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On Some Riemannian Structure on Linearized Tangent Bundle of Second Order

O pewnej riemanowskiej strukturze na uliniowionej wiązce stycznej drugiego rzędu

Об некоторой римановной структуре на линеаризованом касательном 
расслоении второго порядка

The purpose of this paper is a construction of Riemannian metric of Sasaki type and 
Riemannian connection, and its geodesics on a total space of linearized tangent bundle 
of second order.

1. Let M be an «-dimensional C", Hausdorff manifold with given linear connection T. 
Let ©ff : TM -> M be a tangent bundle over M and T„ : TTM -* TM be a tangent bundle 
over TM. We consider the tangent bundle of second order off : 2M-+M, where

2M = [a(=7TM: ttrU =T^ , 5ir = ijr -Jir,llM. (1.1)

A local chart (U, xoi) on M induces a local chart (ôff “ 1 ((/)> x0/, xli) on TM and a 
local chart (q-jt " 1 ({/), x01, xli, x2’) on 2M. Then the tangent bundle of second order 
off : 2M -+M has a vector bundle structure with coordinates:

z0<=x0/, zli=xli, z2i =x2i + r{kx1/x'k ,

with respect to bases of the local sections

,-o _ ______ r* к/ 3 . /;« _ 3
Эх0' " ‘17^|(хЧв{)’ Эх1' ,(x<0)

(1-2)

(1.3)

A linear connection T in the tangent bundle Jir : TM-+M induces a linear connection T in 
the tangent bundle of second order 2M -> M. The connection T and P may be considered 
as a left splitting of exact sequences of bundles over TM and 2M respectively :
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(1.4)

r(x0/, xu;y0,',yn) = (xoi, x2i,O,y1{ + r^x1*/7)
(1.5)

p/.Oi li 21 0/ li 2i\_/_0i If it. n „liipf ,1k 0/ ,,2f i pf -ik _,0/\1 (Z ,z ,z ,y ,y ,y )-(Z ,z ,z ,v,y y ,y -i/kz y )

A
A connection map for the connections f and T are of the form

D - Pi • iVTM • T, D - p2 'T , (1-6)

where iy^TM^ : V(TM) -» TM X TM, iy^M^ : V(?M) -» 2M X 2M is an isomorphism
M

into the Whitney sum and p2 is a projection . on second factor. Then, on
the total space 2M there exists an adopted frame and coframe which in a local chart 
(off" 1 (U), zoi, zlz2') have the following form:

3 ł 11 3 . • 3 3 3

Dxi=~î^~’ =
(1-7)

co0 ' = dz° o1 f = dz21 + r; z1 k dz*, co2‘ = dz2 * +Tj. z2 k dz* 
jk ’ jk

Let g be a metric tensor on a manifold M.
Definition 1. The tensor g induced by the metric tensor g in the following way:

g<4,B)=gfct*A,201t*B)+g(pA,DB), A,B&2M, (1.8)

is called a metric tensor of Sasaki type in a fibre of the tangent bundle of second order 
?ir:2Af-*M

Definition 2. The tensor G induced by the metric tensor g on M and the metric tensor 
g in fibre 2M -* M and defined in the following way:

C(X ?) =g Sir*?) +g (DX, DY) , X, re TfM) . (1.9)

is called a metric tensor of Sasaki type on the total space 2M of the tangent bundle of 
second order off : 2M -+M. Thus we have:

Proposition 1. Let off : 2M -+M be the linearized tangent bundle of second order with 
given a Connection T induced by connection T in TM -* M. The metric tensor G, (1.9)0/ 
Sasaki type on the total space 2M induced by the metric tensor g on M has in adopted
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frame and natural frame in local chart (otr “ 1 (U), zoi, zl', z2') the following forms 
respectively:

G =g{j bi01 <8 (o0/ +gy w1' ® +gy to21 <8 (1.10)

G = GJK dz1 todz*. J = Of, 1/, 2f, K = Ok, Ik, 2k, (1.11)

Goi 0/ =gt, + gk, r* + gkl I}* Vliq 22p z2«, Goi =gki l£ z'P

Goi a/ — 8k] rfp z2p’ Gii i/ —gij, G2i 2j = 8ij, ^if a/ = 0.

2. Let Tbe the Riemannian connection with respect to the metric tensor g on M. Then, 
the tensor g, (1.8), of Sasaki type in fibres on the bundle 2M-*M is parallel with respect 
to induced connection T in 2M -+ M. ~

We construct the Christoffel symbols YjK for the tensor G, (1.11) of Sasaki type on 
total space 2M in natural frame in local chart (Jir' 1 (U), z°l, z1', z2') by formulas:

7.« - yfl/C« =C" r«,« • <21>

A coordinates such that GIJ GJK = 6^, has the form:

G°/0' = gif tfi \] x_gtk r/^ zlp go/ 2i=_gik r/^ z2Pf

GUif= gi> +gkl r‘kp zipzltl, Gli 2’ =gkI r[p z'Pz2«, (2.2)

G’* »/=^+^'1^1  ̂z’P z’*.

The Christoffel symbols have the following form:

■ r“o/.i-rrtV“ (Rirr»«+J!U+‘'"?’>>

—7« 7, «*’- '-f 7,?' rf,+«•* tX, (?<■ ?« + 

+2») + i(8, r'tp+3t 7, + r;p 7+r', i;,)?’.

—7* 7p 7r«” rf« +Riip 7>c +
+r- ?«)+ I<a, 7,+77,+7,7,+7, r',)?’.

pU _ pf _ —e^cRa W- e zlp z2<l 
1 l/ofc l/fc 2r Kkbp 1 cq ga]z z •

paf _ rf _ JL ebc Ra pf _ ,2p -zq 
l2jok ljk -,g Kkbplcqga]z z ’

(2.3)
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^0/ ik “ 2 R!rP*irSlktlP .

r°Z = — Rl ?r «r z2P 1 oj zk~ - Kjrpf 8,k' (2.3)

f^ = °> ^ = 0, «./U»H2f.

We consider a geodesic y on the total space 2M, 7 : R 3 I -+ 2M for the Riemannian 
connection T with respect to the metric tensor G, (1.11) of Sasaki type on 2M. In local 
chart (off' 1 (£/), z°', zli, z21) we have for the geodesic 7 : f -+ (z°'(r), zu(f), z2'(f))

d2^ . dz1 dz*
------ + r(„---------------= 0, / = Or', If, 2/

dt2 JK dt dt (2.4)

Thus, using the formulas (2.3) for we get for the geodesic 7:

■ h , _ dx1 Dzlr
+ r'L— — z'P — —~gbr +

D2zxi

d2x/ . dxJ dxk
---------- I_ pi-------------

dt2 ,k dt dt >aP dt dt

Dz2r
v Z*t' ----- -------- ?
>°P dt dt br
h tn Dz2r+giaRLz2p——g,. = 0

d2xk k dxl dx1 . . h dx/ Dzxr .
5r-^__łłr+

. (2-5)
_/.r/ Rb ™.¥Lg z2pz2q=0 

e loqKilp dt dt &brZ Z U’

D2z2' . d2xk k dx/ dx/ , . h dx/ Dzlr
------ ---------r' z2p (------- -- + F*---------------)-gka r'R?kng.--------------- zlpziq-

dt2 kP v dt2 R dt dt aq ,kp br dt dt

—z2P^=o.

In the above equations (2.5) we denote:

DzU dzU dx/

dt dt
+ V‘z'k 

ik dt : (2.6)



On Some Riemannian Structure on Linearized Tangent Bundle of Second Order 85

Dz2i dz2i , dx> 
------- = ---------  + r' z1*------

dt
(2.6)

We have:
Proposition 2. Let M be the Riemannian manifold with the metric tensor g and the 

Riemannian connection R In the linearized tangent bundle of second order 20ti 
there are the induced connection T, (1.5), and on total space 2M the metric tensor G, 
(1.9) of Sasaki type induced by the metric tensor g on M. *

A curve 7 on the total space 2M is a geodesic with respect to the Riemannian connec
tion T, (2.1) for the metric tensor G if its projection y - fa on M is a geodesic with 
respect to the Riemannian connection T for g and if it is horizontal with respect to the 
induced connection T in the bundle in : 2M -+M.

Moreover, we have: , •
Proposition 3. Let y be a geodesic on a manifold M with respect to the Riemannian 

connection V for the metric tensor g.
Then its canonical lift into the total space 2Mof the tangent bundle of second order 

off : 2M -* M is a geodesic with respect to the Riemannian connection V for the metric 
tensor G, (1.9) of Sasaki type on2M induced by the metric tensor g on M.

Proof: The canonical lift of the curve 7 : f -* xl(t) on M into 2M is the curve

7 : t ~>zol(t) = ?(f) zu(f) =?(f),zs'(f) =? (f) + x’ xk. K7 is a geodesic:

cP? dxf dxk
dt2 +rik dt dt ~°’dt2

then its canonical lift 7 is horizontal:

Thus y is a geodesic on 2M.
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STRESZCZENIE

W pracy wyznacza się metrykę riemanowską typu Sasaki, koneksję riemanowską i geodezyjne na 
przestrzeni totalnej uliniowionej wiązki stycznej drugiego rzędu.

РЕЗЮМЕ

В работе определяется римаковая метрика типа Сасаки, римановая связность и геодезичес
кие на пространстве расслоения линеаризованого касательного расслоения второго порядка.


