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On Some Linear Connections of Second Order
O pewnych koneksjach liniowych drugicgo rz¢du

O HeKOTOPHLIX IHHEAHLIX CBAIHOCTAX BTOPOIO MOpPAIKA

The purpose of this paper is to investigate special linear connections inlinearized
tangent bundle of second order 3w : 2M — M. These connections are obtained in a natural
way from connections in the principal bundle of frames for the vector bundle 3« : 2M — M.
The resulting connections are the second order connections in the sense of Bowman [1].

1. Let M be an n-dimensional Hausdorff manifold of class C~. Moreover, let
2 : TM — M be the tangent bundle over M and T, : T(TM) = TM be the tangent bundle
over manifold 7M. We consider the tangent bundle of second order: 37 : 2M = M, where
M= {A eT(TM) : ome A = T,,A} and 7 s=§m, ‘l’"'l apy- LetD: (l" ) be a linear

connection on M i.e. a connection in the tangent bundle o : TM — M. A local chart
(U, x°%) on M induces a local chart (on ), x°' x') on the total space of the tangent
bundle 7M and a local chart Gn~ ' (U),x*!, x'*, x*%) on the total space of the tangent
bundle of second order 2M ¢ T(TM). Then, for the tangent bundle of second order
3m : 2M = M there exists a vector bundle structure [1] with coordinates:

20 = x01 gt =yt g2l a2l y I‘;kx'lx”‘. (11

with respect to a basis of the local sections:

a ) a
E° e U ) 5 N ) -
ilx= axﬂl rﬁsl' axlk I(x", 5{}-5‘;“: ax|f I (x.’. 0) . (1'2)

The tangent bundle of second order 3w : 2M— M is the Whitney sum’M=’M”;(‘ Y
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of the horizontal subbundle A7 and the vertical subbundle 2MY . A fibre 2M, is the
direct sum of fibres of the horizontal subbundle and the vertical subbundle spanned by
ES; ) x. E3i | x respectively.
We consider the trivial vector bundle on M: M X R*" — M. We construct the principal
bundle: ' —
r:lsomMXR*",2M)— M. (13)

The fibre 7~ ' (x) over x € M consists of isomorphisms:uy : R?" = M, satysfying the
conditions:

ug RO RY)C PME uy jn ®R])c MY (14)
for the decompositions: R?" = R} @ R]. Moreover, let G ¢ GL (2n, R) be a subgroup

such that for decomposition R?" = R} @ R} subspaces RY, R} are invariant with respect
to the operation: G : R?" — R?”", The subgroup G has the form:

iy e ]
G= s : A' A eGL(n,R)J (1.5)

with respect to the canonical basis (¢, €5;) in R*”™ = R @ R}, The subgroup G operates
on the right on the fibre bundle (1.3)

g R?" e My (1.6)
(gr “x) — Ux °g.

Proposition 1. The bundle of isomorphism r : Isom (M X R*", 2M)=* M s the principal
bundle over M with the structure group G, (1.5). This bundle will be denoted *P(M, G)
and called the principal bundle of frames of the vector bundle §n : *M — M.

Proof: Let (U, x*) and (U ', x'') be local charts on a manifold M and x¥ = x/ (xi") be the.
change of charts on U n U '. Then a basis of a local section in the bundle 2M over U

ax! axt
consists of E7;, ES; and over U' of EY =E?r—aT ESr '—'EgIF.Thefolbwing

sections: uy(e;;) = EYj A;", ux(ezi) = E3A} constitute a basis of a fibre *M,. Thus

0 P 2 . A‘l 1 0
local coordinates in the bundle *P(M, G) are of the form: (x‘, 6----A- ). Transi-
]

v 4
tion functions in 2P(M, G) coryesponding to the charts (U, .lj) and (U, xr) on M have
the form: X (Un U)X G+ x" (UnU')X G,

a N
-? ; Alli ! 0
o 0 1AM )-

o -

(=]
L
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This means that if: hx Uy, hx, U4y : G =*r_ ! (x) are diffeomorphism then:

ax I
‘ ]
*1 o} = -aax.—l-—--.,. .
Ax, U P, U)(A) . v ot 4
0 (R e
b

Moreover we have:

Proposition 2. For the principab bundle *P (M, G) of framesofthe vector bundle
3w : 2M > M just this vector bundle is associated with the standard fibre R*" .

Proof: We define the right action of the group G, on the manifold 2P X R?" :
IPXRY XG> 2P X R*™. ((ux,£). 8) > (ux *8, & '£). Letg be a canonical mapping:
q: ZPX Rzn __,ZP)G( Rzn’

q(ux, ) = {(ux 88 '§):8€G] =q(u}, A¥). R
In local coordinates, we have:
q(u,5)=q@, A=A ENEY .+ (Af‘g*f)pf;“x =M B+ 2T EY
Moreover: 2P)é R =M.

2. For the principal bundle 2P(M, G) of frames of vector bundle 37 : 2M - M the
structure group G has the form (1.5). We consider a connection in the principal bundle
2P(M, G) defined by the connection form: w : TP) » T,G. The structure group G,
(1.5) determines the form of a connection form in the following way:

] [T . S — A 2.1
0 ‘g' “’lzr @1

Let (U, xl) be a local chart on M and 0: U ~» 2PU a section corresponding to the unity
e of the group G:

0:x—>0(x)= (', Ei|x E3i1 ). 22)
Then, we have so called the local connection forms:
“’lU’j = o*w}' = l‘;k'dxk) wu = o"w}‘ = !‘}; dx®. g (2.3)

Definition of a connection in the principal bundle 2P(M, G) by using the connection form
w : T(*P)~> T,G isequivalent to the definition given by the left splitting r': TGP~ V(EP)
of the exact sequence:
{ L
» TCP)——2PX TM— 0, (2.4)
M

e 4

0— V(*P)
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)

w=j"1 I, 2.5)

A mapping j : TeG - V(P) is a linear isomorphism and a mapping I': T¢P) > V(P) is
the right invariant: I' -+ R* = R* - I". We use the method of Duc [2] for the introducing
a connection in the associated vector bundle 37 : 2M - M by means of the connection in
the principal bundle 2P(M, G).

Let us consider the canonical projection (1.7); ¢ : 2P X R*" - 2)f and its differential:
ge : TCP) X T(R*™) = T(®*M). Then we have mappings of exact sequences of bundles
over 2P and 2M respectively:

rl.\‘l"drkaﬂ (26)
0— V(P X TR £ TCP) X TR*" —?PX TM X TR*" -0,
W. i ¢Q' ﬂl M
0—» Vv T IMXTM — 0.
oM ey CM) X -

The connections I and T in bundles 2P(M, G) and *M - M respectively as the left
splitting of the exact sequences (2.6), (2.7) satisfy the relation:

T qe=Ga (" Xidpgan). (2.8)

In local coordinates for the connection I'': T(2P) > V(*P) we have:

Al o B.”' 0
F'(a\j, .-’--i--- ;)’.’ -1-4'..-__ =
0 | A 0 :B’."_
(2.9)
= il TRt ]
A/ , 0 B, +Pkr“’;
S R I B )
0 |A2i 821+r\2iA2k
S i | /] k1) Y-

Thus:

Pmposltlon 3. The connection "' in the principal bundle* P(M, G) of frames of vector
bundle ym : *M - M induces in the associated bundle * M with the standard fibre R”' nd
the canonical projection (1.7): ¢ : *P X R?" - 2M the connection T such that: T - qq =
=qe *(I''X idrr2n). In local coordinates we have:

F e, 2, 22 )0y yhy=
(2.10)
z (zoi li 220 yu + r;"i zxkyoi.yzi + [‘/’,: z2kyol) ;

A connection T in vector bundle 2 : 2M - M as the left splitting of the exact sequence
(2.7) is of the form:
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T:TCM)>VCM), T - i=idypa

r (zoi' le, 221..}’0[’ yl 1. y2i) e

. (2.11)
=(20"zll' 221;0 yli_*_wll'(z Z Zz)yol,y:!"'w;i (zo'zl’zz)yol)'
The connection map D for the connection T : TCM) - V(M) is of the form:
D=p; “iy ey T, (2.12)

where i, 1y VM) »*M X M is an isomorphism into the Whitney sum and p, is

a projection on second factor.

A connection T' in the bundle § 7 : 2M > M is linear i a connectionmap D : T(* M) - 2
is linear in fibres of the bundle 3¢ : TCM) > TM.

We have:

Proposition 4. Let M be an n-dimensional manifold with given linear connection T'. Let

: 2M - M be the linearized tangent bundle of second order with coordinates of vector

bundle type (1.1),(°, 2'1 z") and a basis of local sections (1.2), (EY;, E‘,’,).

The linear connection F in the linearized tangent bundle of second order {n : *M > M
has the connection map D: TCM) = *M of the following form in local coordinates:

) .
i +)*

D .Y} i 17
O e T S

azll

14 i 1k of |, 2k of G
=0+ Ty, £ @)z +I‘2k(z )22 Y EL +

+(yii+ l"\if (Z )zlk 0!+ ng(z )ZZkyol)E‘;l.

The objects l“;l £@), I‘" (@) are Christoffel symbols and T 2’ @) I‘" | @) are tensors
on manifold M.

Proof: For the linear connection T' in the bundle 3 2m: M - M the connection map
D:TCM)»>Mis lmear in ﬁbres on the bundle §mq : T(’M) - TM Thxs means that D is
linear in the fibre orr. (z y ) with respect to z*' ' !yt ! Thus we have that
components: w; '@, 2,2 ) w“(z z', z?) of the connecuon are linearly depend on

2! 1, zzi

w;'-(z", p 425 l‘;l‘k(z°)z'k + l‘;,l 2 lﬂ /zxik k4 I‘;z' . (219

Let us consider two local charts U, x'), ', Xt ) in M, The change of coordinates ' =
= #(xf )on UN U’ gives the following change for coordinates and basis in 2M:

ol _ ,0i (zoi’)' A;’ AF gl =A:. 227 ) (2.15)
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ax! alx!
By =Blid}, By =E3idy, Ap= —5 . A= . (2.16)
For the coordinates in T(* M) we have:
y°i=Af..y l" y —Ai:}'li +A l]' oI‘ _A?ylf +Ai 2/' Of (2 17)

Thus, after having used (2.14), (2.15), (2.16). (2.17) in (2.11) we get the following
formulas:

r;.‘:k. =4 W +ril Ahab), T, =Al ) AL, o

£ i“ral gl gk
fzk' AI (A ‘kl+ lzkA/‘A O), Pj:’zk' A [‘/:‘kAf,

Definition 1: A connection I' in the linearized tangent _Pundle of second order
3m:2M > M is said to be pure-linear, if its connection map D : T(*M) - M satisfies:

B\ romty MCMHy MY, Dirouvy @CM)CMY . (219)

Definition 2 [1]: A connection T in the tangent bundle of second order 3 : 2M - M
for which there exists a connection I' in the tangent bundle ym : TM - M such that the
diagram commutes:

T
—
0~ V(M) —— TCM)y— "M X TH — 0

ined { tine (2.20)
V
0— V(TM) T T(T™M) — m; ™ — 0,

r

is said to be a second ordgr connection on M.
Thus, the connection I' is of the form in local coordinates:

F(z‘” Pol zzi‘.yoi yn yzi)=
=(2‘".2”,2";0,}’”+(.:;"(z°,z’) y’i+w”(z 2, 22)y%)

We prove:

Proposition 5. Let M be an n-dimensional manifold with given linear connection I and
let 3% : *M — M be the linearized tangent bundle of second order.

A pure ~ linear connection in the bundle 3w : 2M - M s a connection of second order

on M and its connection map 3:‘: of the form:
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. 0
+yll ;}—r):

= )
of ¥
D U azlﬂ + y azlf
; (2.21)
=0+ 2D EY +(y"' + 03 25D Ey.
Moreouer a pure - linear connection T in bundle 2 in:2M > M may be obtamed from

the_connection I’ in the principal bundle *P(M, G) in the following way: T + qe =
—q‘ (P X dTR’ l'l)

1 i i
Dok =T The=Th - 2.22)
In particular, Ia given connectionT" : (I‘;k) in the tangent bundie {,n : ™M > M induces a
pure — linear connection T in the bundle 37 : *M - Mof the form:

i _pi
O =Ch, The=Th. (2.23)

Proof: For the horizontal subbundle 2M# we have z2! = 0. The value of the connec-
tion map D on TCM™) is of the form:

]
D(y'” v +y” az”) (y”+1“' 1k °‘f)E§':+(I‘”kz'k o/)Eq‘

Thus for the pure — linear conneotxon we have that T’ ’,l k = 0 idcentically. Similarly, for
the vertical subbundle we have z! = 0 and condition 2° for the pure — linear connection
gives that I‘;: ¢ = 0 identically. Now, from (2.10), (2.21) it is easy to see that T satisfies
(2.22). In particular we have (2.23). 4
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STRESZCZENIE

W pracy badamy specjalng koneksj¢ liniowg w uliniowionej wigzoe stycznej drugiego rzedu
n:*M—-M.

Koneksj¢ t¢ nazywa si¢ czysto-liniows i otrzymuje si¢ w sposéb naturailny z koneksji w wigzce
gtéwnej reperéw dla wigzki wektorowej * M — M. Otrzymana koneksja jest koneksjgq drugiego rzedu
w sensie Bowmana, [1].

PE3IOME

B paGote HccienyeTcs crieudanbHas JHHeRHas CBA3HOCTL. B /IHHeapH30BaHOM KacaTenbHOM
paccnoeHun BTOpOro nopaaxa in : *M -+ M.

3Ta CBA3HOCTb Ha3KIBAETCA YHCTO NIHHERHOM M MONYHAETCA €CTECTBEHHO C CBA3HOCTLID B ITIaBHOM
PACC/IOCHHH peNle pOB BEKTOPHOTO paccoeHud ju : 2 M — M.

MNMonyycHHas CBAIHOCTH SBJIAETCA CBA3HOCTRIO BTOPOIO NOpARK2 B cMiuiciie BoBmana, [1].



