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On the Strong Law of Large Numbers in Banach Space of Type p

O mocnym prawie wielkich liczb w przestrzeni Banacha typu p

Abstract. Let {Xp,,n 2> 1} be a sequence of independent random elements with values in a
Banach space X. It is shown that Teicher’s version of the strong law of large numbers holds if and
only if X is of type p. We extend results of [3] where Chung'’s version of SLLN is considered.

1. Introduction. Let {X,,n > 1} be a sequence of independent random ele-
ments defined on a probability space (2, F, P) and taking values in a separable Banach
space (X,|| - ||). Assume that {¢,,n > 1} is a sequence of independent identically
distributed Rademacher random variables, i.e. Ple, = —1]=Plen =1]=1/2,n > 1.

A rea! separable Banach space is called of type p iff there exists a constant
A€ R? and that

(1.1) E”i enzal| < 4 i llall®
n=1

oo
for each {z,,n 21} € X>* = [] X.
n=]
We say that a sequence {X,,n > 1} of random elements with EX, =0, n > 1,
taking values in a Banach space satisfies the strong law of large numbers (abbr. SLLN)
if

(1.2) ISall/n =0, a8. ,n — 00, where S,.=ZX, .

=1

In (3] it is shown that Chung'’s version of SLLN holds, if and only if X is of type p.
The aim of this note is to give new conditions characterizing Banach spaces of type p
in terms of the validity of SLLN.
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2. The strong law of large numbers. We shall use the following lemmas.

Lemma 2.1. ([6]) Let X,,...,X, be independent X -valued random variables
vith E||X;|| < 0o (¢ = 1,...,n). Let R be the o-field generated by (X,,...,Xs)
(k=1,...,n) and let 5 be the trivial o-field. Then for 1 < k <n,

|EQISAll 1) = E(ISall15-1)| < Xl + EIX4] -

Lemma 2.2. ([1]) Let X,,...,X, be independent X ~valued random variables.
Then

Sa/n = 0as. iff S;0/2" =+ 0as. and S,/n — 0 in probability.

The following result generalizes Theorem 2.1. of [3].

Theorem 2.3. Let1 < p <2, then the following statements are equivalent:
(i) X ss a Banach space of type p.
(ii) There ezists a constant A € Rt such that

(2.1) E”g X."' < Ag;Ellxull’

for all independent random elements X,, ..., X, such that EX; = 0 and
E|Xi||P <o00,1<t<n.
(i1i)
(2.2) n~! "Z X.-” —0as., n— oo, for all sequences {X,,n > 1}
=1

of independent random elements with EX; = 0, E||X;||? < 0o, i > 1 and such that

o0 =1
(A) X i~E|X;| ):l E||Xi||”? < o0,

=2
(B) n~* ‘_; E|X|I? = o1),
© £ PliXall 2 a0 < o0,

for some sequence {an,n > 1} of positive numbers such that
(D) ¥ n~eRE|X,|? < oo .
n=1

(iv) Assume that
™ | 2 a=3
(A1) Z:J— Pli=511P El lzill” < o0,
J- =

(B) n? g lzill? = o(1) ,

(C1) there ezists a sequence {an,n 2 1} of positive numbers such that ||z,|| 2 an
holds only for finite many n and
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(Dy) Z n~?Paf|lza|lP < oo .

If {e,.,n 1} 12 a Rademacher sequence of random variables, then

n”! z:,:, — 0 tn probability , n — oo .
=1

(v) n! " Y Xi || —~0as. ,n oo, for all sequences {X,,n > 1} of independent

random elements with EX; =0, E|| X;||? < 0o, 1 > 1 and such that Z i PE||X;||I” < oo.
Jj=1

(vi) If 2 717?||zl|? < 00, and {en,n > 1} is @ Rademacher sequence of random
’-
variables, then
n! Ze,-x,- —+ 0 in probability , n — oo .
j=1

(vii) n“'l s of {Xn,n > 1} of inde-

=1
pendent aymmetnc random elements such that

(A2) E Fad 1P ¢ ): I X||P < oo as.,

(B3) n7? 2 HX:llP = o1) as. ,

=1
00
(Ca) ):l P[lIXall 2 @n] < o0,
for some sequence {a,,n > 1} of positive numbers such that

(D2) Y n7?Pad||Xa|l” < oo as. .
n=]

Proof. The equivalences
(1) & (ii) & (v) & (vi)

have been proved in (3).
We have only to show the following implications

(vii)
f

(i) = (i) = (iv)
(vi)

(ii) = (iii). Let {X,,n > 1} be any sequence of independent X'-valued random
elements with EX; = 0, E||X,||® < oo, such that (2.1) holds, and assume that the
conditions (A)-(D) of (iii) are satisfied.
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Putting X} = XuI[|| Xx|| < k], we see that
n n r
(2.3) P[n-' ||Z(x;, - Ex;)!! >e < n're-'E"Z(x; = Ex;)“
k=1 k=1

< An~Pe? Y E|IX} - EXG|IP

k=1
<227 ' AnTPe P N B XGIP = o(1) .
k=1
Write

X;=X,-EX}, k21, S\=) Xi, Sa=) x,
k=

k=1

and define
Yoi = E(|SANIR) - E(ISANIEL,)

where &' = (0,2}, & = o(X},..., X]). Then we have

ISall = ENSAN =) Yasi -

We prove now that E||S;|| — 0, n — 0o. By Lemma 2.1 we have

@4) P ISII-EUSIN | > ne] s n e E(Y Va)’

=n~%e? Y BV}, <nle7? Y E(IX] + ENX; )

n n
<8n e Y EXII < 80P Y E|X|IP = o1)

after using (B). Therefore, taking into account (2.3) we conclude that EJ||S3||/n — 0,
n — 0o.

To prove that ||Sz||/n — 0 a.8.,n — oo, it is enough to see that |Sg||/2* — 0
a.s., k — oo (cf. Lemma 2.2), or equivalently that (||S}. || — E||S3|)/2* — 0 a.s.,
k — oo, as E(||S5 [)/2* — 0, k — oo.

Note that

i o =1
(2.5) (IS5 1l = ElIS3-1)? /20 = 27" 3" YA ;427" Y V2o i ) Vam ;.

=1 =2 j=1

Now put

Zam i = Y3 i TIXG 1 < i) = E(VRTIXG) < @) IB2,), 1<i<2n,



On the Strong Law of Large Numbers in Banach Space of Type p 75

Then, by Lemma 2.1, and the assumptions (C)-(D) we have

iP“iz,.,,- izw

oo b oo o
=e?Y 27"y Bz} <e? Y 27 ) EVEI[IX < ai

n=1 i=) n=1 =1

00 2"
<e Y 274 STE(IX: I + BN I{IX < )

0o
2 27'!6] S 5-2 Zz—‘nE
n=]1

n=l 1=1
) 2"
<e722° Y 27 Y EIXII[I X < )
n=] =1

< e2(2'7/15) 3 i EIXII[1 Xl < )

< e2(22/15) 3 i E|XPP I X < o]

=1

oo
<e72(2'7/15) ) iTaf B|| X[l < oo .

=1
Hence, by Borel-Cantelli lemma, we get
a8 T
2-’"{2 Y I[I1Xll < o) - Z E(Y] JI{IXi]l < i) |},.*_,)} —0as. ,n—+o00.
=] =]

Moreover, we see that (B) implies

270 3 BV I < o] I52,) S 272 i B(VA 7))
=275 S B (X1 + EIXFI)” <8-27 3 BIXIP

-
<16-27) Y EIXIIP = of1) .

=1
Therefore, we obtain
2l
) ZY,’.." —+0as ,n—o00.
=]

i-1
Now, note that {Y,,, Y ¥, , 1 €i < n} and {Y,.,g, 1<: < n} are martingale
=1
difference sequences for fixed n.
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Hence, using Lemma 2.1 we get

oo - 2" -1 F i -1
ZP IZ.EYT‘.I}’QNJ 222"!'] 55_2 i2—‘qu(Y2"'iZY2"'i)z
n=| ‘=2 jm) n=| 1=2 y= 1|
’oo 1" . i-1 2 ’
<em? Y2 S {1+ B (3 vae ) )
nml -2 j=1
oo " i=1
=e 2 Y 27 Y E(IX: I + ENXN) Y EYA
ne| =2 y=1
oo i =1
<e722 Y 27 N XY ENXG)?
nm=] 1=2 j=1
o0 J i-1
<e(27/15) )i EIXIP Y BIXIP < oo
=2 =1

Therefore, by Borel-Cantelli lemma we get

| -1
2-%n ZY,-.',- Z ¥Y2-, 2 0as. , n—o0o.

=2 j=1

Thus, n~!|| ¥ X; - EX; ” — 0 a.s., n — oco. Taking into account that
=1

S PlXi# Xi] = Y. PlIXul > 4

k=1 k=]
= Y E{I[IXall > KJI[IXall 2 ax] + I[UXal] > K I[I Xl < @] )
k-
ocl (- <]
<Y PlIXell 2 aa) +2) " kel B Xl < oo
k=1 k=1

we nee that the sequences {Xn,n > 1} and { X, n > 1} are equivalent in the sense of
Khinchin. Hence, we conclude that

n
n""ZX,- —E.\';" —0as , n—o0.
=1

Hence, for any given ¢ > 0

PP L X - B2 0. wa
=1
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But, by (2.1) and (B), we get

PSS 0] 2e
Jj=1 .

< n"’e"'E||Z":x,-"’ < An?e? 3 EX [P =0, n - oo.
jm1 j=1

n
Therefore, we see that n=!|| 3 EX;-" — 0, n — oo, and consequently we have
j=1

completed the proof of (2.2).

(iii)=>(iv). Let X; = z;¢;. Then under assumptionns (A;)-(D;) of (iv) we see
that the conditions (A)~(D) of (iii) are satisfied. Hence, by (2.2),

n-! Zc,-z,' — 0 in probability , n — oo .
Jj=1
(iv)=>(vi). Assume that (iv) holds and let {z,,n > 1} be a sequence of X-valued
elements such that Y~ ;7P| z;||? < oco. Then

j=1

oo J-1 oo

3572zl Yzl < YoMzl < o0
Jj=2 i) j=2

and n=? 3 ||z;||” = o(1), s0 (A;) and (B, ) are satisfied respectively.
im]

Letting now a, = n, n > 1, we see that

oo (- <]
Y nalljzallf = 3 nPfzallP < oo,

nm=] n=]

or (D,) holds. Moreover, we conclude that ||z,[|/n — 0, n — o0, 8o only for finitely
many n we have ||za]| 2 n, i.e. (C;) is satisfied. Therefore we see that

n
n-! Ee,':,- — 0 in probability , n — oo .
j=1

(ii)=>(vii). Let {Xa,n 2 1} be any sequence of independent, symmetric
X-valued random elements such that (A;)-(D;) of (vii) are satisfied. Taking into
account that {X,,n > 1} is a sequence of symmetrically distributed random vari-
ables we see that {X,,n > 1} and {¢,X,,n > 1} are equidistributed. It follows that
{Xn,n 2 1} satisfies SLLN iff {¢, Xn,n > 1} does. The Fubini's theorem shows that
{enXn,n 2> 1} satisfies SLLN iff {€n(-)Xn(w),n > 1) satisfies SLLN for almost all
w e

Choose any w satisfying the conditions (A3)-(D3). Then put z,, = Xp(w),n 2 1,
and write
_[za if|lzall<n

[}
=10 iffleall2n
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Since X is a Banach space of type p, we get using (1.1) that for any given ¢ > 0

(26) PSS eiet] > e] < emrnr B et
i=1 i=1

< An7? Y |laill? = of1) -
=)
n
Now put S, = } ¢;z; and define
=1

Yai = E(IS\Il B) = E(ISll 15-1) »
where & = {0,Q}, % = o(e12},...,€iz}). We see that

ISAll = ElSpll =Y Yai -

im=]
Following the considerations given in the proof of the implication (ii)=>(iii) and taking
into account that now E| X;||? = ||z||” we obtain the statement of (vii).
(vii)=>(vi). Letting X; = ¢;z;, where {z;,¢ > 1} is a sequence of X--valued ele-
[ )
ments such that 3 j~?||z;||? < oo, we see that the conditions (A3 )-(D;) of (vii) are
j=1

satisfied. Therefore, by(vii) n™! 3" ¢;z; — 0 a.s., n — 00, which implies convergence

in probability and ends the proof of Theorem 2.3.
A more general and stronger version of Theorem 2.3, is as follows.

Theorem 2.4. Let1 < p < 2. The statements (i), (ii), (iv), (v), (vi) of
Theorem 2.2 are equivalent to the following

(i) n7'|| T X, - EX;I[IX;l < j] || = 0 a8, n — oo for all sequences
=1
{Xa,n 2 1} of independent random elements with EX; = 0, 1 > 1 and for every

nonnegative, even, continuous function ¢ : R — R* nondecreasing on (0, 00), with
limp—oo #(z) = 0o and such that

(a) ¢(z)/z\, as T — o0

. S pte-n (UK 1) e
W) 2™ EGEGyy e, &
$ (I X5, 1) . (11X ;. 1)
\E P, I
Fa+ oD 2t Ea+ (15,1 <

si=l

(Ba) n_’Y“‘i' V(llx'“) =
B) " L EGE e ~ )
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(©) Y PlIXul 2 an) < oo,

nm=]
for some uquence {an,n > 1} of positive numbers such that

, LIl
0 Y e g YT (XD <™
or

(b) é(=x)/z/ , $(z)/z"\ asz— 00

ao S srenp UKD AR
jrmk oGn) + (XAl |, &7

$IXn ) %R (I X, 1)
$Gi—1) + #(1X;_. 1N E’* EGo+exm <

Ji=1
- ¢(1Xill)
(BJ) n? Z B3 +eaxm -
and (Cy) 1s aamﬁcd for some numerical sequence {an,n > 1} with
e $(1Xnll)
(D) 3 Ham)E e Giw) <

nm]

Proof. Using the pfoperties of the function ¢ and following the proof of Theorem
2.3 and the proof of Theorem 2 of [4] one can verify the validity of Theorem 2.4.

By Theorem 2.3 we can have a stronger result than Theorem 2.3 of [3].

Theorem 2.5. Let {X,,n > 1} be a sequence of independent X ~valued random
variables with mean 0. If X is of type p, 1 < p <2, and {X,,n > 1} satisfies

(2.7) For any given € > 0 there ezists a sequence {an,n 2 1} of positive numbers
such that

(a) Zi"’a" Z ol <o,

J=12 (D)

() n7* Y af =d1),

() $(aifi)?? < oo,

and E(I Xl I[I1 Xl 2 oi}) S e, i > 1.

hen -
Jim E{n L]} =0
j=1
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Proof. Put
X; = X;I{|IX;l| < ay] , Xj=X;-EXj.
Then
(28) 1X;1] < 2, -
Moreover, we see that the conditions (a)-(¢) and (2.8) imply that the assumptions

(A)~(D) of Theorem 2.3 are satisfied for the sequence {X;,n > 1}. Hence by Theorem
2.3 and its proof we find that

n
i "Z;X;
=

—+0as , n—o00,

and

—0, n—oo.

oS
2

Since EX; = 0 we find
EX; = EX;I[IX;] 2 ;)

and so

IEX; | = ENXNI[1 X1 2 aj) < .

Moreover, we have
E|IX; — X;ll = EIX;IL{IX;ll 2 aj] <

and so
E”E"’" S E"Z"»" A E”i‘”‘:’ + |30, - x|
Jj=1 y=1 Jmi J=1

< E||§J@|| +§usx;u + S EIX - X))

j=1

Hence we get
ST )27 | PR
y=1

and since ¢ > 0 is arbitrary we have proved

s (e[S} =o.
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STRESZCZENIE

Niech { X, n 2 1} bedsie ciagiem niezaleinych elementéw losowych preyjmujecych wartoéci
s przestrzeni Banacha X. W pracy udowodniono, ie teicherowska wersja mocnego prawa wielkich
licsb zachodzi wtedy i tylko wtedy gdy X jest prrestrzeniy typu p. Powyiary rezultat rozszerza
wyniki podane w (3] gdzie rozwazana jest wersja Chunga mocnego prawa wielkich liczb.
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