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On Some Riemannian Structure on Linearized Tangent Bundle of Second Order

O pewnej riemanowskiej strukturze na uliniowionej wiazce stycznej drugiego rz¢du

06 HexoTOpoft pHMAHOBHOR CTPYKTYpe Ha NMHEapH30BAHOM KaCATENThHOM
PACCIOCHKH BTOPOIO MopAaKa

The purpose of this paper is a construction of Riemannian metric of Sasaki type and
Riemannian connection, and its geodesics on a total space of linearized tangent bundle
of second order.

" 1. Let M be an n-dimensional C~, Hausdorff manifold with given linear connection I".
Let jm : TM - M be a tangent bundle over M and T, : TTM - TM be a tangent bundle
over TM. We consider the tangent bundle of second order 37 : 2M - M, where

M= {AETIM::,H.A=T,,-43 , o :) °“‘['M (L.1)

A local chart (U x°') on M induces a local chart (b=~ ' (U), x° ”) on 7M and a

local chart Gn~ ' (), x°, x', x**) on 2M. Then the tangent bundle of second order
37 : M - M has a vector bundle structure with coordinates:

2= M=yl g3 =3y I‘;kx"x”‘ ) (1.2)
with respect to bases of the local sections

9 ) B, )
E‘:f' Ex'o—l- ﬂ ‘ E l(x"/ Sl) —'ax” I(x'/.O). (1.3)
A linear connection I' in the tangent bundle oft: TM -+ M induces a linear connection ?‘in
the tangent bundle of second order 2M - M. The connection I' and ? may be considered
as a left splitting of exact sequences of bundles over TM and 2 M respectively:
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I"
0— VOM) T—- T(‘M) —_— 2Mx ™ —0
0"“ ! ‘1'”‘ (14)
0-— V(TH) T(TM) — TMX ™ —0
r

T x50y )= % 210,y 4+ T, x50y 0

F(oi 22 ,y ,y y21) (Zox 1 2l0y1i.p; 1k oj 21+l}1k22ky°/).

A
A connection map for the connections I' and T are of the form
A

A
D=p2 ‘iVTM'F, D-pz 'l'l,(;M)'F, (1.6)

whete iy, igpgy e VM) > TUX TM, iy, * : VCM) ~>*M X 2M is an isomorphism

into the Whitney sum and p, is a projection . on second factor. Then, on
the total space M there exists an adopted frame and coframe which in a local chart
Grn~ ' (U), 2%, 2", 22!) have the following form:

e e N ST P i
a8 T Ttk U R DM gt Tl Gal

(1.7)

of =

woi ,_—_dzoi. wli=dzli + Plik zlk dzoj' wzl =dz21 +'P;k sz dzol .

Let g be a metric tensor on a manifold M.
Definition 1. The tensor g induced by the metric tensor g in the following way:

2 (A, B)=g (37eA, b1aB) +g (DA, DB), A, BEM, (1.8)

is called a metric tensor of Sasaki type in a fibre of the tangent bundle of second order
2n: M- M

Definition 2. The tensor G induced by the metric tensor g on M and the metric tensor
2 in fibre 2M > M and defined  in the following way:

X, N=g @r.X in. N+ DX, DY), X Tercm). (1.9)

is called a metric tensor of Sasaki type on the total space >M of the tangent bundle of
second order 3 : 2M - M. Thus we have:

Proposition 1. Let 3n : 2M = M be the linearized tangent bundle of second order with
given atonnection T" induced by connection T in TM - M. The metric tensor G, (1.9) of
Sasaki type on the total space *M induced by the metric tensor g on M has in adopted
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frame and natural frame in local chart Gn~ ' (U), 2%, 2%, 22%) the following forms
respectively:

G=gju*' @w” +gyw' @w +gy @ (1.10)
G =G, d ®@dX, J=0i 12, K=0k Ik 2, (1.11)

Goiof =8 + &k1 T T, 2P 219 +giy T T, %P 229, Goj 1y = g1y Ty 2'P

Got 2j =8kj l‘i’:, 2P Gy y=8ipp Gaiay=8ij Gri2i=0.

2. Let I' be the Riemannian connection with respect to the metric tensor g on M. Then,
the tensor g, (1.8), of Sasaki type in fibres on the bundle 2M — M is parallel with respect
to induced connection I'in *M >M.

We construct the Christoffel symbols l"jK for the tensor G, (1.11) of Sasaki type on
total space >M in natural frame in local chart Gn = ' (U), 2°), z'!, z2') by formulas:

~ l -
_1 . } s
Py sk = 3 @G +3g Gy =03, G ) Ty =G Ty gy - (2.1)

A coordinates G, such that GV G, =&}, has the form:
Goio] ___gi/. Go! 1/ =_ng F{'p zlp' Goi 2/ =—g”‘ Pip zzp,
Gll 1] =g.1) +gkl r;p [\{q lezlq, Gli2i =gk1 r\’l‘p rgq zlpzlq' (2‘2)
2§ 2] — if I i 2p ,29
G =gl +g* I‘kpl"{qz ZEAR,
The Christoffel symbols?‘jx have the following form:

o
i —
r‘;i ok —[‘i’k

l; b b ¢ 1p ,1q 2p ,2q
+ng (Rjapr:q-{'Rkaprfq)gbc(z 2'9 + 22P 229y,

1
~l i ap_ " abni ,Ar mpe d c d 1p _1¢q
F:If ok P}ak rap 2P zga l‘ar & (ijp qu +Rkbp qu)gcd @727+

1
2 o i i r i [ pry\,1p
+22P 29y + - @ Ty, + 9, T + Cep Tr * T )P,

faf  __ (L __l b 2r (pc d c
T ok =— T Top 27 '2"' re, 2 ®Rpp Trg + Riip

[‘L) zave

I‘/‘:)gcd P+

kp " k' /p kp jr " Ip

1
i (e a { 1p 1
'ﬁl/ok=rlk 2gbchbp T 82727,

1
+2%P 2%+ =@, T}, +9, Of +T, Ty +T7
2 (2.3)

Yai : i _ 1 { 2p ,2q
l‘:]ok rjk 2gbcR:bp chgalz T
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~ 1
Livtay apopili®soir 1p
l“:l/lk_ 2 R/rpg‘ & ",

~oi i
l‘g/ 2k R[rp glrglk (23)

Toi _ 5 _ -
=0, T4 =0, apb=12,

We consider_a geodesic Y on the total space M,y : R O I - *M for the Riemannian
connection I‘ with rcspect to the metric tensor G, (1.11) of Sasaki type on 2M In local
chart Gr~ ' (U), 2%, "', 22%) we have for the geodesic ¥ : t > (z°'(r), 2'/(¢), z“(t))

e +r! A 0, I=0 1i 2 .9)
_— —_— — =0,71=0, 1j, 2i. .
dr? K gt dr

Thus, using the formulas (2.3) for I‘j&,. we get for the geodesic ;:

d*x! o dx dx* dd Dz’
— +Th g‘“R";p 2P — —g5, +
dr X ar ar dt dr
dx.j Dz%"
d —_— =
+E Ry 2 ar ar Sor=0
2,14 2k 1 1r
_D_z..__ —-l"i zlP-‘d_x__ + [‘k.i‘f..j- gx_)_g“ ["1 Rb dxl Bz —_y z‘P;W +
ar » dr? nogr dr a@flp Tgr " gr  Cbr
™ ar (25)
—gapl gb & D: 2p ,2q _
g PaqRip 37 27 Eor® " 2 0,
2 _k j 1r
Dzzﬂ _ri zzp(dx +I‘ dx/ Xl) gkd y dx’ Dz zlpz‘q—
dr? kp dr? ngr  ar aq f"P bt ar
ar
-l R ¢ AR o 29 =0,
ik br gy gy
In the above equations (2.5) we denote:
Dzl dz'i ax’ '
= + Itk — . (2:6)

dr dt Ik dt
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Dz%i dz?! dx’
dt dt f dt
(26)
DR D DO B ey i oy &t e
o= - = z —_—— —
ar? d dt ) dr? O T+ T T dt dt
+2r! . S + P -
P e g 4
ik dr o dr ik ar?

We have:

Proposition 2, Let M be the Riemannian manifold with the metric tensor g and the
Riemannian connection T. In the linearized tangent bundle of second order 3 : *M— M
there are the induced connection F (1.5), and on total space *M the metric tensor G,
(1.9) of Sasaki type induced by the metric tensor g on M. .

A curve Y on the total space *M is a geodesic with respect to the Riemannian connec-
tion T, (2.1) for the metric tensor G if its projection v = 37 (¥)on M is a geodesic with
respect to the Riemgnnian connection T for g and if it is horizontal with respect to the
induced connection T" in the bundle 3 n: M- M.

Moreover, we have:

Proposition 3. Let vy be a geodesic on a manifold M with respect to the Riemannian
connection T" for the metric tensor g.

Then its canonical lift into the total space *M of the tangent bundle 3f second order

: 2M - M is a geodesic with respect to the Riemannian connection T for the metric
tensor G, (1.9) of Sasaki type on 2 M induced by the memc tensor gon M.

Proof: The canonical lift of the curve v : ¢ =+ x (t) on M into M is the curve

Fit-2%)= x‘(t) Mey=3#@), 22 ) = x‘(r)+l“ o xk 1fy is a geodesic:

d'% iy dd &t
+I X =0,

dr? ik de - dt

then its canonical lift ¥ is horizontal:
dz'! ax’ ;- de® 2, dX ‘
+ri ok — =0, —— +1 2’k —'=0.
dt ik dt dt P
Thus 7 is a geodesic on 2M. "
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STRESZCZENIE
W pracy wyznacza si¢ metryke riemanowskg typu Sasaki, koneksje riemanowsky i geodezyjne na
przestrzeni totalnej uliniowionej wiazki stycznej drugiego rzedu.
PE3IOME

B pa6oTe onpenenAeTca puaaHOBas MeTpHka THNAa Cacaku, pHMaHOBas CBAIHOCTh H NeOfic3HYEC-
KHMe Ha OpOCTPaHCTBE PACCIIOEHHA JIHHEApPHIOBAHOIO KaCATEJILHOTO PaccilOeHHsA BTOPOro MOpAAKa.



