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On a Structure of a Linearized Tangent Bundle of Second Order
O strukturze uliniowionej wigzki stycznej drugiego rz¢du

O CTpYKTYpe AMHeapH30BaHOTO KACATENILHOTO PaccNioCHHA BTOPOro NOpAMKa

The purpose of this paper is to investigate a structure of a linearized tangent bundle of
second order M = M on an n-dimensional manifold M.

Introducing a linear connection I" on a manifold M (i.e. in the tangent bundle TM — M)
allows to endow its tangent bundle of second order with a vector bundle structure ({1}, [2]).

A vector bundle structure in the tangent bundle of second order >M allows to produce
a horizontal subbundle 2M# and a vertical subbundle 2M Y.

Equivalence classes of sections of a horizontal subbundle 2H determine geodesics on
the manifold M and geodesics flows on TM. A vector bundle structure of >M allows to
introduce horizontal, vertical and complete lifts for section of the tangent bundle
TM — M into the tangent bundle of second order M =+ M. These lifts are closely
related with classical lifts of a section of the tangent bundle TM — M into the bundle
TTM —~ TM, [3].

1. Let M be an n-dimensional C~ Hausdorff manifold. We consider a tangent bundle
over the manifold M:

om:TM >M , (1.1)

and analogously a tangent bundle over the manifold 7M:
Tp:TTM > TM . (1.2)

We consider also a tangent bundle over the manifold TM:

ome ! TTM = TM , (1.3)



54 ‘Jan Kurek

with the tangent map oy as projection. The following diagram is commutative:
1
TT™ — ™,
T' + L ¢ },ﬂ (1.4)
™ —— M.

A total space of a tangent bundle of second order over M may be defined, [1], as a
submanifold 2M of the manifold T7M by formula:

M= {AcTIM: T, A =bned] . (1.5)
Then, one may form a fibre bundle:
:2M — M, where }n=§m "7 [ a1 - (1.6

The fibre bundle 3= : 2M — M is called a tangent bundle of second order over a manifold M.
The local chart (U, x ) in a nexghbourhood U cMofpeUonM mduces local chart
Gn~ ' (U), x*!, x' ") in neighbourhood Xpeon ' (U)c TM suchthat: x°' =x! x“-X .

Analogously these charts induce the local chart (Ty ! ega™ ! (U), x° x”, 2Hyon
TTM. For the submanifold 2M c TTM, from (1.5), we have: = x”. Thus, a local

chart (U, x') on M induces a local chart Gz~ (U), x°%, x'¥, x2¥) on total space > M of
a tangent bundle of second order.

A total space M ¢ TTM may be identified with a set J§ (R, M) of second order jets
of amap: f: R = M at 0. Then, for induced coordinates in 2M we have:

S J arri T
x°" =ri0), x*' —...;f_ (0), x*'= —— (0), where: fl=x' .f. .7
at dr?

A tangent bundle of second order with respect to induced coordinates (xoi, x! ', x? l.) is
not a vector bundle.

Let T" be a linear conncction on a manifold M. We consider a connection I" in a bundle
om : TM ~ M given by a left splitting of exact sequence of vector bundles over TM and
requining to be linear on fibres of a bundle: yme : TTM —> TM,

i '
0— VIM—> TTM — TM X TM — 0. (1.8)
r M

A connection map D for the connection I : TTM — VTM iscalled amap D : TTM =~ TM
given by formula:

D=p2 °inM'f', (19)

where: iy @ VIM = TM ;(‘ TM is canonical isomorphism of a vertical subbundle
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VTM over TM into Whitney sum of bundles TM and TM over M, p, : TM X TM = TM is
. M
a projection on the second component. In local induced coordinates in TTM, we have:
. r : Tyrm .
D UGN Yy — e (P8 D, ' B Ry Ty e (81 L 4

i !}Lx' kyoj)___p:__, (xoi,yli+ I}ixlkyol).

If is given alinear connection I" on a manifold M then P. Dombrowski [2] has defined a
vector bundle structure for the bundle: 7 = §x + T, : TTM —> M by the diffemorphism:

-

T,,X},w.XD:TI‘M-‘-*-TM);{ TMX T™, (1.10)
M

into Whitney sum of bundles TM over M.

A vector structure in fibres of the bundle 7 : TTM —> M defines the following opera-
tions e, ©.

For any A, Be TTM, \ € R such that 7(4) = 7(B), we have:

T,(AeB)=T,A+ T,B, T.(A®A)=A"T,A,
oMe(A®B)=med + 5meB,  (MeAOA)=A oA, (1.11)
DA eB)=D(4)+ D(B), DA oA)=\ D).

As shown in [1] a vector structure of the bundle + : TTM —> M defined by

diffeomorphism: T, X oms X D induces a vector structure for the tangent bundle of
second order 3« : 2M —> M by means of the diffeomorphism:

},n.XD:’M'—’TM);’ ™ . - (1.12)
A restriction of the operations: ®, ® to the submanifold ?M defines a linear structure in
fibres of 2M. It follows from the equality T, = § ws for the submanifold M c TTM and
from (1.10).

For a given linear connection I" in the bundle §« : TM — M a local adopted basis in
fibres of the bundle T, : TTM — TM forms the following system of 2n-vectors:

a ] . ]
xH =LA N, pk | A4S i o U =
ll(x°f, x") ax°! ijx axlk , X,- 1x°F, x* —ax” . (1.13)

F) e )
The vectors: —¢, —7 denote natural basis in chart (g7 L), x° ! x'%).The vectors
ox ax

of adopted basis X{"'(x.' oy Xiyl(x", x') in Tix.' x') TM do not belong to a tangent
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bundle of second order. But they allows to describe a local basis in fibres of the bundle:
3g:2M — M. For any A € *M we have: 4

A=xt a:oi ¥ aali
=t a:m' ~rgx" aalk BT '*)—--— (1.14)
= A o, ey H O T At Ey R UL
Using the operations ®, ® and putting:
zoi=xoi’ zll'-xli' 23 =21 4 F;'kxlixlk . (1.15)

we can write:

1 3 2i vV = i yV i
A=z XF ot iy X ot iy =2 X o piegg @22 Xl ) =

(1.16)
__zlfoxﬂ

i1, 6*')‘“ foxy, i1, 0)"
Thus, a local basis in fibres of the bur}dle: 37 : *M — M forms a system of 2n-sections:
En),-, E3; defined in a local chart (U, x°) by the following formulas:

b e

]

ilx®
(1.17)
2

L Biie) =X xol, ) = 'l a0

Local coordinates in the vector bundle 2M with respect to a local basis E"(, E$ haye the
form (1.15). If local charts: (U, x° B, (U, x°1) describe basis: (E3;, ESy), (B, E3r)
then changing charts: x°! = x°'(x*") on U n U’ we obtain:

Er=AL B Ey "“A:‘ng ,
13 (1.18)
=gl 7 221=A;" 22
l » ’
J‘oi
where A:. = = o For a given linear connection I' in the bundle ,',1:: TM - M we can
DG

describe in natural way a horizontal subbundle 2M/ and vertical subbundle 2M" for the
tangent bundle of sccond order M as follows:
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"M = {AcTIM:T,A=}nd, DA=0],

. (1.19)
MY = fAeTIM: T,4 =imd =0} .

Thus we have:
Theorem 1. ([1], [2]) Let M be C~ manifold and T" be a linear connection in the bundle
o : TM — M with a ¢omection map D. Then the tangent bundle of second order
om: *M — M has a vector bundle structure defined by the diffeomorphism:

(‘,u..xo:zM-—-»TM;;TM, (1.12)

into Whitney sum of the bundles TM and TM over M.
The tangent bundle of second order is Whitney sum of the horizontal subbundle M
and the vertical subbundle*MY - M = M x 2MY. Local basis of sections of the bundle
M

1M consist of sections E3;, ES, spanning 2M"’ 2 MY respectively and being defined locally
~ by the formula:
2 2
E$i) o) =X ol o1y =7 — T & — :
O TRl ) T ae0T T T o R olely”
2

v
Edi =) =4Xj, @, 0= axt!

A local chart of type of vector bundle on*M corresponding to a vector structure defined
by sections E3;, ES; has the form: Gn = (U), 2°¢, 2!, 23%) .

201 = ol P L | TR I‘;kxuxlk 2 (1.15)

where (XM.JKl ",x“') denotes induced coordinates in *M.

2. A total space of tangent bundle of second order ?M is a submanifold of TTM.
We consider the natural injection:

i:2M—TTM

2 @1
ax o, xty’
We consider the horizontal subbundle: 37 : 2M# — M of the bundle M, We define an
equivalence relation in the set of sections horizontal subbundle iyt

3l

it EY + 22! ,“(,a)—-*x” T

ot R B= A * = £ ._
A~B yek. ro4, R*=R\ {o} (2.2)

For sections: 4, B: U = M we have:
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A=A 0B oy =AM O X of ol =AM X ol auly

' ) (2.3)
B=nod =00 Bl =0 Xl 0y gy

Using the natural injection i, (2.1), for sectiorsof bundles 2M and TTM we have:

itA=AVE;—>id =4"

a .
—— i 4V gtk .
axm 7k axll |(x°l,A")

The section 4 = A"iE‘,’ i has coordinates of type vector bundles in 2M of the form:
(x°%; 4'T, 0) and the induced coordinates id in TTM are of the form: (x°', A'!; 4!/,
-, AT A A curve ¢ : t = ¢(t) on M is called an integral curve of a section 4 € M,

if its canonical lift to TM: C = (¢, é):t = C(t) = (c () é(r)) (é(f) being tangent to

c(f) )is an integral curve of the section id € TTM : C@)= (A ) (C(¢)). Then in a local
chart (U, x°') we have:

of ,

C=(¢ é):t"‘"((xoi < o)1), _____d(x ; ) ®)),
a

d(xoi o C)

a1, Ao,

’ (2.9)
& % - ¢) . )
— 2 =—TL (e)DAY (c®)A* (ct)).
=" T (2 (cena'* ey
Thus for an integral curve of section: A : U =* %M in virtue (2.4) we get following equation

d? of : d

o | ok .
o) R L
T it

Similarly an integral curve of a section B = A © A equivalent to A has the same
equation (2.5).

For the equivalence class [4] of a section 4 € M with respect to the relation ~ , the
class of the sections 1 A € T(TM) is called a geodesic flow of the connection ', [2].

Thus we get:

Theorem 2. Let M be a manifold with a given linear connection T and *M be a

linearized tangent bundle of second order by connection Y. Equivalence class [A] of
section A € *M" horizontal subbundle *M" — M with respect relation ~ ;
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A~B~—=B=\A0A4, \€R*,;

describe locally a set of geodesic (2.5) on manifold M with respect connection T, as
integral curve of the section A. If A = A" E3; is a section and Ap € *Mp for fixed
D e M, then geodesic c : t —> c(t) for the connection I through p i.e. ¢(0) =p, ¢(0) =
=3n. A p is integral curve of section A through p = c(0).

3. Let A be a section of tangent bundle &7 : TM =+ M. Horizontal lift of section A of
tangent bundle o : TM = M into tangent bundle of second order 37 : 2M = M is called
a section 247 & 2M such that:

. vae (i CAHY) =4, D (i Caty) =0. (3.1)

Vertical lift of section A of tangent bundle om: TM — M into bundle § : 3M = M is
called a section 24" & 2MY such that:

Lre (i CAYV) =0, DAYy =4. 32

Complete lift of section A of bundle gn : TM -* M into bundle 37 : 2M — M is
called a section 24€ € 2M such that:

Lre (CAC)) = A, D (CAC)=TyA. (3.3)

i .9
Locally, for a section 4 = A* Y of a tangent bundle o7 : TM —> M its horizontal ,
X

vertical and complete lifts into the tangent bundle of second order 3w : 2M —> M are of
the form respectively:

At =4l B,
14V = AT B3, (3.4)
AC=AT B+ (Vad) EY; .

Next, we have:
Theorem 3. Let A bea section of the tangent bundle on : TM = M and AH, A€ denote
its horizontal, complete lifts into the bundle T, : TTM — TM, respectively. Then its

horizontal and complete lifts into the tangent bundle of second order are defined by a
composition:
2gH - gl .4 14C = 4C .y (3.5)

Proof. The value of the section 24% at a point x is

Al =uf ym=a" @y =44, .
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Its induced coordinates in TTM are of the form:
of, 444 -1

i 4 4k
Al A,

On the other hand the vector bundle coordinates in M are the form (x/; 4°, 0). Thus we
get: A7 «4 =24% < 2 MM The complete lift: 2AC UC D (x)=ACAR)) = AC
has induced coordinates in TTM of the form: (x Ai Al akA'Ak) and the vector bundxle
coordinates of the form: (x'; 4, (V44)). Thus we get: 2AC =AC .4

Remark: Let A be a section of the tangent bundle ym : TM —> M and 7y be ageodesxc
on a manifold M with a given connection T" such that: y = A(7) Then complete qnd
horizontal lifts of into the bundle §n : *M = M coincide: 24€ =241

Proof: In virtue of (3.4) for A (y) = ¥ we get: 24€ =24
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STRESZCZENIE

W pracy badamy struktur¢ uliniowioncj wiazki stycznej drugiego rz¢du 3= :>M — M rozmaitosd M.

Wprowadzenie koneksji liniowej I' na rozmaitosci M (t.j. w wigzce stycznej TM — M) pozwala wy-
posazyé jej wiazke styczna drugiego rzedu jm : M — M w strukture wiazki wekt 'xowej (11, 12).
Struktura ta w_wiazce *M — M pozwala utworzy¢ jej subwigzke horyzontalng ? oraz subwiazke
wertykalna MV,

Klasy réwnowaznosci przekrojow subwiazki horyzontainej ? M wyznaczajg geodezyjne na rozmai-
toséci M.

Ponadto, struktura wiazki wektorowej 3m : *M — M pozwala wprowadzié podniesienia horyzon-
talne, wertykalne i zupeine przekrojéw wigzki stycznej TM — M do wiazki stycznej drugiego rzedu
IM — M. Podniesienia tc s3 zwiazane z klasycznymi podniesicniami przckrojéw wiazki TM — M do
wigzki T(TM) = TM, ((3]).

PE3IOME

B paborte uccnenyercst CTpykTypa IHHCapH30BaHONO KacaTeNLHOIMO paccioCHUS BTOpPOro nopaaxa
3 : *M— Mua middepeHunpyeMOM MHOroo6pasuu Al

Beenerne nuHeAHOft cBA3HOCTH ' Ha MHorooGpa3ud M (T.e. B KacaTeNblOM pacciioeHHH
om : TM —= M) pnaeT BO3MOXHOCTHL OMpCACNHTL B KACATe/NILHOM PaccnoeHHH BTOPOro nopsanka
37 : 2 M- McTpyxTypy BekTOopHOIO paccnochus ([ 1], [ 2] -

JTa CcTpyKTYpa B paccioeHHH 3m : M — M1103BonscT 06pa3oBaTh I'0pH3IOHTAILHLIC MOApacCnoe-
HUA *M M BepTHKANBlbICc NOAPACCIIOEHUSA 1AM, Knaccel 3KBHBANCHTHOCTH ceyclmh TOpPH3IOHTaNL
HOIO NOAPacC/IOEHHA ! onpcaenfOT reofie 3IHUECKHe Ha MHOroo6pasuu M CTpyKTypa BcKTOpHOIO
PacciocHua 3w ¢ *M— M10380NA€YONPCACAHTD TOPHIOHTANBHEI, BCPTHKANBILI H NONHLN NHGT
CeyeHHMR KacaTensHoro pacciocHua TM — M po KacareNbHONO  paccjioeHHst BTOPOIO NOpAAXA
3% M- M. dmi nH}TH cBA3IAHBI ¢ KNActHYetkuMi THTAMHK ceyehinift paccnocns TM—M no paccno-
ewna T(TM) —TM,. [ 3).



