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Поднятие почти параконтактных структур на группе Ли

In this paper that is continuation of [2] we deal with lifts of left invariant almost para­
contact normal (or weak-normal) structures on a Lie group G to the left invariant almost 
paracontact normal (or weak-normal) structures on the group TG.

1. Let G be a Lie group and TG be a tangent bundle to G. It is known [3], TG has a 
natural structure of a Lie group. If $ is given tensor field of type (p, q) on G, then the 
symbols 4»’’, <I>C denote vertical and complete lifts of the field <I> to TG (For details 
see [3]). It will be useful:

Theorem 1.1 [3]. Vertical and complete lifts of a left invariant vector field on G are 
left invariant vector fields on TG. If vector fields A1( Xn constitute a basis of left 
invariant vector fields on G, then the fields Af, .., X„; Xf,X% are the vector fields of 
a basis of left invariant vector fields on TG.

The following formulas will be useful:

w’(A’') = 0, oc(Ac) = [o;(A)]c, (1.1)

for any 1-form o and any vector field X on G.

<t>C(XC) = [№}'. <t?(Xv) = O, 0c(A’) = 0’(Ac) = №(*)]‘' (1.2)

for any tensor field <t> of type (1.1) and any vector field X on G.

[A”, K’] = 0, [Ac, Kc] = [A, K]c, (A”, = (Ac, r’j = [A, Kf (1.3)

for any vector fields A, Y on G.
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(P®Qf = FC®2’’ +/”’®eC (1.4)

for any tensor fields P, Q on G.
Let u be a left invariant form on a group G. If X,,X„ are vector fields of any basis 

of the left invariant vector fields on G, then w(X,) = const for i = 1, .., n. Conversely, 
if cj(X,) = const for t = 1,n, then the form co is left invariant.

In virtue of (1.1) and Theorem 1.1 it follows that the forms to’’ and coc take constant 
values on X\,X%, Xf,.., X%. Hence they are the left invariant forms on G.

Definition 1.1. Let 0 be a tensor field of type (1.1) on G. 0 is said to be left invariant, 
if (Lg)* o0 = 0o (Lg)* for any g e G, where Lg denotes the left translation of G by an 
element geG, and (Lg)* is the induced mapping by Lg for vector fields on G.

Lemma 1.2. A tensor field 0 of type (1.1) is left invariant if and only if takes left 
invariant vector fields into left invariant vector fields.

Proof. In fact, let G denote the Lie algebra of the left invariant vector fields on G and 
let X e G. Then (Lg)*(X) - X for every g eG and <t>(X) = <p((Lg)*(X)) = (Lg)*(<l>(X)) 
hence <f>(X) e G. Suppose now, that for any X e G, <t>(X) belongs to G. Denote by X,(h) 
the value of the left invariant vector fields Xj at a point heG. Let Y e G, then Y(h) = 
= a'(h)Xi(h) where a1 : G -* R, and X,,... X„ constitute a basis of G. We have

0((Lg)*(a’(/t)XI(/z))) = 0(a/(/I)X/(gA)) = J (h)<t>(Xi(gh)) 
and

(Lg)*(0(a'(ft)X,(A)) = a’(A)(Lg)*(0(X,(A))) = of (h^X^h))

Thus 0 o (Lg)* = (Lg)* o 0 for every g e G.
From Theorem 1.1 and the condition (1.2), it follows that the tensor fields 0*’ and 0C 

take left invariant vector fields into left invariant vector fields, thus they are left invariant.
We shal need the following:
Theorem 1.3 ([3] p. 33). LetP, Q be tensor fields of type (0, s) or (1, s) on TG, where 

s > 0, such that

P(y[,... Ycs)= Q(Y',.., Yf)

for any vector fields K,,... Ys on G. Then P = Q.
Observe that in particular if/’(!'{’,... Tf) = 0 for any Yt, .., Ys on G, then P = 0.
Now suppose that F is a left invariant tensor field of an almost product structure on G. 

Then Fv and Fc are left invariant tensor fields on TG and

(F’)J = 0rC, (/*)’= MFC- (1.5)

Thus, Fc is a tensor of an almost product structure on TG. If an almost product structure 
Fon G is integrable i.e. the Nijenhuis tensor [F, F] vanishes identically on G, then from 
Propositions 5.5 and 5.6, pp. 35, 36 (3], it follows that [Fc, Fc] = 0. Thus we have:

Theorem 1.4. The complete lift Fc of a left invariant tensor field F of an almost product 
structure on G is an integrable left invariant almost product structure on TG if and only 
if F is integrable.
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Now we shall deal with lifts of left invariant almost paracontact structures from G to 
TG. Let (0, £, tj) be such structure on G. We have:

♦’ = IdTG — tj® £ ,

1200 = 0, (1.6) 

*«)=o.

Thus, using (1.1), (1.2) and (1.4) we obtain:

(0C)2 = — i,*® — 72c ® f* ,

t?’’«”) = 0, ti’^) = nC(^) = 1, t?C(^) = 0, (1.7)

♦c(O = 0, 0C(^) = O.

From (1.7) it follows that (0C)3 = <t>c. On the other hand:

(0C)2 (0C (%)) = 0C (X) - tjc (0C (X)) f -12* (♦* (J)) ? .
Hence

12C(0C(X))S*+ tj*(0c (*))$< = 0.

Since £* and are linearly independent, we have:

T2co0c = O, i?vo0c=O. (1.8)

Let fi = <l>c + eii2c ® J* and/2 = <f>c + e2i?* ® where et = ±1, e2 = ± 1. Then

<Z, )2 = (0C + e, if ® f*)2 = (0C)2+ et(0c o (i,c ® O + (i2c ® $*) o 0C) + (r,c ® f )2 = 

= /drc -12* ® r — i?c ® f + if ® f = IdTG-if ®

Similarly (/2)2 = Idj-G ~if ® S*. After having used (1.7) and (1.8) we got:
Theorem 1.5. If (<t>, £, 12) is a left invariant almost paracontact structure on G, then

(fi, f. t?*) and (fi, $*, if) are the left invariant almost paracontact structures on TG. 
Now suppose that a left invariant almost paracontact structure (0, £, 12) on G is normal.

Then, by virtue of [2] we have:

$(X f) = ftX, K] - [0X /]- [X, 0K] + 0 [0X, 0K] - 0 (1.9)

for any vector fields X, Y on G.
Conversely, if 4» = 0, then (0, {, 12) is normal. If we put Y = $ in (1.9), then we have:
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(1.10)

for any vector field X on G. As we know [2], for a left invariant normal almost para­
contact structure the condition (1.9) implies:

n = o (1.11)

for any vector fieldsX, KonG. From (1.10) and (1.11) we have:

0[0X£]-[x,i] = o, (i.i2)

t?[X$] = 0, (1.13)

for any vector field X on G.
Now we prove the following:
Proposition 1.6. The following equalities hold good:

if [X, K] + if [<I>CX, <t>cY] = 0 , (1.14)

if [X, Y] + rf [</>cX, <t>cY] = 0 , (1.15)

[f, [f, Y] = 0 , (1.16)

^[{c.^?]-RC,r] = 0, (1.17)

rnr,0c?] = O, (1.18)

UF[fc.0c?] = O, * (1.19)

[X, Y] - [<t>cX, Y] - [X, </>cY] + 0C tfX, 4>CY] = 0, (1.20)

for any vector fields X, Y on TG.
Proof. On account of Theorem 1.3 it suffices to show that tensors of the left hand 

sides of (1.14) through (1.20) vanish for the complete lifts of all vector fields on G.
Let X, Y Be vector fields on G. Using (1.1), (12), (1.3), (1.10) - (1.13) we have: 

if [Xc, Kc) + „c [<t>cXc, Kc] = (t, [X, F] + r? [0JV, 4>Y]f = 0,

[%c. rc] + [^. / Yc ] = (n [X, K] + r, [<f>X, wy = 0,

0C [$”. <t>cYc]-[y. J*] = (0 is, *rj -It I'D’ = 0,

<PC [?. <t>cYc] -[S'. Yc] = (« It 0n “It Y]f = 0,
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ijc[SF.*clr‘>ftR.W = O>

TjcHc,«crc] = (t?[i,0K])c = o,

фс [Xе, Yc] - [ф'Х6, YC]—[XC, фсУс] + фс [ф^, фсУс] =

= (0 [X, У] - [0Х, У] - [X, фУ] + ф [фХ, фУ])с = 0.

Now we prove:
Theorem 1.7. Let (ф, £, т?) be a left invariant normal almost paracontact structure 

on G. Then (J\, tj’’), (/2, %v, rf) are left invariant normal almost paracontact
structures on TG.

Proof. We know (see [2]), that the normality of the structures (/,, rf) and 
(A. £ > e4uivalent to the following conditions:

Ф. (ХЪ-Л [X У]-[ЛХ, yj- [Х,Л?] + Л [ЛХ.ЛУ] = о 

Фг (X. У) = f2 [X, У] ~[f2X, У] -lX,f2Y] + f2 [f2X,f2Y\ = О

We have:

Ф, (X, У) = фс [X, У]—[0сх, У] -[X, фсУ] + фс [фсх; фсу] +

+ е, (t?c [X, У] + rf [фсХ, ФСУ])? + ei rf (Х) ц? фсГ]- {{», У)) +

+ et < (?) (Фс [ФСХ, Г J“ [X. Г]) + rf (?) rf [фсХ, 5”] ? + Vе (X) rf [f, ФСУ] ?.

Z2(X,Y) = <t>c [X. ?] -[<pcX. ?] - [X, 0e T] + 0e [0e X, <pcY] +

+ e2 (if [X Y] + i?F [0CX, 0e F]) r + e2 rf (X) (0e [^, <fY] - [?, ?)) +

+e, t?” (Y) [</>cX, £c] - [X, ri) + t?” (Y) rf [<fX, îe U” + r,” (X) ijF [5e, 0e Y] ? .

In the virtue of Proposition 1.6 we obtain, that 4>,(X, y) = 0 and 4>2(X, Y) = 0 for any 
vector fields X, Y on TG.

Suppose now, that (/,, If, r?v) is normal structure i.e. 4», (X, y) = 0. Let X,,.., Xn 
be a basis of the left invariant vector fields on G. Then rj(X,) = const and rf (Xf ) = 
= (r?(X,))e = 0. Hence:

0=4, (X?, x/) = f [Xe x;]- [0ex£ x; j- [x? 0ex/j + 0e [0ex?, 0cx;j =

= (0 [X,-, Xy] — [0Xf, Xy] - [Xit 0XZ] + 0 [0X,. 0X,1)C .
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Thus, we have:

4» (Xi, Xj) = 0 №, Xj] - \<t>Xit Xj] - [J,, 0A>] + 0 [0X/( 0A>] = 0

for any left invariant vector fields A}, Xj, what means that 4>(Ar, Y) = 0 for any vector 
fields X, Y on G. If (f2, %v, rf) is the left invariant normal almost paracontact structure, 
then 4>2 (X, Y) = 0. Since rf (Xj) = 0,j = 1,n we have:

Hence

0 Wi. X/] ~ [<№, Ayj— №. *M/] + 0 (№'. 0Ay] = 0 .

Or 4>(X, Y) = 0 for any vector fields X, Y on G.
We obtain the following:
Theorem 1.8. The following conditions are equivalent:

(i) (0, £. t?) W a teft invariant normal almost paracontact structure on G.
(ii) (/j, %c, tj’’) is a left invariant normal almost paracontact structure on TG.
(iii) (f2 ,?,rf) is a left invariant normal almost paracontact structure on TG.

2. Now we shall consider lifts of left invariant weak-normal almost paracontact 
structures from G to TG. We recall, that the weak-normality of an almost paracontact 
structure (0, £, j?) on G means the integrability of two almost product structures Ft = 
= 0+ tj ® £ and F2 = 0 — tj ® £ ([2]). Suppose now, that (0, £, tj) is a left invariant 
weak-normal almost paracontact structure on G. On account of Theorem 1,4 we know 
that Ff = <t>c + rf ® + rf ® if and F£ = 0C — if — rf ® f are the left
invariant normal almost product structures on TG. PuttingF . = <pc + eiTjc ® J*1 + 
+ e2ij ® $ we have:

+ e2if[4>cX, Yjr + eie2tlc(^n’’ir. HS* + Y]? + 4>C[X. <t>cY] +

+ ^2rf(Y)rf[X, + e2rf[X. 0CY]^ + e,e2»?c(Y)’?’’№ № + 

+ rf(Y)rf(X,?)?l . (2-1)
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for any left invariant vector fields X, Y on TG.
Since Ff = Fp t r) and Ff = F(. 1t_ i) and because of the integrability of Ff and Ff

we have:

lF(i, t)] = ° (2.2)

[F(_i(_1),F(.li-1)] = 0 (2.3)

If we add (2.2) to (2.3) and next substract (2.3) from (2.2) and simultineously use (2.1) 
we shall obtain:

[fX, <j>cY] + [X, Y] - <t>c[<t>cX, F] - -T?v(^?c(tc, Ilf -

-rf(X)riv[?, Fir -r)c(X)rf[iv, Y]i?-<I>C[X, <t>cY]-r,v(Y)r,v[X, nf -

-r,v(Yrf[X, -rfOrftf, W-rfayrf[X, W = 0 (2.4)

for any left invariant vector fields X, Y on TG.

Vv(Y)[<t>cX, n + rf(T)[<t>cX, n + nv(X)[?, <t>cY] + rf(X)[¥, <t>cY] - if [<t>cX, Fjr ~ 

-tjc [<t>cX, F]r-rf(X)<l>c ir. Y]-rf m'W. Y]- Vv [X 0C Y] - (2.5)

-r,c[X, <fY}?-r,vmc[X, rj’-t7cTOc[X n = 0

for any left invariant vector fields X, Y on TG. Let X\, .., X„ be a basis of the left 
invariant vector fields on G. Without loss of generality of our considerations we may take 
Xt = % and tj(A,) = 0 for i > 1. If we take X - Xf and 7= Xf in (2.4) and 2.5) we get: 

\<t>cxc., + [Ac,Ap-0C['j,cxc Ap-tj’GVfW.-
(2.6)

-0C [Ap 0cAp -»f(Apif[*p nr ,

^(AT) №CA?, n + ^(Aptr,-if[*C*p A/jr -
(2.7)

-V(Ap0c[f. Ap - 0cA*]r -tj” (Ap0c[Af, n = 0 .

Similarly, putting A = F = Xc. (i > 1) and next A = r, F = Af* (f > 1) and A, = A* 

F = Ay (f, / > 1) in (2.4) and (2.5) we obtain:

ir, Ap - nr, Apr- nr, nrp = 0, (2.8)

(r,0cAp -nr, Ap -T?c[r,<AcApr =0 (2.9)
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[?, *,’] - rf [5e, -<t>c f^. <t>eX]] = 0 , (2.10)

-<?[?, x;i -nr. nvpr = o, (2.1i)

tfx^fxf)-[xf, Xf]-tftfx*. xf]- 0c[x;t rxp = 0, (2.12)

- xpr -V[x;, «cxpr = 0. (2.i3)

Now we shall investigate the problem when the almost product structure £(ei, fj) is 
integrable, where ej • e2 = — 1. We ha ve:

ft<«,. «3)ft(«,, «,)] (*?> */) = + e2n*’(^)[0CX;, rj +

+ e2r?,'(X5)tr> 0cX;j + [Xe, Xe}- {0c[^Xf, Xe} + e2n”(^)^(^ Xe} +

+ e2riv[<peXe, Xe}? + Xfjr + <t>c[Xe, <t>cXe} + e2rjv(Xe)^ [Xe, ?} +

+ e2T?’’[X5, + ^(Xpr?”^, nr} ./.7 = 1, -, a

In virtue of (2.6) and (2.7) we obtain:

P'te i. « » )• ^(< i. « j )1 (Xi ’ -^7 ) — !> 7 — 1, », a (2.14)

Taking into account the formulas (1.1) - (1.3) we have:

[F(«I.«ł).ĄeI.«ł)](^r-Y/) = 0> /.7 = 1,»,a (2.15)

Moreover for /, j > 1, we have:

ft«,. «,). ft«,. «,)] (*;. *; >=^xvi- ^exi}+xi i -o>c^xvi.x^ - 

— e^-rf [<?Xv., Xpr -0c[x;, <t>eXe} -e, tjc[X;,

Because of (2.12) and (2.13) we have:

Fe,«.>107.*p-«

for /, j> 1. Putting X = r, y = Xe in (2.1) we obtain:

ft«,. «,)■ ft«,. «,)] x?> = c* I*”- + Kr> *?] -MCK”, Xf] -

-nr. xpr-nr, 0cxp- ernr. <t>exf}?.

(2.16)

On account of (2.8) and (2.9) we have:
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[^1.e1).^(el(e1)](^^) = 0. (2.17)

Putting X = If ,Y = Xf in (2.1) we obtain:

fte,. et). 4,. e,)] (?, X') = [?, + [$*, *,’]-'it'Vf, X>] +

+ nctr,x*]? -[$*, <t>cxvt] -e,nc[$c, = Cjk*,*;i + [j?, *;i- 

4/1?, *[] + nc[r. Xf]!f -0c(r, 0c*r] + eaif R* t'XW = c2 {Rc. 0C*/] - 

-0CRC, Xf] + <RC, <t>cxj]^ + [$*, *;j + nctr. xf]? tcxfi

In virtue of 2.10) and (2.11) we have:

(F(ei,ei),F(ei>ej)](^x;) = 2 + =
, , (2.18)

= 2{e2i}R,0*<R + IjR.*/Rj ”.

Thus, we have: „ „ „
Theorem 2.1. Suppose that [F(1> ,)( F(1> ,)] = 0 and (F(. b_ F(_ ,)] = 0.

TTien [F(ei( ti), F(6ii ej)] = 0, where e2 -e2=-\,ifand only if e2i?[$. 0*] + r?R, *] = 0

for any left invariant vector field XonG such that r?(*) = 0.
Now, let us consider the almost paracontact structure (0C + ei if ® Jc, rj’’).

The weak-normality of this structure means the integrabilit^ of the^almost product 
structures F(e> ,) and F(ej _ 2). ei = ± 1. Suppose that [F(t> i), F(t> i)] = 0 and 

[F(_ i, - i), F( . i _ ,)] = 0. If we take e, = 1 then from Theorem 2.1 we have: 

[F(1> - 1), F(lj _ !)] = 0 if and only if t7[£, *] — t?R, 0*] = 0 for any left invariant

vector field X on G such that r7(*) = 0. If et = — 1 then because of the same reasons 
we have: [^( - i, i), F(_ ,, ,)] = 0 if and only if s?[£, *] + t}[£, 0X] = 0 for any left

invariant vector field XonG such that p(X) = 0. We have proved the following:
Theorem 2.2. Suppose that(<t>, £, 7j) is a weak-normal left invariant almost paracontact

structure on G. Then (fi>c + %rf ® If, f, rj’’) is a weak-normal left invariant almost 
paracontact structure on TG if and only if

t?R,*l-«?R. 0*1 = 0 (2.19)

for any left invariant vector field XonG such that tj(*) = 0.
Remark 1. If (0, J, rj) is normal, then the conditions (1.11) - (1.13) are satisfied

and therefore the condition (2.19) is also satisfied.
Remark 2. We can give similar theorem for the structure: (0C + erj1' ® if, £*’, rf).
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Now, suppose that (0C + erf <S If, i?’’) is a weak-normal left invariant almost 
paracontact structure on TG, what means that:

[F(e, 1). F(t, 1)] = 0 and [F(e>_ F(e>- 1)] = 0 . (2.20)

On account of (2.1) we have:

£«. i). X*. •)] (X = [0CX 0C?] + erf (Y)[ipcX, f ] + rjv(Y)l<pcX, +

+ e7?c(*)[f, 0CK] + rf(X)Uf, /?] + [X ?] - { 0C[0CX ?J + eTjc(i)0c[f, K] +

+ rf(X)<f[if. K] + erftfX, + T?c(X)nC[f, + erffarfl?. Y]? +

~ ~ ~ ~ (2-21)
+ n’W, + erfWrftf, Y]lf + rf(X)rf[^c, Y]jf + 0C[X, 0CK] +

+ «/WC[X f) + t?”(W[X ?c] + erftf, <f>cY]^v + rf(Y)rf[X, W +

+ erf(Y)rf[X, ?}? + rffX <t>cY]f + erf(Y)rf[X, ?]if + rf(Y)nv[X, = 0

A/ t*
for any left invariant vector fields X, Y on TG.

[F(e,. ,), F(e>. ,}] (X, Y) = [<t>cX, <ff K] + erf (?) [<t>cX, f] - rf(Y) [tfX, +

+ «f (2)Rr. </fY] — rj”(X)[^ <t>cY] + [X Y] - [0CX Y] + F|-

-rf,(X)<l>C[?. n + o?c[0cX?R” + rffcrftf, Y}?-erf{X)rf[tf, Y]? -

(2.22)
-7jv[0cX K]r— erf {X}rf [If, Kir + u’(X)tf If, Y]? + <t>c[X, <t>cY] +

+ e<(K)«C [X f*J - rf(Y)tc [X, ?c] + erf [X, <t>cY]f + t,c(?)tzc [X $”]$” +

+ erf(T)rf[X, 0"?]^ -erf(Y)rf[X, + rf(Y)rf[X, = 0

for any left invariant vector fields X, Y on TG. After adding (2.21) and (2.22) we have:

[0CX <pcY] + erfoWX f] + <t>cY] + [X f] - {<t>c[<t>cX, K] +
+ erf(X)<t>c[f, ?1 + tftfX, Y]f + rf(X)rf[f. Y]f + tj”(X)rf [£c, Y]? +

~ (2.23)
+ 0cfX, 0C?] + er?c(K)0c[X f ] + erf[X, <ficY]f + rf(Y)rf[X, {”]f +

+ nF(nnrlXr]^j =o

for any left invariant vector fields X, Y on TG. Substracting (2.21) from (2.22) gives:
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if (?)(/£ + rf(X)[?, <№] - {/(W. Y] + erf(Xrf[?. nt” +

+ t?v[0CX YV? + erf(X)r?[?, nr + ri\Y)<t>c[X, r] + erj” {Y)rf[X, nr +
(2.24)

+ rf [X. <fY]? + erf (Y)rf(X, £”]r j =0
/M

for all left invariant vector fields X, Y on TG. From (2.1) we have:

[F(. ti. e), F(. e> e)] (X, n = [</>cX <t>cY]~erf (Y)[<pcX, if]- erf(Y)[<t>cX, ?] ~

-erf(X)[?, </>cY] -eijv(^)[r. <I>CY] + [X, X) “ frtfX. K] - erf (X)<t>c [?. H -

- «j”(A)^[r. n -et?c[0cX ?ir + rffarfVf, nr + rf(X)nc[r. nr -

-evv[<pcX nr + rjc(X)rf [r, nr + ti’(W, ?ir + 0C[^, 0cn -

— erf (Y)<t>c [X, r]-e^m^X, ?}-ierf[X, <t>cY}? + rf(Y)r,c[X W +

+ rf <7)i?c[X rir -en’lX 0cnr + if(X)if [X nr + rf(Y)r,v[x, nrj •
After having used (2.23) and (2.24), we have:

[F(. e,. e), F(. e,. e)] (X, X) = 2 (-erf(Y)[4fX, £”] -

-erf (X)[f, <t>c n “ f~«f (X)0C [f. n~ [<t>cX, Y]+ rf (X)rjc [r, ?] $” +
<z ~ ~ (2.25)

+ if(X)rf [$’, Y]^ — erf (Y)<t>c \X, {’J- evC[X <t>cY]lv + rf(Y)rf[X, ?]? +

+ rf(X)rf[X,r]r} )•

Let Xt,... X„ be a basisof left invariant vector fields on G such that X{ = £ and rj(X() = 0 
for i > 1. In virtue of Theorem 1.1 the vector fields r, Xf, ... X^, Xf, .., X* con­
stitute a basis of left invariant vector fields on TG. Now, for X = Xf, X = Ay and next 
X = Xf, Y = X/ in (2.25) we have:

[F(. F(_t,-,)] (A?. A^)»0,

ft-«.- «).F(.e,.<)](X/',X;) = 0.

Putting X = Xf, Y = X/, j, j > 1 in (2.25) we have:

[F(- ()> F(- e,-«)] (Xf, X^ ) =

=- 2e(T,c[0cx^, x;j + iftx* 0cx;nt

(2.26)

(2.27)

(2.28)
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Taking X = /> 1 in (2.25), we get:

ft- <,-«).F(-..-,)](r.A*) =

r , (2.29)
= 2(-e[f,0c^]- ) =

« 2e(tc[?, jf] + Tjc[f, -[f. /XfD.

For X = ^, K = X’’, i > 1 in (2.25) we have:

ft-«.-.).£<-«.-«)]
A (2.30)

--2 jVtr, x;ir-«,cir. .

Taking X = Xj,Y = Xj,i,i>lin (2.23) we have:

tfXj, <fXj] + [Xf, Xj]-tftfXj, XJ]- <f[Xj, <t>cXj] = 0

and because of (1.1), (1.2), (1.3) we have:

№ 0XZ] + [Xf, X/] - <t>[<t>Xi, X/] 4>Xf] = 0 . (2.31).

Putting X = XjY = Xj in (2.23) we obtain:

[0eZc, <fXj} + [X,c, Xj]—<pc[<t>cXj, XJ] —<f>c[Xj, <t>cXj] —e {ijc[«cX* Xv] +

+ nc[^.0cA;i] r = o

and again because of (1.1), (1.2), (1.3) and (2.31) we have:

tfXf, <pcXj] + [XJ, XJ]-tftfXj, XJ]-</>c[Xj, fXj] =

= j[0X/( <t>X,] + [Xf, XJ] -*[№, X,]-m, 0Xz]j ’ = 0

hence: .

rf [<f>cXj, XJ] + rf [Xj, <t>°Xj] = 0 . (2.32)

If we take X = £”, Y = Xj , i > 1 in (2.23) we obtain:

ett”. *cXf] + [f”. XJ] -<#[$’, Xj] - 

~ rf[?. Xj]Sv - 4>cXj] -«flf, 4>eXj] = 0.

(2.33)
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Inserting <pcX^ instead of X? in (2.33) we have:

eR\ tf] + [f, 0C^]- e*c[f, -
(2.34)

-if if, fXf]? -0c[f, Xf] -erf[tv, J^] = 0 

From (2.33) and (2.34) we obtain:

<t>C[?. *?] + if [f, <t>cXf] -ir, 4>cXf] = 0 . (2.35)

Putting X = ?,Y = X? in (2.23) we obtain:

R*. *,’] 4>eXvt] -eifR*. ^R” = 0.

Hence:

[{. Xi} -0R, WiY- ei?R, MR = 0. (2.36)

From (2.35) if follows:

0RM] + i?R.MR~R.M] = O 

UR, Xfll - R, Xi] -0R, №] , (2.37)

From (2.36) and (2.37) it follows that:

flRMR-«}R.MR»0. (2.38)

Combining (2.26) — (2.30) with (2.32), (2.35), (2.38) we obtain:

$5 = 0 (2.39)

for any left invariant vector fields X, Y on TG.
Hence we have:
Theorem 2.3. Suppose that [F(e i), i )] = 0 and [F(e _ t), ~i)] = 0. Then

Hence we may state:
Theorem 2.4. Suppose that (<t>c + £*. if) « a weak-normal left invariant

almost paracontact structure on TG. Then (0, £, 77) is a weak-normal almost paracontact 
left invariant structure on G.
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STRESZCZENIE

W tej pracy, która jest kontynuacją pracy [2 J, rozpatrujemy podniesienia lewo-niezmienniczych 
prawie para-kontaktowych normalnych lub słabo-normalnych struktur na grupie Lie’go G do lewo- 
-niezmienniczych prawie para-kontaktowych normalnych lub słabo-normalnych struktur na TG 
mającej naturalną strukturę grupy Lie’go.

РЕЗЮМЕ

В этой работе занимаемся поднятием лево-инвариантных почти параконтактных нормаль­
ных и слабо-нормальных структур на группе Ли.


