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Subordination and Majorization for some Classes of Holomorphic Functions
Podporzadkowanie a majoryzacja dla pewnych klas funkcji holo.morﬂczuych

TMomuuneHre ¥ MaROPUPOBEHME RAJIA HEKOTOPMX EIACCOR rooMopduIecKuX yHKIDER

We introduce the following notationss -
¢ - complex plane,
Knaisec t |s| <R}, _
H(D) = the claass of all functions holomorphic in a domain D,
B = {deH(Ep) 1 dCz) | €1 for sekp}
Bn = {¢EB ] ¢(5) = Pn_1ln-1 + Pn’;n'.' -oo}. = 1.2,..-,
0= {weB(Ky) 1+ |((s)|< 12| for scKp},
Qn =’l we.Q. t o(z) = d:nzn + d—m1’”1 + o.o}. A= 1,2|... .
N = |FeH(K,) s F(0) = 0, P(0) = 1},
R, = |£€H(E)) s £(2) = %zn + a.m.,sm'" + ooy l1>0},

‘ A= 1.2..0. .

We say that a function tcH(KR) is subordinate to a fun-

etion FeH(Kp) 4in a diss Ky and write '

£ 37 1n K
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4f there exists a function weQ such that

£(g) = P(w(z)), for zeKp.

- We say that a function feH(K;) 1is ma;jorized by FeH(KR)
in a diso Kp and write

f<F in KR
if there exists a function eB such that
£(z) =" F(z) ¢(=z), for sz eKp

Z. Lewandowski {3] has begun to study the relationships
between majorization of functions in the unit disc K, and
their subordination in some smaller disc K,.. Next Z. Lewan-
dowski and the present author had generalized this problem.
In papers [4,5] they had investigated a relationship between
majorization of functions in K1 and inclusion of the image
domains of some concentric discs. A general method of solving
this problem has been given in t4].

In this paper a relationship between subordination and
inclusion the maps of some concentric discs is investigated

in a case when £ ranges over the class N (n>2) and P

n’
ranges over some special class S(m,M). The class S(m,M)

can be defined as follows:

DEFINITION'1. Let m = m(r), M = M(r), (m(0) = M(0) = O,
m(r) <M(r)), be two nonnegative and increasing functions for

r ¢ <0,1). We say that a function FeS(m,M) if FeN and
for |z| = r<1 a following inequality

1) n(r) <|F(z)| < M(r)
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holds. N

We can write then

S(m,M) = {FeN 3 /\ a(r) < |P(2)| < M(x) ]
|2l=r <1

In general the classes S(m,M) are not empty. FPr maﬁq
classes of normalized holomorphic functions the bounds on mo-
dulus of functions are kmown. Thus if we put n(r) as a lower
bound of |F(z)| and M(r) as an upper bound of | 2Co)|
then a class S(m,M) 4is a typical example and obviously
F¢S(m,M). The clusses S(m,M) contain usually some noh—un_i'-
valent functions.

Now we are soihg to prove a result which Isivos a solution

of a mentioned problem in case of the class S(m,M).

THEOREM 1. Let n be a fixed natural number ma'_t_e_:g

than 1, and let f&N,, PeS(m,M)." If f«F in K, then

for every R &(0,1) the inclusion
£(E gy ) CF(ER)
(2) r(R) = r(R;ﬁ.S(m,M)) I= sup{r €(0,1) 3 rn'1ll(r)<m(R)} .

does not depend on choosing the pair of functions £, P, but

gnly oo the classes gver shich these functions rangs,

REMARK 1. Theorem 1 is the best possible, that is we can
not replace the function r(R) by a bigger function if there
exists a univalent function Fe such that for every
TqsT5 €(0,1) there exist complex numbers 24, 32,_ [81, = Ty
[22] = ©; for which ‘
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) | Polzq)/Bo(25) | = miz)MCxy) ©

REMARK 2.. Theorem 1 gives a possibility to obtain an
explicit solution of converse of so called generalized Biermac-
ki prodblem (see for example [3], (4], [5]) for many classes of
‘apalytic functions. Tt is enough to include the given class
in some special cless S(m,M). If the extremal function F,
belongs to the given class then the result is best possible.

Prootf of Theorem 1. The facts f<&F 1in K,, feNn,
P<c8(m,M) 4imply that there exists a function Q) eBn which
‘satisfies the identity '

(a) 2(s) ¥ $(2)F(2) for zekK, .

Using the generalized Schwarz’s lemma (of.e.g. {2], p.361)
to a function DeEB  we obtain

(5) l¢(z)|$|z|“’1 : for sek, . :

Thus from (&) and (5) we have for |z|<r<1

(6) [£(2)] < T kand max  |R(2)| <rn'1ll_(r) .
(51 «iz1°  °

It means that

(7) tRICiw ¢ wl<r®Tum].

On the other hand, if Pé€S(m,M) then for |z| = R<1

we l.{ave
(84 |FCz) > mr) .

-The function F 1is holomorphic in K, and therefore by (8)
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; j p 1

we have
(9) F(Rp)C{w 1 \wl <m(R)},

Now, from (7) and (9) we see that

2(K,)C F(Kp)
if only r and R satisfy the ec;ndition
: 2~ lu(r)< m(R).
In particular
f(Kr(R))C.r(IR}

and the proof of Theorem 1 is complete.

Proof of Remark 1, If there exists an extremal
function P, 1n-the class S(m,M) which satisfies (3) then the

pair of functions
£,(z) = 47z°'1r.<z). 7 (%)

with suitabdly choosen 'f) ( {ml = 1) 1s an extremal pair.

We can chooqe a complex number r] such that
fe(51) = FO(’Z).

In this case we put

F,(2,)
£ _!T'ﬁ-—— where "1l = r1 =7r, Izal = 1‘2 = r(R).
Thus ¥
Fol39) m(R)

,‘n= = a 1
T 5P Retz)|  [2RI)PMCr(RY)
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It means that the point Fe(z1) which is a boundary point of
F(KR) is also a boundary (or interior) point of the domain
fe(xr(R))' Therefore no number (‘>>r(R) does exist such
that

£, (Ko VTP (Kp).

\

Xt proves that Theorem 1 1s best possible.
Now, we use Theorem 1 to solve the converse of the gene=

ralized Biernacki problem for the class
*| b z2’(z)
Sd _{PeN ¢ Re —f(z) >o for zeK,]} ote {0,1) .

It 48 known (cf.e.g. [1]) that if FeS; and |z| = r<1
then

r r
}t we put
: r X r
(1) o(r) = 2T M(r) = TS )

then S(m,M)DS‘: . The function

Z
FO(Z) = 1 - 2)2(1" o)

belongs to S: and satisfies (3) with Zq = Tq and

%Zy = = Iy o Thus from Theorem 1 we have immadiately

COROLLARY 1. Let n be a natural number greater then 1
and let f€N,, F€S , If LLF 4in K, then for every
R €(0,1) the inclusion f(Kr(R))CF(KR) holda; x(R) =

= r(Rgn, t) 4is the unique root of the equation
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n 1 %
r+pet @ gEUI=AY 4y Ry 2120

vhich lies in the interval (0,1). The result is best possible,

REMARK 3, Por n=2 and =0 or a:% we have

R
r(R20)-.-
Ky 1+ﬁf+R
rRi2, B = =218

¥4 + SR + VR

The proof of Theorem 1 suggests the following generaliza-
tion.

THEOREM 2, Let n be a fixed natural number greater

then 1 and let f£eN,. FeS(mM). If f&F in K, then
for every R€(0,1) and every Gé&S(m,M) the inclusion

[

f(Kr(R))C G(ER)

holds, where

- ———

r(R) = r(Rsn,S(m,M)) = aup{r €(0,1) rn-1ld(r)<m(R)}

ig the seme as in Theorem 1. If there oxists an extremal fumo-

fion ¥, in tho olass 'S(m,M) : which gatlafies (3) ‘then the

result is best possible.

Pr oo f. Analogously as in the proof of Theorem 1 we
¢btain the inclusion (7). On the other hand, if G eS(m,M)
then [6(z)|>m([z() and therefore

(12) G(Kp)Diw 3 Iw{<m(R)}.

Nw, 1 r and R satisfy the inequality r°~TM(r)< m(R)
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then by (7) and (12) we have

f(Kr)C G(Ep).

This proves Theorem 2,
By Remark 1, the result is best possible because we can
take G = FI

In’an analogous way We can generalize Theorem 1 in the

paper [6]s

THECREM 3, _I‘..gg n be a g_}_:gg_g natural nraber greater
then 1 and let fe¢N_ , FeS(mM). If £ —F in K, then
for |z| = r<1 and for every function G €S(m,}) the follo-
¥ing inoquality

|2¢2)| £T(r) |6C(2)]
holds, _v_:_leggg
(13) T(r) = M™(rin,S(m,M)) = M(r®)/nlr) .
Proof. By our assumptions there exists a function
w(z)G.Q.n such that £(z) = F(w(z.) for z€k,. Thus for

{z] = r<1 we have (by generalized Schwarz’s lemma (cf.e.ge.
f2], p. 361)2

|£(2)| = |PCaxXz))|< MC{w(2)]) guec™)
Now, by (12) we have
[ £(2)] € M(r)-1 €u(D) “*%;l = T(r) [G(2)]
mr

and the proof is complete.
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REMARK 4, Theorem 3 is best possible that is the func-
tion T(r) gilven by (13) cannot be replaced by any smaller
function 1f there exists an extremal function F, e S(m,N)
such that for any numbers rqsTo €(0,1) there exist two

complex numbers 2., 2% 24\ = nq, ]zal = r, such that

(14) |Po(z)| = mlr), |Fg(z3)| = M(xp) .

Proof, If we put

10

F(z) = G(z) = e'ig Fe(ze ), 2£(z2) = e'ie Fa(zneie )

then £, F satisfy the hypothesis of Theorem 3. We may choo-

se 0, =z |2g| = r such that the following two conditions

o’

eie zo = 51 = re"“

e19 zg =%y = r‘eiP
are satisfied. In particular we can put

e

(nat = P)/(n - 1)

o =T exp( o - P)/(n-‘l)

Then, by (14) we have.

(15)  |£(zp)| = |o~18 2°(e1°s§)| = [P (20| = u(2™) ,

(16) [&(z )| = 20 F (e!® z)| = |Poz)| = m(r)

Now, (15) and (16) imply the equality in (13) and there-
fore the function T(r) can not be replaced by any smaller

function,

We can also obtain the two following resultss
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THEOREM 4, Let n be any fixed, natura) nemben, aben
then 1 and let feN,, F€ S(m,M), If £ —3 ¥ in K,, then
for every R €(0,1) and for every Functlon G eS(m,i) the

following inclusion
“?7) | f(Kr(R))CG(KR)
holds, where

. n
(18) rR) = Y- N(mR))

is the smalleat positive root of the equation

M(r?) = m(R) .

Proof, By our assumptions we have £(z) = F(uX(z))
where we S)m and therefore

(19) £y clw s \W\<Sll§]i‘ o 17 g)l}c {v o (wl<ue™i.
b
F e S(m,M)
Thus from (12) i (19) we have
f(Kr)C G(KR)
if only r, R satisfy the inequality

M(r?)<n(R) .

Therefore if r(R) 45 given by (18) then (17) holds and the
theorem is proved.

THEOREM 5. E;_e_tj n };9 a fixed rutural number greater
then 1 and let felln. Fes(m,l). If f&LF in K4y then

for every function Ge€S(m,l) and for every 2z, [z} = r<1
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the inequality

. {2(a|s 2 ()] 6C2)]
holds, where T,(r) = T,(ryn,S(m,M)) 4is given by the formula

(20) 7,(r) = x> ME)
n(r)

Proo#f., By our assumptions we have f£(z) a &(z)F(z)
where CbeBn. Therefore if |z| = r<1 then

|2¢2)] = |¢<=>IIF<2>!<=|z|“'1u(|z|)<r°'1u(r)l__LG:=)‘ i
. mr

= ™(r) |6(2)]

where T(r) 4is given by (20). Thus our theorem is proved.
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STRESZCZENIE

W pracy badane sq szaleznosci miedzy podporzadkowaniem
e inkluzjgq obraszéw ké6t koncentrycznych w przypadku gdy teEN,
np»2, a res(mM).

Pespue

B paoTe MCCNEAOBAaHO 38BUCHMMOCTH MEXAY MOAYMHERUEM 8
BKADYEHHEM 0CpPasOB KOHUEHTPUUECKUX KDPYroB B Cayuae Korzafe N

n32 ya FeS(mM).




