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On a Determinant and Spectrum of some Matrix, I
O wyznaczniku i widmie pewnej macierzy, I

O6 onpexmeaxTene u CNeKTpe HEXOTOPOR MaTpirsl, I

This paper considers the problem of computing of determi-

nant and spectrum of the matrixs

s

2ax2m = ’
H D

where A, B, C, D denote real, upper (right) triangular

N

mxm matrices. It is well kmown ([1]) that the spectral radius
condition Q(G)<1 (G denotes a real mxm matrix) guaran-.

tees the convergence of the iterative process of the form

() X4 =06x, X,,9% R0, n=0,1,..., X, - given.

The eriterions for the convergence and divergehce of the
process (2), generated by the matrix of the form (1), are pre-
sented below; 1t seems to us that these criterions will be

useful in some numerical calculations.
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Let us mention that the process (2) can be also conside-
red as an initial value problem for a first order ordinary
difference equation ({4]). Oldenburger has found ([3]) the
connection between the spectral radius of G and the stabili-
ty of the trivial solution of the equation (2). Some corolla-
ries for stability of the trivial solution of the equation
(2) are also presented in this paper.

LEMMA 1, Matrix of the form (1) is reducible.

In order to prove this fact it is sufficient - taking
into acoount the theorem given in [5] (p. 50) = to point out
"such index subset JC {1,2,...,2m] that

(3 Ay, 0p(103]  for any patr (1,3), (13, 34 D) .

It is easily seen that for the set J = {m,2m} the
condition (3) is satisfied. So, Lemma 1 is proved.

THEOREM 1. For the matrix (1) the following formula

holds

n
det A, o= [T det

i=1
®g,4 Y1

Proof by inducstion. For m = 2 we haves
a a Y 11 )
1,1 1,2 o1 1,2

1
R ney 2 aa, 0 52,2

84,9 %12 -N,9 - Y42
0

9 &2
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Since matrix /L4 x4 is reducible then there exists a trans-
formation P (by "orthogonality") such that matrix Rﬂnqum

has the form

(4)
® B, 2

i

where By,q» B, p denote square matrices and ® -nullmatrix,
Let us consider the matrix P = [01,03,e2,e4], where ey

(1 = 1€(1)4) denote unity vectors of real 4-dimensional space
R“.'.Mhtrix P 18 non-singular and has the inverse of the

form .

®2
m
®3

Since the transformation by "ortl_:ogonal:lt:" does not change
the value of determinant we have

- Tk T . 3
700 Oflag 4 a5 b4 by, [t 000
flo o 1 o 0 a. 0 b ,i\lo 01 0
g det( 2,2 2,2 ) e
0 1.0 Oljegq 5 dy:q 44 pfff0 1 0 of
_o 00 1’ -o 62 0 &l f0o 00 o
81,19 8,2 Py q Pyf11 0 0 0
Yiame VAR, 2Rt 8o 1O 0 T @
O 4, 0 b,I0 100
4 0 |=2'2 0 d.2’2 -0 0 O 1-‘
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81,1 10141 8442 P12
o s o i Bt B e AP
0 0 85 2 b2,2
i 0 0 65 &>

-t

Hence, by [2] (p. 52) we obtains

' e 1 IR ¢ 82,2 b2,2
det A, ,, = det det S|
84,4534 %2,2.. %2
2 ‘834 P4
= [ | det .
1-1 01'1 di'i

So, Theorem 1 for m = 2 18 proved.

Let us now assume that

m a b
i,1 i1
(5) det Ay op = | | det : y 3
1=1 oy,4 94,4
we are going now to show that -
m+1 a b
A 01,1
dot A o(mty x2(mety = [ det ’
e N i | A
1,1 1,m41 °1,1 1,me1
¢ A A g1 bz':+’| o 41
where 2(med) ¥ 2(me) = = a a
117 0 1 7 e
\ [
0 \ 0
®ne1, me1 90+t ,me1
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~t
By Lemma 1, there exists a transformation P (by "orthogona=-

11ty") such thet 'Ib.aam+.,),‘2(m+1)$ has the form (4); let

us consider the matrix P = [63,85.....Sﬁ.a§m+1,3m+2,...

~ ~

~ ~ ~ "
St °2m-1’92m’em+1’°2m+2]' where e; (1 = 1(1)2m + 2) are

unity vectors of real 2m+2-dimensional space R2m+2 80,

Al g NT
PHo(ne1) x 2(me)E =

b P SR e mon . el Iy

o S AR e

m,m ‘n,nﬁ m,m m,m+]

m,m+1 dm,n dn.m+1

45— P, me1

©1,17%1, 5= %1, 5 °1,087— 21,74, 5T 4,5 41,01

N N 2 ]

°=-1,n-1 °n—1,l °m—1,m+1 dn-1.n-1 dm-1,n dm-1,m+1

0

0 841, me1 0 0 b

T, m+1

p

®ne1 , o1 0 A1, me1
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-

0 fpet,m-1 %m~1,m
o am,n
0 °n,n
=
%4,1 . %4,m1 %,m
°n-1,m«1 ®n-1,m

0
0

or in a mnch closer form

~
(6) P'Az(m+1)x2(m+1

am+1,m+'1

S+, m+1

I R N = s

Tonasz Szule

by & P,

b Ov

m=1,n m-1

%,n

G 4

dot,m 0 o,

(0]
(0]
'A2m x 2n
¥ .
92 X 2m
t’m+1 oy 2+1

qm+1,m+1.

— b

d1;m-1 -

b

1,n 7 81,6170, 001
-1 %p-1,m¢1  “n1,m+1

am,m-‘! bm,m+1

®m,m+1 dm,mm

1,m+1

J0=1 Cu-1 o+ Ayt o I+1
8041 p 41 bm+‘1 y I+
®n+1 o 1 dtn+’1 y 41
e
‘A'2m x2
R

2 X2

so, the matrix (6) has

the form (4), Thus, by (2] (p. 52) ve get

~ i\ e
(7) det P‘A2(1::’«c:'t))rz(m+'l)'§ E detﬁ'z:nxamdet

8n4q » D+ bm+1 s 1241

c

n+1 .m41 dm+1 ,m+1}
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Evidently:

233

~ NT
det Py x2(me)E = 90t Ao(air)x 2¢me1) o
so with respect to (7) we obtain
8241, me1 l’l+1',m+-1

det
cax2n y
Cme1 s+ <l11-0’1 o T

2
Let us now use the transformation P (by “orthogonanty") c
a l°1’62""’§m’§m+2’em+3""’°2m'°n+1]’ where .1

(1 a2 1(1)2m) are unity vectors of real 2m-dimensional space

Rzm. Because the matrix

'

op x2om Das the form:

gy, -2—‘11-1—‘1.-—"1,-—”1.1 '-—"'1.:---2'-"1,m-1T

SR

8p-1 o= 81 | bl—1 o bl|-1 o =1
0 a.'». b.;. ; 0 0_
0 0 v e.;. d.’- 0. 0

S, 1 T0%,m %, e M a4 — Y24 00

0 ' 0 : l

®p-2,n-2 ®p-2,m-1 *m-2,m n-2,m dpoim-2 Ip-2,

L 0 ®n-1,me1 °m—1,n dnh,nb 0 . d‘-1,l—1

m=-1|

thus v
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™

b 7% a1.,m—2"'°‘1,m—’l a'l,m"'b'l, 1 M2 1 -1
am-1,m--1 8.1 o bxn--‘l m m-1 m-1
0 &m’m bm;m 0 0 0
_ PTa
—°1.m-2“‘°1 21~%1,5 4,0~ 4,1 — 4,024,041
m-1 =1 °m-1,m d111—‘1.!:1 0 dm—1,m-1
O .
°n,m dm,m s 0
s
[ 1 )
&, 8,047 %,0—,9 —— P 1=V n
8p1,m-1 %n~1,m n-1,n+1 “m-1,m
8n,m Y,
_ =A2m=Qm
€4, %4,m1 - %1,m —%,1 Yot Y,n
®n-1 s M=1 ®p-1 s10 M =] "M m
L : Cmym. T
J
Hence

N pind ’,‘,’,T
det P ‘A'Em x2m P

= dot ‘Aam ¥2n
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but
Ao~ T o
det P 2mx2m¥ = det ﬂZmKZm 3
80
(9 det A op = det Ay o .

Taking into account (5), (8) and (9) we get

~ 8m41 y4+1 ":m s 41 ]
= det Ay oy dot =

®me1 » 41 d1|1+1 2341

et Rpeni1y x 20me1)

8n¢1,m1  Ome,me1 8,1 Y14

n+1
det = [ det

= det v
- c a ° a
1,041 o1 ,me i1 1,1 1,4

x2m

and the proof of our Theorem is completed.

THEOREM 2, The spectrum of the matrix (1) is equal to
t;ho union of the spectra of the matrices of the form
a b e 17
Lhd T3y . 0.,
°1,4 4,1 '
n a d
i,1 1,10\ .
ioeo E(Azn‘zm) = UG( | : ).
1a1 °4,0 941

[ ]
Proof, Because the eigenvalues of the matrix

4

are roots of the equation

det [‘AZm x2m ~ AIanZm] =

and matrix ‘AmeZm - AIamxam has the fOI‘IE\ (1); so0,-by

2m x 2m

previous Theorem, we have
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m ‘Bea = A ]
1,1 1,1
a2t [ﬂ2mx2m oF AI2mx2m] = ﬂ ot 3 d = =
‘ 1=1 1,i 1,1
n a b,
i,1 i,1
= r‘ det(l : : =) Iz xz)
121 Olingrs = @

i,1
That proves the Theorem.

Prom Theorem 2 and Kakeya theorem ([6]) it follows:

COROLLARY 1., If there exists such number 1 (1£L1<n)
that
€y 1 e Ogtan
°1,0 4,3

then matrix ‘A'zm ik has an eigenvalue with modulus greater
than one.

COROLLARY 2, If for any 1 (1 = 1(1)m) the inequalities

8,1 Y1
1,1 31
are satisfied, then the spectral radjus of A is less

2IM x 2m
than one,

REMARK 1. Corollary 1 gives a simple criterion for the
divergence of the iterative proces (2) generated by the matrix
'A2m x2m °

By Oldenburger s theorem and the form of spectrum of
‘A2mx2m we immediately obtain
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TAEOREM 3. The trivial solution of difference equation

(2) (uith patrix A ) 1is acymptotically stable iff for

2m x 2n
eny 4 (4 = 1(1n) all roots of equations

2 . ]
(10) A’ - (ai'1 + di’i)l + ai’ibi'i - bi’idi'i = 0
have moduli less than ome.

From Faddiejewa’s theorem ({1]) pp. 100-101) and from the

form of spectrum of 'AanKZm we obtaing

THEOREM 4. Iterative process (2), with matrix A, .,
13 convergont iff for any 4 (4 = 1(1)m) all roots of equa-

tions (10) have moduli less than one.

REMARK 2., Because the transformation by "orthogonality"™
does not change the value of determinant and the spectrum of
matrix, thus Theorems 1, 2, 3, 4 and Corollaries 1, 2 are va-
1lid for every matrix G which is similar to ‘Azmxam' In

particular for the matrices of the formss

\

M N M R M B A R A S
(11-15) ’ ’ ’ s ’
P Q S D C Q S Q R Q

where M, N, P, Q- denote lower (left) and A, B, C, D upper
(right) real, triangular mxm matrices and R,S-real,' m=m -

matrices of the formss

0

Zi] s el

L
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respectively; the transforration P (by "orthogonallity")

has the fornm-

[ T
P Om><m. ~m P @mxm
(11') P = )v
X emxm P emxm P
[ »
P On xn o P e
(12°) ' (P = )o
Omxm I xm mem Ixm
B - . o
r - )
[
; P O 2, =t h P Byl
(13°) k BT . ),
gmxm P mem P
r -
: (Imxm 9mxm A Imxm emxm
(14°) (P = ),
T
9mxm P emxm P
h b - M
- W f 3
1 Imxm 9mxm T Imxm emxm
(15°) (P - 2 )
@mxm P 9mxm P
] Iy .

for the matrices: (11), (12), (13), (14) and (15), respecctive-

ly (P = [em....,e1] and O . 1is the nullmatrix).

For examplets

x L . }
» L) r Omxn || B[P @nm MW
P11y A onxenf (11)T =

@mxm nxm
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STRESZCZERIE

W pracy podano nowe kryteria gbieznofci wzglednie rosbiei=-

nosci procesu iteracyjnego postaci Xpe1 = Gxn, generowanego
przez macierz G,

Peanue

B pacore npencTaBNEHH EOBHNO KPUTEPUA CXOAUMOCTH WIHW pac-

XOZMMOCTH UTEPAUUOHHOTO NpoOUECCA THUNE Xp,q =Gx, , NOPORIAEMO-
ro warpuueit G .
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