Theorem 4. For the method (2.7)—(2.8) applied to the problem (2.4)—(2.5) there
exists a mapping of the local error havmg an asymptotic expansion up to the order J and
zeDy= cV*N o, 1] x...xcY*V o, 1],.

N factors

Proof. From the Definition 4 we have

(42) (@ndn— L0 ®)y=0pAry.
Since ®, = ¢n (), when we may rewrite (4.2) in the following form
On (D) Ay — D @y =0pAny.

Hence and from (4.1) the mapping {A,,} may be defined as follows

- -

0
0
1 1
ypt+ 77)—yp(t) YpeaN(+ )= Ypean(t) !
@3, Mt e e E R R
7
1
+ t+ =)= Ypsan(r)
fpatoat ~ B+ Do~

L
n

ks B,y O} =3+ @

Therefore, there exists the mapping of local error. Now we show that {A,,} has an
asymptotic expansion up to the order J. We have

gery v —1
¥ (
L S TRAY, O )

=1 G+
Y= &
(44) 0 );"( =) =nEEhHH o
n Jor 1 yé’ n -7
/‘?x nl G+ 70,

~
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ifyp (1) € c¥*V [0, 1], but it follows from (2.4) and (2.5). By the same reason
Ypesn VECY*D[0,1], and so

v y—1 D=L,
Yoo~ VpeaN () p—])+ Wit yf,’.‘,aiv\ n!
: o o el Sy 7 5 Sy

n

+0(n U+,
(4.5) +1) v—1
1N

A g+

v v—1
}'posN(ﬁ)_y;H-JN( n ) 1 v—1 A
= =37 YpeaN ) +j_2

)
+

+0(m 7).

If we assume the existence of constants (3.1), then the derivatives of arbitrary order
for Fp are restricted. Therefore

o diF, )
&U(‘;’):y(z—l)]—&b.(u)’y(";__l)] = él _i_'f’- +0(n U0y,

n
where
dF 1w AR o v—1
—F__ 3 n . (=) —
i! ]! l.”"., i/" ayil . ay" rlzl Ul’(n) yi’( n )l.
Hence and from (4.4) we get
v =il v—=1._v—1 L. f W ajf;’[y(v;l)]
R YN =Ryl = 2 5 b i,

A el b "—,,——)'l 7

] T +0o(n Yy =

rrull[k-l nk-1 k! IJT o .

(4.6)
k v—1

J w |7 =

=X ATt £ .z e F . z )'}:"](_'_‘vn l)...yfaﬂ .
j=1 jin’ k=1 By fp=1 By,' . ayft I+ et lp=f k

k>0

1} — \
- ED 0 Y),
J

From the relations (4.3)—(4.6) we obtain
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4.7

K
0 e
B 2=l
é_ll 7 _ Ypeww(C) 0V
J /=1 n g+1) 2j! _
M AY(3) = 3 o
{ l_( L )"‘lié ¥ [_akfb[y(—;—)l .
jernl N\ g+ It k-:l.,....lk-i\_ Wy, ... ay,k
z y,""’(”—',;')...y,iw (“—n:-‘-ﬂ) +0(n"V*n)
+...>+ok-f -

The mappings A (Def. 5) may be defined as follows

(4.8)

Finally let us take into considerations the norm ||+ ﬂEo of the element A% [Apy — 2 n’ Ayl

[0
0

»whe

"’w ®

Niy=
G+ D!

E

' n

TS

¢+
ik @ s

jl

be=f

W @) ... y® (r)}
J

/ FHbo)
'1 i...-- =1 |0y, - a)’xk

El

From (2.10), (4.3),(4.7) and (4.8) we have

where

Biry- £
4 j-l"]

Nyligy = mex { ll-x n

r)’p l)('_")
g+

vel (1) {p=1

) =1 g+ -1 L 1L,
= yé’.w( ) ¥ = )'_ ypow( )}H)( _(',”))‘4‘
2 (i+l)'
W& g
%V é J( ")_l é(.)_ i " +_].z(.)
J=1 nl L G+ J! ke J! Nt k=1
+0(n""”)).}= max 0 Y*My=0( V),
vel (1)n

)
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N —

)=l )

(.)=l' ....21";-1 oy ... 0N !*-F"!k-] ( )( " )" )’(H
" ’ LI I, >0

n )

Since y is an arbitrary element of Dy, then the above conclusion is true for y = z too
(z denotes the exact solution of B). Thus the Theorem 4 is proved.

S. (J, p)-smoothness of local error-mapping. Let us deduce first that the mapping ®
given by (2.4) has the Fréchet’s derivatives.

" Theorem 5. The mapping & defined by (2.4) has the Fréchet's derivatives of arbitrary
order. If there exist constants (3.1), then for this derivatives the Lipschitz’s condition
holds in the domain Bg = {y € E: ||y —z llg <R, R >0} , where z denotes the exact
solution of B.

Proof. From definition of Fréchet’s derivative we have

hp(0)
hp+3N(0)
h;’(t)_hp¢3NU)
d(y+ah)—
(4.9) 4’()')" lim .4 : o . n ;,v(r)- PO+ —HO)} _
. A a -
[ 1 (0) '
hpo:N(O)
= | hp(t) —hp+an(?) ;
N o [y(t
npow— ¥ 22Ol 0
i ‘7" 9yq o

(4.10) ™A™ =| 0

m
e A _”_Lbir_)l_h‘l(t)...him(')

L ‘,, 000 lm -] ay,’ A0 au’m

-l

This means that there exist Fréchet’s derivatives of an arbitrary order for the mapping .
Now we deduce the Lipschitz's condition || #'(y) — ®'(P) | < L )l y —F |i. From (4.9)
we have
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') — ') = e NO'GYh— ' F)h lige =

= sup max 3713/ 324:1 [afp[y(r)] — ajb[?(r)]l he(®) | <
hhi<ti tefo1] p=1 | g=1 | W

&b RANIRR e WPly®] By l' he®)]. ‘
Ihi<1 r€[o1] p=1 q=1 | 3y 9

But

S 2

BOOL _ BEOL, ¢ THO o oo

where £ € (¥(¢), Y (¢)). If there exist constants (3.1), then the derivatives ¥
0yq Oys

bounded for example by some A. Hence

are

; : aN 3N 3N )
2 ()—PO)I< sup max z I T A IyS(t)—y,(l)|°|hq(t)|=
thi<i t€[0,1] p=1 q=1 s=1

w N
= sup max 3NA Z @) —Rk(@)| Z lhe()I<
Nhi<1 t€jo 1] s=1 q=1
SLily=y Il sup IAI<LIy—=5I.
Hhi<i

For the derivatives of higher order (m > 2) we have

I ™))™ — &G H™ || =

m m - R
= max 3217v 379, : fb[y(t)] - - j;,[y(l)] “hi (8)...h (1)
t€(0,1] p=1 i, ..., ip=1| Wi ...ayim )7 ay,-m ! L2

and the proof is similar,

Theorem 6. If there exist constants (3.1), then the mapping of the local error, i.e.
{A,,} defined by (4.3), is (J, 1)}-smooth i.e. the mappings (4.8) have Fréchet’s deriva-
tives and for arbitrary y, ex € Dy = €9 *V [0,1] X ... x ¢¥*1 [0, 1], (k=1 (1))
holds 6(_Vfaclors
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(4.11) 7 1
=M+ I < &)rom YY),
a1 N

Proof. From (4.8) we get

PO I
0
No+an-no) | as e P
N()h = lim = !
a+e a (j+ 1)' 2
W3k @ »
LG+ 1) oae ]
where
e SO LS S D Ly 1 {0 k)
a+0 J! k=1 iy, ., dg=1 a<o0 Wi, ... a)’,'k

LI [ oral o] [P o+afP o] -

I 1010) . J‘iﬂ')(f)...y,“'k){r)l |
i, «.o O I,«..I.+>1,8-/ ' K )

Let us consider lim { } Since the derivatives y“s) (?) are bounded, then

a-0
. . ;
1 3 fp (v + ah) 3o )
lim { } -
a-<o i, .- Wiy i, - iy
k(v +oh
. 3 i () .. },(Ik) )+ lim _é.g_)_ d
L.slp=f " a<0 dy ... Wi
I >o &
&
Yo Eies o W00 0 2 00- PO = ).
11>o

But
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Fpotay  Fpoy W o)

+a*R ,
oy, .- iy oy, .. Yy q=1 Oy ... Oy ay;q

where R is bounded, because a’fp /9y, ... 9pjg are bounded (it follows from the existence
of constants (3.1)). Hence

aktl
=¥ 2 50, @) . fP@ +
oy ™ O, - Wi, k=i

h t z
"“'():,..._u

i >0
ok k k
THhO) o 0 oyl
Oy o Oy hvoslg=f s=1 T qe1 79
Ii>o0 qe s
Thus we have
- 0-1
0
0
AR L0
4.12) N(»)h= -
@12) §oyn = | 5 e

.

+1 N
WEv® 1 oy ¥
G+ ker d=0 dy o, ikai=d

*lry)
ot THRN (3 PO T (5
ay’:"'ayikol k’l() g

k
= s i)t -
Li+..+lgk=] 8, .. 8-=} “1
>0 sjvegjfori e/

k
RY I X B Y (5]
L Is,_ ) g=1 %
9%

In the analogous way it may be deduced that
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| cool

(4.13) ™M) ™ =

ey ()]
i,

hig ., (0) ...
cee a)']k’l ke

hig o (1) *

z

k
z

o
l¢

tfkfl

+Im-1]

hifs) @)+

. Iy -t ,)
higm=

Sie s, ‘forivj

k
@ N yldw
q=1

qrsi

.

This means that the mappings (4.8) have Fréchet’s derivatives of an arbitrary order. Now
we prove the formula (4.11). Let y, ex € Dy and let us note that (compare (4.7))

o

(4.14) Ay =

" S

/

N

ylan ()

1 [¥Pe
1 li

{1
z —
jer n’

Il

G+ 1)

7
)
g+ 1
~

2 l'l Yi

=] g

I,>o

gok@

2!

i
- 13
! k=1

J

}+0(n'("‘")

N C
z {
By, vy g =1 ay;l

Uq)\p +0(n VYY)

*hly®)
ayik

From (4.8). (4.12)—(4.14) we see that the equality (4.11) for the first and for the
sccond component is self-evident. Hereunder the right-hand side of equality (4.11) for

the i-th component (I =

3, 4) will be denoted by F; and the left-hand side — by L;. For

the third component we have ™ () i™ = 0 for m 2 2. and so (3; = y;(2), &; = e;(1))

J
Py=iM o+
k=)

J
{1

kay n"

Ji "..l) +

Py *--_- q)]] 2 ]- ’y e yg _d
n* j=1 n’ (g+1) 2!

- LU+1) 5 i

ke _ i&”_‘i\__ +0(,,‘(J'l))=

_(/+l)! 2!
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=12 Loty E X a0V, =L
— = x an q .
J=1 n’ / k=1 n* * ’

J
Finally, for the fourth component of (4.11) we get (for simplicity we denote Z —

bye) k=1
L@k, BN L { g

g+t T Grnr T s e

J
(4.15) Ps =[Aa v + )]s =I§1

A 2R0*E) T ﬂq)+¢,(‘q):}b+0(n‘(”")-
an‘...a,)q‘ +l,-j q-n

& (Iy,h& e,?:;& 14w [ THO)
jaand NG+ GEDE st by ig=r (L0, . 3

iy aN at#l

oy 1 b ___f_,',_(z_)_ & .. % | ¥ y
Imy I g, g, =1 ay, ay,-sl A Sell s slge]
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Let us denote the left-hand side of (4.16) by L and the right-hand side by P. We have
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From (4.16) follows that L = P if and only if
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Let us note that

AMI

Bm| fOl’ m=2(l)J—f.
Ama= Bmera for m=2(1)J—j—1,
Am3= BM‘Z,S for m=2(1)J—j—2,

AmJ-j-me =BJ.J?,J-;-M., for m=2,

Apq=Bp.q-1q for q=1(1)J-j-1, p=2(1)J-j-q+1.

This equality precises the relationship between all components of the left and right sides
of (4.17). So we have

J-f J-j-im=-1) J-fj-1 J-j-
kvl P L

A =
me=2 I=1 " q=1 p=2 g
J-j-1 J-f=q+1 J-] m-=1
= Z Z B - = Z X Bp.
q=1 p=2 PrA=RE"= e dEn ml

Thus the equality (4.16) is truthful. Since (4.15) and (4.16) yield
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then from (4.13) follows that

p=[ # _[x,y+x,(y)e+ i '?\,S"'](y)e"']+0(n'(-7*l))]}4=L4,

jrn’

Thereby the equality (4.11) is proved. This brings the »roof of Theorem 6 to an end.

6. Expansion of total error. The Theorems 2—6 ensure the fulfilment of conditions
(i)—(iii) of the Theorem 1. From (4.9) it follows that there exist ®'(z)"!, where z
denotes the exact solution of (2.4)—(2.5). So the condition (iv) of the Theorem 1 is
satisfied too. Thereby we have

Theoremn 7. If there exist constants (3.1), then the method of discrete mechanics
(2.7)—(2.8) has an unique asymptotic expansion of the total discretization error up to
the orderJ, ie.

1 -¢
=4 E—e =0 VYD),
€n "Ixnj/ ( )

where ¢ € CV[0,1] X...x ¢V [0,1],.
6Nfaciors

From the above theorem follows [13] that if {Gk} is the sequence of nets on the
time interval [0, 1], where G = 1/Bgn, {Bk is the exactly increasing sequence of
natural numbers and nek)p (P = 1 (1) &) denotes the solution obtained by the method
(2.7)—(2.8) on the net G, then the solution

J
()= B akngyp () ¥=0(Dn,
where the coefficients ag are calculated from equations
£ a=1, £ a/@ny =0, j=1()J-1,
k=1 k=1

has a precision of the order J.
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STRESZCZENIE

W pracy tej autorzy badajg istnienie asymptotycznego rozwinigcia dla btedu w metodzie Green-
spana mechaniki dyskretnej. Pewne zastosowanie tych Wynikow zostato podane w pracy drugiego
z autorow [12].

PE3IOME

B 3TOoA paboTe A4BTOPHI MCCNENYOT CYILUECTBOBAHME CHMITOTHYECKOIO PalNOXEHHI OLUMOKH
B Metone IpMHCcTIaHa RMcKpeTHoA Mexawnai. HexoTophle OpHMEHEHMA 3THX PE3YNLTATOB OpH-
BefleHhl B paGoTte BTOporo  asTopa [12].



