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On the Strong Law of Large Numbers in Banach Space of Type p

O mocnym prawie wielkich liczb w przestrzeni Banacha typu p

Abstract. Let {X„, n > 1} be a sequence of independent random elements with values in a 
Banach space X. It is shown that Teicher’s version of the strong law of large numlters holds if and 
only if X is of type p. We extend results of [3] where Chung’s version of SLLN is considered.

1. Introduction. Let (I„,n > 1} be a sequence of independent random ele­
ments defined on a probability space (Q, P, P) and taking values in a separable Banach 
space (A,|| ■ ||). Assume that {c„,n > 1} is a sequence of independent identically 
distributed Khdemacher random variables, i.e. P[e„ = — 1]=P[£„ = l]=l/2, n > 1.

A real separable Banach space is called of type p iff there exists a constant 
A € R+ and that

(i-i) £iif>"*"ir - a £ niniip

n=l n=l

for each {i„,n > 1} € X°° = fj X.
n=l

We say that a sequence {An,n > 1} of random elements with EX„ = 0, n > 1, 
taking values in a Banach space satisfies the strong law of large numbers (abbr. SLLN) 
if

n

(1.2) ||S„||/n -» 0 , a.s. , n —» oo , where S„ = •
>-•

In (3) it is shown that Chung’s version of SLLN holds, if and only if X is of type p. 
The aim of this note is to give new conditions characterizing Banach spaces of type p 
in terms of the validity of SLLN.
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2. The strong law of large numbers. We shall use the following lemmas.

Lemma 2.1. ([6]) Let Xi,...,X„ be independent X-valued random variables
with £||Xj|| < oo (» = l,...,n). Let 7j, be the a-field generated by (Xi,...,Xk) 
(fc = 1,... ,n) and let To be the trivial ff-field. Then for 1 < k < n,

|E(||Sn|| |T*) - E(||S„|| |T*_,) | < ||%*|| + £||X*|| •

Lemma 2.2. ([1]) Let Xj,... ,X„ be independent X-valued random variables.
Then

S„!n —> 0 a.s. iff Sjn /2k —> 0 a.s. and Sn/n —» 0 in probability.

The following result generalizes Theorem 2.1. of [3].

Theorem 2.3. Let 1 < p < 2, then the following statements are equivalent:
(i) X is a Banach space of type p.
(ii) There exists a constant A € R+ such that

(2.1) £iiz < * ¿¿£iix*iip
*=i *=i

for all independent random elements Xt, ..., X„ such that EXi = 0 and 
£||X,||f < oo, 1 < i < n.

(hi)
n

(2.2) n_1 X,|| —» 0 a.s. , n —♦ oo , for all sequences {X„,n > 1}
i-l

of independent random elements with EXi = 0, E||X<||F < oo, » > 1 and such that

(A) Ej-’^IIXjirEEIIXJI^oo,
i-l

(B) n-F E£||XJ|»> = o(l),
i-l

(C) £ P[||Xn|| > o„] < oo , 
n=l

for some sequence (o„,n > 1) of positive numbers such that

(D) E »-j'«’£||X„||f < oo .
n=l

(iv) Assume that
(Ai) £r2’,||x>||F E ll*i||'<00,

i-l

(Bi) n-F E hi||F = 0(1) ,
1=1

(Ci) there exists a sequence {a„,n > 1} of positive numbers such that ||a:n|| > a„ 
holds only for finite many n and
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(D.) gn-’'«5||xn|r<oo.
n»l

J/{£„,nl} m a Rademacher sequence of random variable», then

n
n_1 —» 0 in probability , n —» oo .

(v) n~* 53 ~* 0 a-8- ’ n °°< for ¿'quences (X„,n > 1} of independent

random elements with EXi=0, E||Xj||F < oo, i > 1 and such that 52 j r E||Xj|,p < oo.
>=i

OO
(vi) If 52 J-Pll;r>llF < 00 ' an^ {£n,ft > 1} ii (i Rademacher sequence of random 

>=>
variables, then

n 1 ^2eixi 0 in probability , n —» oo .

(vii) n 1II 22 xJI -> 0 a.s. , n -» oo, for all sequences of {X„,n > 1} of inde- 
"¿=1 11

pendent symmetric random elements such that

(Aa) Li-i'll^ll'EII^IIF<«>a.8.
>=2 t-1

(Ba) n"F EIW« <K1) a-8- .
i«l

(C2) £ P[||Xn||>«„] <oo,
n=l

for some, sequence {f*n,n > 1} of positive numbers such that 

(Dj) 53 n~2Pnn ll^n IK < 00 a-8- •
n=l

Proof. The equivalences

(i) (ii) O (v) <=> (vi)

have been proved in [3].
We have only to show the following implications 

(vii)
ft ft

(ii) => (iii) =► (iv)
ft

(vi)

(ii) => (iii). Let {X„,n > 1} be any sequence of independent X valued random 
elements with EXi = 0, E||X,||P < oo, such that (2.1) holds, and assume that the 
conditions (A) (D) of (iii) are satisfied.
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Putting = X*/[||X*|| < fc], we see that

(2.3) P[n-* ||£(X; - EXpll > e] < „-'«-'^¿(Xi - EX',)||r

*=rl *=1
n

<An-”£-”£E||Xi-EXi|r
Jb=l

n
< 2P~* An-^c'” Elixir = °0) •

*=i

Write

x*, = x', - ex', , k>i, s; = £x;, s: = £x;,
*=i *=i

and define
r».j = f;(iis;iii^)-E(iis:iiijr_1), 

where = {0,ii},^* = <r(X*,..., X*). Then we have

||s:i|-£||s:i| = £rB<j.
1=1

We prove now that E||S*|| —♦ 0, n —> oo. By Lemma 2.1 we have

(2.4) P[| ||S;||-E||S;|| I > ne] < n-Je-JE(f;rn,1)2

1= 1

= n-’e"’ £ W.’ll + JWII)’
•«1 i«1

< 8n-Ji-a £E||X'||2 < 8n-'£-a £E||XJ|” = o(l) ,
■=i i=i

after using (B). Therefore, taking into account (2.3) we conclude that E||S*||/n —» 0, 
n —» oo.

To prove that ||S* ||/n -» 0 a.s.,n -» oo, it is enough to see that ||S?||/2* -» 0 
a.s., k -+ oo (cf. Lemma 2.2), or equivalently that (||S*, || - £||S~* ||)/2^ -+ 0 a.s., 
k —» oo, as E(||S*» ||)/2* -» 0, k -> oo.

Note that

(2.5) (l|SM|-E||SM|)J/2n = 2-J"y2r2a,i + 2-a"£rJ,,£r2„i>.
■=1 1=2 j=l

Now put

^".1 = >?»,, Will < Oil - ^(r^.JIIIXJI < «,] Pit,) , 1 < , < 2"
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n= 1 i= J

Then, by Lemma 2.1, and the assumptions (C)-(D) we have

£p[|l>",j > 22"el <e-’f;2-<"f;|£z2«)j|2

’ «1 n=l »=1

= ¿2-“" ¿EZ’a,,. < e-J £ 2-4»££r*,j[||X,|| < a,]

n»l tai n=l i»l

< e-2 £2-«» £e(||x;|| + E||x;nrz[||xj|| < «,]

nxl »=1
< c_228 £ 2-4" £ £||X-||4/[||Xi|| < Oj]

n=l 1=1

< e~a(212/15) £ r4£||Xi||4/[||XJ| < «<]

1=1
< e-’(21Vi5)£r2'2TOJ'/[||x<|| < «<]

•ael
< e"2(2,2/15) £»-2'a*E||Xj||’’ < oo .

i=i

Hence, by Borel-Cantelli lemma, we get

2-2"{£ri’.,j[||Xj|| < «<] - ££(r22.,</[||X,|| < «¿1^-,)} - o a.s. , n 

'•»1 1=1 '
OO .

Moreover, we see that (B) implies 

2-J"£E(r2ij/[||XJ| <«,.] 1^.,) <2-j"£e(K2J^_1)

I“1 i»l
2n 2”= 2-2" £f?(||x;i| + E||x;n)J < 8 • 2-2" £ £||X'||2 

i«l 1=1
a"

<16-(2-2")-”£E||X,r = «(!)•
1=1

Therefore, we obtain
2"

2-2n£rj2„|i->°a.s. , n-» oo .
•=1

i-1
Now, note that {K„,i Z2 1 n} and {^n.it 1 < « < n} we martingale

difference sequences for fixed n.
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• -1

Hence, using Lemma 2.1 we get

oo 2" i-l

ILL
i«2 >»1 >=»l

Lp |LL>'-..Mi2!"t s«-L2-'"LE(''->L>>•.<)’

•=2>=1 n= I 1=2

< c-’ ¿2-«" ££{(||x;n + E||x;ii)3(£rJ..,>)i}

n=l i=2 >=)

= e~2 £ 2-4" £E(||X*|| + £||X;||)’ £ EY2nJ

n=l t=2 >=l

<C-i2’f;2-«"£E||XlT£E||X'||2

n=l i=2

i—1

13=2
< £-j(2”/15) £r2^||X'|lP £SPGII’ < oo .

i-1

Therefore, by Borel -Cantelli lemma we get

•-1
2_in Y,Yi",i £r’" > -* 0 rs- -«- °°

1=2 > = 1

Thus, n-‘|| £ Xj-.EX}||-0 a.s., n —♦ oo. Taking into account that 
>=1

£p[x*/xi] = £p[||x*ll>t]
Arael

OO
= ££{/[||X*|| > fc];[||X*|| > «*] + /[||X*|| > *)/[||X*|| < a*]} 

k-1
oo OO

< £ p[ll X*|l > «*] + 2 £ fc-a”«:£||x* II” < oo , 
fcal

we see that the sequences (I„,n > 1} and {XJ,, n > 1} are equivalent in the sense 
Khinchin. Hence, we conclude that

n
n_l j|£ Xj — EX'j || —♦ 0 a.s. , n —» oo .

Hence, for any given £ > 0

0 , n —> oo .



On the Strong Law of Large Number« in Banach Space of Type p 77

But, by (2.1) and (B), we get

I
n n n

"_î||$2*>|| >e n-»oo.

j-i >-i >=i

n
Therefore, we see that n-11| 52 0, n —» oo, and consequently we have

completed the proof of (2.2).

(iii)=^(iv). Let Xj = XjCj. Then under assumptionns (Ai)-(Di) of (iv) we see 
that the conditions (A)-(D) of (iii) are satisfied. Hence, by (2.2),

n

n-1 —* 0 in probability , n —* oo .
>1

(iv)=^(vi). Assume that (iv) holds and let (x„, n > 1} be a sequence of X valued 
oo

elements such that 52 7~plla:>llp < °°- Then 
>-»

Èr’piiMpï>ip < £rpiwip < «>.
>-2 i=1 j-2

n
and n~p 52 ||®i||p = o(l), 80 (Ai ) and (Bj) are satisfied respectively. 

i»l
Letting now o„ = n, n > 1, we see that

¿n-2^ll^||p=£n-’’||xn||’><^,

n=sl n=l

or (Di) holds. Moreover, we conclude that ||zn||/n —» 0, n —♦ oo, so only for finitely 
many n we have ||a:„|| > n, i.e. (Cj) is satisfied. Therefore we see that

n

n-1 —* 0 in probability , n —» oo .
>=i

(ii)=>(vii). Let (X„,n > 1} be any sequence of independent, symmetric 
«Y-valued random elements such that (Aj)-(Dj) of (vii) are satisfied. Taking into 
account that (X„,n > 1} is a sequence of symmetrically distributed random vari­
ables we see that {-Y„,n > 1} and {cnX„,n > 1} are equidistributed. It follows that 
{.V„,n > 1} satisfies SLLN iff (enX„,n > 1} does. The Fubini’s theorem shows that 
{enXn,n > 1} satisfies SLLN iff {en(-)X„(w), n > 1} satisfies SLLN for almost all 
w € 0.

Choose any w satisfying the conditions (Aj)-(Dj). Then put xn = X„(w), n > 1, 
and write

I _ f X" Iknll < n 
"~lo if||*„||>n
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Since X is a Banach space of type p, we get using (1.1) that for any given t > 0

(2.6) p[n_*iiiL£ii'-ii >£i ^e_'n_’EiiiL£<x<ir

i=l 1=1

<An-'X>dl' = o(l).
iasl

n
Now put S'n— CjX1 j and define

yn(< = £(lis;n^)-£(||sj| I*.,),

where To = (0,ft}, J-, = ^(ciar'j,... ,e<xj)- We see that 

ns;ii-mii = £yn>i.
iwl

Following the considerations given in the proof of the implication (ii)=>(iii) and taking 
into account that now E||XJ|' = ||®,||p we obtain the statement of (vii).

(vii)=»(vi). Letting Xi = e,«<, where {xj,i > 1} is a sequence of A*-valued ele- 
oo

ments such that *IIX/IIF < °°, we see that the conditions (Aj)-(Dj) of (vii) are
f-t

n
satisfied. Therefore, by(vii) n-1 £ ejxj 0 a.s., n °°> which implies convergence 

in probability and ends the proof of Theorem 2.3.

A more general and stronger version of Theorem 2.3, is as follows.

Theorem 2.4. Let 1 < p < 2. The statements (i), (ii), (iv), (v), (vi) of 
Theorem 2.2 are equivalent to the following

(iii’) n_11| £ Xj - EXj/[||X>|| < J] || -» 0 a.s., n oo for all sequences

{X„,n > 1} of independent random elements with EXi = 0, » > 1 and for every 
nonnegative, even, continuous function <f> : R —► R+ nondecreasing on (0, oo), with 
limn_oo ¿(x) = oo and such that

(a) <f>(x)/x \ as xoo

,(t-n ¿'(IPQJI)

. £_ E ^(11^,11) 
¿'(¿-I) +¿'(IPG.-, II) ¿f1 ¿'OO+ ¿'(11^,11)

/g \ n~r V

OO
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(C,) £P[||*„||>«„] <oo,
n=l

for some sequence {o„,n > 1} of positive numbers such that

/D 1 V dfia }E ¿f’H*"ll <’ ( ¿lp("W2p(||*n||) 00

or
(b) 4>(x)/x f , <t>(x)/xp \ as x —♦ oo

(A.) EA- 
),“*

—p<*—1) ¿(11*), II) )»-i

¿(>*> + ¿(11*),»)

¿(11*),-, II)
¿(^.^¿(II^.JI)

¿(l!*).ID
.k. ¿/\\Y.

)i-l ¿Oi) + ^ll*),ll)

E
)»-l«=*-l

< oo ,

and (Cj) M satisfied for some numerical sequence (a„,n > 1} with

CD 1 V ¿>(n \E ¿(ll*"ll)
4) ¿/(a")£>(n) +¿’(11*»!!) < 00 .

Proof. Using the properties of the function <j> and following the proof of Theorem 
2.3 and the proof of Theorem 2 of [4] one can verify the validity of Theorem 2.4.

By Theorem 2.3 we can have a stronger result than Theorem 2.3 of [3].

Theorem 2.8. Let {X„, n > 1} be a sequence of independent X-valued random 
variables with mean 0. If X is of type p, 1 < p < 2, and > 1} satisfies

(2.7) For any given £ > 0 there exists a sequence (an,n > 1} of positive numbers 
such that

(a) E )_2pap E af < oo ,
.«1

(b) n~r E°' " «(I) ,
•■1

(c) E(ai7»)ip < oo ,
and £(||Xi||/[||Xi|| >«;])<«, , > 1.

Then
M J5{n",||L*>||}=°-

)-i
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Proof. Put

xj-Xy/Oi^iKoy], x; = x'-ex;.

Then

(2.8) ||x;|| < 2o> .

Moreover, we see that the conditions (a)-(c) and (2.8) imply that the assumptions 
(A)-(D) of Theorem 2.3 are satisfied for the sequence {%*, n > 1). Hence by Theorem 
2.3 and its proof we find that

and

Since EXj = 0 we find

and so

Moreover, we have

n_lE||Ex>IH°, n^°°-

EXj = > oj

||£X;|| = £||X>||/[||X>||>«>]<£.

£||X>-X'|| = £||X>||f[||X>||>«>] <e

and so

EllE M s e||£*;||+El|t e*;||+-*;>||

>-l >-l >-l >-l

< £||E x>||+E ii£x;n+E£ii*> - *jii •

Hence we get

A™ 8up{"~l£{||EMH3i

and since e > 0 is arbitrary we have proved

MeM|£M}-»-
>»>
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STRESZCZENIE

Niech {X„,n > 1} bidzie ciągiem niezależnych elementów losowych przyjmujących wartości 
z przestrzeni Banacha X. W pracy udowodniono, że teicherowska wersja mocnego prawa wielkich 
liczb zachodzi wtedy i tylko wtedy gdy X jest przestrzenią typu p. Powyższy rezultat rozszerza 
wyniki podane w [3] gdzie rozważana jest wersja Chunga mocnego prawa wielkich liczb.
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