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Analytic Functions with Univalent Derivatives

Funkcje analityczne z pochodnymi jcdnolistnymi

Аналитические функции с однолистными производными

1. Introduction. Let D be the unit disk {2 : | 2 | < 1 ] and let E be the family of 
functions/(2) = 2 + aj 2J + ... that are analytic in G apd such that the nth derivative 
/(n)(z) is univalent in D, n = 0, 1, 2, ...,/(0)(2) = /(z). TJhis family was studied ex
tensively by Shah and Trimble [3] - [8].

Let a = sup (| a2 1 : £] . Shah and Trimble showed that if/6 R then/is entire
and | f (2) 1 < (c2“ 111 — 1) / (2 a) for all 2. When /€ E, it follows that [/^(2) — 
- n! a„ J / ((n + 1)! a„ + ,) 6 E so that | (/» + 2) a„ + , / (2 a„ + ,) | < a. By induction, 
it therefore follows that | a„ | < (2 a)"' 1 / »!• The above inequalities lead one to ash 
whether

/«(«) = 2 
И* I

(2a)"-1

л!
2" «(ełeł-1)/(2a)€£.

If so, a = n/2 (the largest value of a that makes/univalent in the unit disk) and this led 
Shah and Trimble to conjecture that a = tr/2. However, M. Lachance [1] showed that 
a > 1.5910 > tr/2 + .02 by showing that (c*z — 1 + a (2 + fcz3) )/ (jr + a)GE where 
a = ire* */35 and b = 18.

A somewhat simpler counterexample is obtained as follows. Let h (2) = e’2 + ce~ *2 
where c is real. Suppose | 2 | < 1, | w | < 1 and /1 (2) = h (w). Then e*2 — e*'4' = c (e*2 — 
— «’•*)«" " (2 ‘ so that c = e* (2+ M'). Hence it follows that h is univalent if — e~ J* < 
<c<e' ’*. Further,after normalizing, we conclude that

1 1 + c
hc (2) = — sinh nz + ---------

я 1 — c
— (cosh Я2 — 1)€£ 
я

О)

when —e-2*<c<e-J*. Set ting c = e~2 ’ yields the result
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max Ia2t | 1/.(2Jt)!) coth rr > (rr2 * " 1 / (2Jt)!) (1.0037) .
/e£

In view of these examples, if is somewhat surprising that if /(z) = z + a2 z1 + ... has 
real coefficients with dj.* .,, >0; K = 1,2,... and if/6 E thena2 * + < it2 * / (2 k + 1)! 
with equality for each of the functions hc given by (1), —e" <c<e~ i". Similar 
methods yield' the result: If f (z) = z + a2 z2 + ... € £ has positive coefficients and 
/ (n)(£)) is convex for n = 0, 1, 2, ... then a* < V*!. = 2, 3, ... with equality when
/(z) = e,-l. _ J

2. Proofs. It is convenient io write /(z) = £ — bk zk so that a* = bklk\ and to
k - i Jfc!

let Ep denote the collection of /in E so that a* > 0 for each k. We require the following 
results of P6lya [2].

Lemma 1. Let f (z) = e~ cx ft (z) where c >0, and ft entire of genus zero having only 
positive zeros with y the first zero of f If

-if'M
Z(O

= s^.z 4-SiZ1 +...

and

1

/(*)
to + tiZ + ...

then

The following lemma is the principal result required to obtain the coefficient bound 
for the odd coefficients of functions in the class Ep.

Lemma 2. If g (z) = (2* Vi)! + 1 has positive coefficients and

g^n>(z) is typically real for n = 0, I,... then b2k ♦ i < n’\ k = 1, 2, ... with equality 
if and only if g (z) = ( 1 / rr) sinh rrz.

Proof. First note that (1/rr) sinh rrz satisfies the hypotheses of the lemma since 
Im (sinh (nre‘°) ) = cosh (nr cos 0) sin (nr sin 6) and the even derivatives of sinh z are 
again sinh z. Further, it is sufficient to,prove b3 < n1 to obtain b2k ♦ i < rr2* by in
duction.

We have the system of inequalities

lm(g<jn> (/))=£ (-1)*
*» o b2(k + n) + i > 0 . (2)(2Jfc + 1)!



Analytic Functions with Univalent Derivatives 145

Each of the series converges because is typically real and hence (1/6) • Z>3 < 3. By 
induction, b2k ♦ i < (18)*. We wish to eliminate all the coefficients except b3 from the 
system (2). That is,we wish to choose r0 = 1 and find tt. t2,... >0 (if possible) so that

£ 2 (- I)\g - 1 "4 -h)b3 > o (3)
£- o k-o (2k + 1)! 6

The coefficient of b2k + j, k > 2 on the left side of (3) is tk —(1/3!) rit-t + ... + 

1
. Thus, in matrix form we want AT = t2B + C where A is lower

if k > /.

+ (- 1)*
(2k + 1)!

triangular with elements / — Ak - f + i. » = (~ 1)*"^
(2 (k-f)+ 1)!

, B and C are column vectors with elements Bj = (— l/" * ------------- and
(2/+1)!

Cj - Bj,\ . If follows that A '1 is lower triangular with equal elements along, diagonals.

vf -VWrite (0/ k)~-A~l and we then have 0/+j t = 0/, 2=Pj-i where -------— = £ (3/
' sinv/z /-o

. sin vz - ,
(because -----—— = £ Aj , z'~ 1). Therefore, the equation T = A ' 1 Blt +A~l Cis

W /- I ’
equivalent to

J 
it- o

VF

sin VF

y/z — sin VF 
~l/3

sin VF — VF +k _

— 2 (0k ♦ i (G ) *“ 0k ♦ a )z k- o 6

so that ♦ j = 0k ♦ i (G ~ ~ ) + 0k ♦ j • We require tk ♦ 2 > 0, k = 0,1,... and hence 
6

0k» i 6

By Lemma 1
0k ♦

7*7
decreases and has limit l/n2 as k -* °°. Therefore Zj =------

will imply Ik > 0 for k — 2, 3...... It remains to show that the series on the left side of

1 1
(3) converges for then we have 0< 1—(-----Z,)h3 — 1 —2^>3 with equality if and only

6 7T
if Iin (g(1/,)(t) ) = 0 for n = 0, 1,2,... . Thus, equality impliesh2jt» i = sog(z) =

1
= — sink rrz. 

n
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As we have shown, the choice f0 — 1, fi ~--------- J >tk~Pk-----2Pk- t A: > 2 will
yield 6 Jr jt

0< 2 tt lm(g(3fi)(/)) = 
e- 0

11 N
= 1- —i3 + 2 

IT 8»
£ (- 

ok* Nt 1
l)*t# h

(2(Ac -C) + 1)!

QC1- — bx- 2
k*Nt J t-Nti

(- l)*+S'8

Now suppose P — sup Z»3 such that g(z)

(2 (*-«) + 1)! 

b3

b2k t (4)

+ -jj-z3 + ... has the property g(3”\z) is

k
2

1

typically real for each « = 0,1,..,. AssumeP>n and assumeg is chosen so that b3 ~ fl3. 
Choose e > 0 so that l/r g (rz) + ez3 = ge (z) is typically real whenever r<n / p. Then
ge2n\^y is typically real for each n = 0, 1....... Applying (4) to gt with r < n/d fixed
yields

10<l- i(Z>3r’+e)- 2 2 (-1)
jr k - Nt 1 8 » N + 1

kt it
(2(Ac~l!) + 1)!

tub2k ♦ 1 r3 k 

(5)

Sincebj1 <d2*, we have

2 2 (—1) 
k-N t t 8-JV + 1

kt it

<2 2 (pr)ik t,
S-Nt 1 k-it

(2(Ar-fi) + 1)!

1

tit b2k + j rlk | <

(2 (*-«)+!)! e-W*r

- , „ sinli pr
= 2 (dr)3 “ r^

Pr

1

Since ( (dr)3“ re)*/W = (dr)3 t^ = (dr)2 (1 — -- —— *-■ ),/B while (dr)1 < it3
dv

1 Pit-'
1 - 0 and lim sup (did)I/B = ~r we conclude 2 (dr)3“ J« is convergent so 

-1 Pu IT 8-0
2 (dr)2“ tt ->0 as From (5), we now conclude b} r2 + e < n5 whenr < rr/d.

£ ■JVt 1

Since b3 - P2, letting r -+ rr/d we obtain ir2 4 e C n2 which is a contradiction. Hence 
we must have p = jt and the proof is complete.

We can now easily prove the following theorem.
Theorem 1. If f (z) = z + a2 z2 + ... has the property /’^2n\z) is typically real 

for n =0. 1, ... and fl2jt + 1 >0, k = 1,2,.... then a2g + , < it2* / (2k + 1)1. If 
a<j* > 0 for At = 1,2,... and /(2n + 1 \z) is typically real for n = 0,1,... then a2g <
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< 2a2 ffJ(* ' / (2*)!. The inequalities are sharp with equality iff f (z) = hc (z),
e = e~J". j

Proof. Apply Lemma 2 to 34 (/(z)—/(—z)) and------(/’(2),“/,(—z)).
4«j

Note that we have not used the full strength of the hypotheses. In Lemma 2, we only 
require that A2* + , < (3s * for some 0 and that Im (g(1"\f)) > 0.

Now assume /(z) = z + + ... is in the family Ep and that

/(*\ | z | < 1) is convex for k = 0 1,.... We know that z/^*\z) is starlike so | /<*\z) | > 
> 1 Ajt I / 4. Therefore, since f( r) = bk — rbk + J + ... > 0 for small r, we know 
fk (- r) > 0 when 0 < r < 1. By convexity and the fact that /is entire (so /(*\— 1) 
exists) we have Re (z f (n * !) (z) / f (z) + 1) > 0, « = 1, 2,..., | z | < 1 and 
-f(n* ° (-l)//(n)(-1) + 1 > 0. Multiplying by/(">(-1) yields/<">(-1)- 
-/<"* *>(- l)>0. That is,

J (-D*
Jb« o

♦ n + kbk ♦ n 
kl kl

(6)> 0 .

This is a system of inequalities and as before, we wish to find tt > 0, /, =1 so that

0 < I —(2 —/j)Aj = 2 tt(fW(-r>- f V)).
8* I

Since the technique is identical to that used before, we omit the details. We only remark 

sin \fz
that in the application of Pdlya’s Theorem (Lemma 1), the function----- —— of the

Vz
previous proof is replaced by e" 2 (1 — z) Then f j = 1 and we obtain 0 < 1 — A2. The 
final result is the following theorem.

Theorem 2. If f (z) = z + e3 z1 + ... S has the property f<-n) ( | z | < 1) is convex 
for n =0,1,... then ak < 1/At! /or At = 2,3,... with equality if and only if f (z) = e2 — 1.

Again, we have not used the full strength of the hypotheses. We have only used 
f <"> (- I) > 0 for each n = I, 2, ... and Re (z/<" * *> (z) / /<"> (z) + 1) > 0 when 
z = — 1 for each n = 1; 2.......
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STRESZCZENIE

Załóżmy, że E jest klasą funkiji

/(?) = «+ £ aksk 
k- 2

jednolistnych w kole |z | < 1 i takich, ief^n\s),n = 1, 2,... są funkcjamijednolistnymi. 
Dowodzi się, że jeżeli

/(n»7m. >o, * = 1,2...... to <2*/(2*+1)1.

Jeżeli/e£, «^ (/) > 0 i f ( | z | < l)Jest obszarem wypukłym, to a* < 1 / Jt! .

РЕЗЮМЕ

Пусть Е класс функций 

/(*) = * + к?3«***

однолистных в круге |г | < 1 и таких что (г), п ~ 1, 2,.... однолистные функции. 
Доказывается, что если

/(2) = ЛП, а1к^ > 0, к = 1,2,3......то ,, <2*/(2к + 1)!.

Если /6 Е, ак (/) > 0 и/( |т | < 1) выпуклая область, то ак < 1/*1.


