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1. INTRODUCTION

Throughout this paper X will denote a real Banach space 

with the norm Ц •I .
Let a function у s 1R+—IR be continuous, 

t —*- +oo| "y(t) \0> t —*“ 0« Set

s
^(8)«.= J J(t)dt, s>0,

0

and, for t e <0,1 > , s >0,

nt,s):= t ^((1 - t)s) + (1 - t) ^(ts) .

Let V be a fixed real functional defines on X, such

that

(i) There exists a function p j (R+ —r- R+, nondecreasing 
continuous and satisfying:
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(1.1) |xj <.r -p(r) Jx, - XgJ ,

fe X j 1 = 1,2 .

(ii) For any t^(O,1) and x,h£X

(1.2) Y(x+ th) - W<t[W + h) - Y(x)] -Rtjlhl).

Let 0 denote a fixed real functional defined on X, 

such that

(i) There exists a function p' : E+ —*• E+, nondecrea­

sing and continuous, such that

(1.3) IxJ^r =^>|0(x1) - 4>(X2>|« p/(r)flx1 - Xgft , xieX,

1=1,2 ,

(ii) For any t 6(0,1) and x,heX

(1.4) <|>(x + th) - <fXx) <t [<f>(x + h) - <|>(x)].

In this paper we shall consider the problem of the exis­

tence of a minimum (unconditional and conditional - with the 

condition depending on V ) of the functional <t> . The results 

obtained in sections 2 and 5 will be applied to the theory of 

partial differential equations.

We shall make use of the results obtained by T. Leianski [1]. 

Therefore, we restate at the moment several results from £1].

LEMMA. 1.1. Y bounded from below and YXx) —*- + °° 
if - |x| —*- + oo.

LEMMA 1.2. If x^6X, then 

2
d.5) iix, - xgicZ ,y;'i( Y(xx) - d),

i=1
/
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where d: = inf Y(x).
x e X

LEMMA 1.3. If

(1.6) ^(x + t(y - x))
»

y(x) >0 for t * <0,1 > 

and x,y c x

then

(1.7) |x - y»«^71( Y(y) - V(x)).

THEOREM 1.4. There exists a. unique element x aX such

that V(x) = d = inf V(x). Moreover 
X €X

d.8) /\ ix - x|<'y;1(av(x) - d)
xtX

2. CONDITIONAL MINIMUM OF THE FUNCTIONAL <J>

Set

Zs = jxtX j Y(x)<0}.

In this section we consider the problem of minimization 

of the functional <t> on Z.

For A > 0 we define

(2.1) 4>a(x)j=. 1 <$>(x) + Y(x), X€X.

First note that, for any fixed A > 0, the functional

4>, satisfies the assumptions (i) and (ii) (with Y repla- A *
ced by 4>a ). Therefore, in view of Theorem 1.4, for any

fixed A > 0 there exists a unique element x € X such that
<j>j(x. ) = inf 4\(x), i.e. 

x e X



168 Bolesław Prus

(2.2) 1 <t>(xx ) + Y(xa 4>(x) + Y<x), x€X

LEMMA 2.1. [1]. The following implications hold:

(I) Y(X) < Y(XX) ^^(x) ><J>(xx )»

(II) 4>(xA ) > <4>(x) Y(x ^ ) ^Y(x), x€X

Proof. Prom (2.2) we obtain l(4>(x* ) - 4>(x)) +

+ (Y(x^ ) - Y(x))<0, which implies (I) and (II). The proof 

is complete.

For A > 0 we set

df>( A ):s 4>(x% ) 

y(A):= Y(X* ).

LEMMA 2.2. The function <f> is nondecreasing and boun­

ded from above; the function y is nonincreasing and bounded 

from below.

Proof. Assume that A >0, 

in (2.2):

V(xA xjctxx^) + Y(xf) - l<t>(xA )

In view of the analogous inequality:

Y(xA)<l<J>(xx) + Y(xx) -^<kxr)

we-obtain

) + Y(xx ) - p4Xxp - |4>(*x)

Hence
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o<1<4>(xa ) - 4>(xr)) - !<4>(x A) - 4><xr>),

i.e.

(4>(x_ ) - 4>(xH))(J - i)>0. 
a r p A

If 0 < we then have 4>(x^)^4>(x^), i.e. the

function is nondecreasing. Hence it follows from Lemma

2.1 (II) (with x = Xp ) that y is nonincreasing.

The function y bounded from below in view of Lemma 

1.1. Moreover, it follows from Theorem 1.4 that

y( A) = V(x, )> Y(x) = inf Y(x), A>0.
‘ * XeX

Hence it follows from Lemma 2.1 (I) (with x = x) that

cp ( A ) = <t>(x x ) < <t>(x) for all A>0,

i.e. the function y is bounded from above, so the proof is 

complete.

COROLLARY 2.3. For any A >1 we have 4>(x ^ ) ^<$(x^).

LEMMA 2.4. The functions <f and y are continuous.

Proof (due to T. Leiahski). Assume that A>0, 

jU>0. For xtX we set

$/x)t= <j>(x) + A(Y(x) - d),

where d = inf Y(x). In view of the inequality (2.2), the 
xe X

functional attains at the point x^ e X its minimum.

Furthermore, we obtain

^.(x * ) = cj>(x * ) + yu(Y(xA) - d) a 

= ( 4*(x x ) + AY(xx ) - Ad) - A Y(x A ) + Ad + mY(xx) -ud a
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= ♦ <f*->XV(xx) - + (p-A)(M/(xA) - d) =

. <|)(xr ) ♦ A(Y(x ) - d) + ( ju - A )(V(xA) - d) =

= (4><Xf) +yuV(x^) -yud) +juY(xx) -AV(XX) =

= $r (X^) ♦ (- A )( Y(xA)-Y(ip)).

Hence

0<$^(xA) - $ f(xr)^( A -yu )(Y(Xp) -Y<xa ))<

*£ | A -yu | (VCx^) - d) .

Let us fix ju and put = ^Q. It follows that

f0' * ’ ' f0 f*00« <t> (I,) - <t>„ (I „ X—M > - a)
f-0 Po

Hence 4> (x. ) - 4>w (x u
“o to fo

0 when (A- pj —*"0.)
Then by (1.5) (with x, = x. , x~ = x , V = <$> ) it

, fo I 0
follows that JxA “ x j, I —when U - po I—*'0,

Now choose x, >-0 such that |xb l^r«. If A is

close enough to f*0« it follows that |xA - x^R^r«,

and then |xx|<|x% - x | + | x g < 2r^. Hence we 
I o to

can apply the assumption (i') (with x^ replaced by x^ and

x? replaced by x u ):
(o

I <t>(x x ) - 4>(x u >l £ fr'(2x,) Rx% - X I 
| 0 I J o

This means that <f> is continuous at any point jaq>0.
The continuity of y is obtained by using (i). This con­

cludes the proof of the lemma.

LEMMA. 2.5. There exists the limit lim Y(x . ) and
A-
LnJ
x ex

lim V(X. )'« ^(X) a inf Y(X) 
A—*- +oo A
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Proof. It follows from Lemma 2.2 that there exists

p s= lim Y(x, ). We shall prove that p =A——-»oo A
Assume that 0 <yM. . Since the function is non­

decreasing (Lemma 2.2), (p(x^) - 4>(xx ) <0. Hence, by

using (ii'), it follows that <J>(x A + t(x - x*)) - 4>(xx) 

O [0(x^ ) - 4>(xx)J^0, i.e.

<t>(xA + t(x^ - xA )) < <t>(x; ), 

where t 6(0,1). Hence it follows from Lemma 2.1 (II) that

Y(xx + t(x - x^ )) - V<xA )>0.

Therefore, by Lemma 1.3»

(2.3) )|xA - X/<[ yT1(^(x|u> “ V(xA)) .

Consequently II x^ - x^ fl ----*- 0 when A, f* —»-+oo, <A .

Hence there exists x*s= lim x, . Now choose r„>0 such

that | x*H < r1. For A sufficiently large we have

B x^ - x*j| <= r^ and then H xA { < j x% - x* | + ||x*|^2r1.

Then, by the assumption (i), Y(x*) « lim vK(x3 ).
A —*--l-oo *

. To prove that x* = x we first observe that since

Y(x) < Y(xa ) ( A>0), <t>(x) ><$>(xA) for all yl > 0 in

view of Lemma 2.1 (I). Hence it follows from Corollary 2.3

that for A > 1

<t>(x1) x 4(xa) 4,(2)
y- « —j— $ —y- »

4>(x. )
so ^lim ~----  = 0. Using (2.2) and passing to the limit

when A -—y~ +°o we obtain that V(x*)^Y(x), xeX.

Hence x*= x- in virtue of Theorem 1.4. The proof is complete.

I
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LEMMA 2.6. If

)<0 for any A>0,

then there exists x° 6Z such that

4>(x°)^<JXx) for any x«X.

Moreover

4>(x°) = lim 4>(x ).
A —0

Proof. Suppose that for any X >0, \|/(x^ )<0.

Since the function y is nonincreasing (Lemma 2.2), there

exists lim Y(x, ). Assume that 0 <u<A. Hence it follows 
A-*0 * o "

from (2.J) that there exists x:= lim x- .
o A-~0*

We shall prove that <p(x ) = lim<t>(x« ). Choose r^>0 
A—0

such that x° || r^. There exists X) such that

|| xA - x° I) r^ for A 6 (0, Aq). Hence || x^ || < (| x^ - x°|| +

+ H x° N 2r^. Then, by (1')

f (JXx^ ) - 4>(x°)| < (3(2^) Jx^ - x°H for Ae(O, AQ)

Hence 4>(x°) = lim <t>(x, ).
A ~r~o

To prove that (J>(x°) ^<p(x), (xtX) we use the inequa­

lity:

(2.4) <{>(xp + .A Y(xA) ^<tXx) + A Y(x), x€X

which follows immediately from (2.2). Observe that

A inf V(x) < AV(x, )<0, 
x fcX A

whence lim AV(x- ) = 0. Then, passing to the limit when 
a-*-0 A

A—*-0 in (2.4), we obtain <P(x°) <4>(x), x €X. This ends
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the proof of Lemma 2.6.

REMARK 2.7. The assumption of Lemma 2.6 may be replaced 

by the followings

V A Y(x, )<0
Aft>o X(O,AJ A

THEOREM 2.8. Assume that V satisfies (i), (ii) and 

that there exists x\X such that \y(x')<0. If <$> satis 

fies (i') and (ii'), then there exists x eZ such that

<$(x) ^<J>(x) for each xeZ,

Proof. Assume first that there exists ^>0 such 

that Y(x )>0. From Lemma 2.5 it follows that
r°

lim Y(x. ) = Y(x) = inf Y(x) <0.
+ °o x eX

Then there exists ^>0 such that Y(x )<0. Since ¥

is continuous (Lemma 2.4), it follows that there exists

such that Y(x u ) = 0. Then we have x .. €. Z and, by 
J 2 T2

(2.2), ’

-l_<t>(xH ) = —4>(xM ) + Y(xu )^-l»cjKx) + Y(x) < 
f*2 T2 f2

—4>(x),
r2

X6Z,

i.e. 4>(x )^<$(x), xeZ. Putting xt= x we complete
f*2 f2

the proof in this case.

Now suppose that far any A >0, Y(xA )<0. It follows

from Lemma 2.6 that there exists x°eZ, x° = lim x. , such 
A-^-0 /

that <p(x )<}>(x), xeX, i.e. the functional <$> attains
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its minimum at x°€ Z. Putting X:= x° we complete the 

proof in this case.

Thus Theorem 2.8 follows in every case.

5. UNCONDITIONAL MINIMUM OP THE FUNCTIONAL ф

In this section we apply the results obtained in section 

2 to prove the following theorem:

THEOREM 5.1. The following assertions are equivalent:ммм* «ммммммммммм ——— ■ III I—■ ич «мммоь «—> . — 1..ta*

(a) The functional ф is bounded from below and it atta­

ins its minimum.

(b) There exists a constant C >0 such thatммммвамм аммммма* >«мв ммаммиамот** ммима

(5*1) с for any А>0.

Moreover, if (a) or (b) holds, then there exists x°«= lim xA 

and

• ф(х°) = inf ф(х) . 
x ex

Proof, (a) (b). Assume that ф is bounded

from below and that there exists x*€X such that ф(х*)<ф(х), 

x € X. Hence, for any Ал>0, ф(х*) ф(х A ). Therefore, in

view of Lemma 2.1 (II),

Ф(хА )< Y(x*) .

Set Y0(x)»= Y(x) - Y(x*), xeX; since V0<x*) = 0 and 

Ч'/эСдХО, ^>0» lfc follows from (1.5) that

lx* - хл I <2l1(^(x*5 - d) + ^i1(V(xA) - dX2-y“1(-d)
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where d = inf 'V(x). If we choose Ci= 2')f71(-d) + l(x*| , 

xex
then

|[x%|| < || x* - x* J) + flx*U ^27“1(-d) + | x*| = c .

(b) =-*-(a). Assume that there exists C >0 such that 

(x^l C for any A > 0. By virtue of (i)

/ Y(xa ) - V(0)^(3(C) C.

For xeX let

Y1(x).-= Wx) - ^(0) - ^(C)-C - 1 .

It is obvious that the functional satisfies the assump­

tions (i) and (ii) (with W replaced by ‘MC,). Moreover, by 

virtue of (2.2) we have for A. >0 fixed:

l<t<xx ) + )<l4Xx) + V(x) - ^(0) - p(C)C - 1 =

= j4>(x) + V-jCx), x€X

Further, for any A >o,

%(xA ) = W(xA) - ^(0) - p(C)C -KO.

Therefore satisfies the assumptions of Lemma 2.6

(with V replaced by V-,)« Hence it follows from Lemma 2.6

that there exists x° € X such that <j>(x°K <t>(x), xfcX and

x° = lim Xj .
A -~o A

The pi^of is complete.

REMARK 5.2. Using Remark 2.7, we may replace (5.1) by 
the following:
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V V A fl x J ^C,
0>O A0>0 Jfe(O, Ao)

which is equivalent to (3.1).

4. APPLICATION TO THE THEORY

QUASI-LINEAR EQUATIONS

OF

4.1. Let H denote a real Hilbert space with the scalar

product (•••> and the norm | • 1 and MCH a linear subset

dense in B. Let Ł.CH be the completion of M in the norm

I • l>,, where

Rx^ts V<x,x),, ><X|x| , (x,y)1>= (Ax,y) for x.yeM 

and ot>0

A : M —*"H is a linear operator, symmetric and strictly 
positive (cf. [41, № 124).

Let <}) denote a real valued functional defined on Mxtfl. 

Suppose that <J) satisfies the following properties:

(a) 4>(x,’) is a linear functional for any fixed xtM

and

(4.1.1) |d>(O,h)|<K ||h , h€M, K>0

(b) For he!!

(4.1.2) + if Hhl1-^ + oo

(c) For any fixed x,f,he!l a function (t,s) i—*■ 

<p(x + th + sf,h), t,selR possess continuous partial
derivatives of the first order.

(d) There exists the derivative
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4>'(x,h,f)s= glimQg[$(x+ 6h,f) - $(x,f)], x.h.ftM 

linear and symmetrical with respect to h and f:

(4.1.3) <f>'(x,h,f) = <$)'(x,f,h)

and furthermore

(4.1.4) |$(x,h,f)]^m l|h I., ||f ll1t m>0

and

(4.1.5) $'(x,h,h)>0.

First observe that, in view of (4.1.4),

(4.1.6) |4>(x,h) - $(y,h)l^ a |x - y J 1 fth B1, x,y,heii
e

and that from (4.1.5)

(4.1.7) <£(x + h,h) - <£(x,h)>0

(see [3]).

From (4.1.1) and (4.1.6) it follows that the functional 

0 can be extended from MXM to H>, * in a unique way so

that the extended functional (which we shall denote also by <$) 

satisfies (a) - (d) (with M replaced by H1).

Because of (4.1.1) and (4.1.6) we get

(4.1.8) f <t>(x,h) f < (K + m ||x flp 11 h K , x.he^

(cf. [3]). Hence it follows from the Riesz theorem that for 

x e there exists a unique element F(x)eH1 such that 

<J)(x,h) = (F(x),h)1 for x,h 6H>, .(4.1.9)
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Using

(4.1.10)

(4.1.11)

(4.1.12)

(4.*1.6), (4.1.7) and (4.1.2) we obtain 

\P(x) - P(y)l 1^m|x - y 

(P(x + h) - P(x),h)1>0,

(P(h),h)1
+ <*> if llh^ -*+OO,

x,y,h€EL,.

LEMMA 4.1.1. Let P ( be defined by (4.1.9).

Then there exists a functional <t> i —•- R such that

P(x) » grad<4Xx), (x€lt,)| moreover, the functional <t> sa­

tisfies (i'> and (ii') (with X = IL,).

Proof. The existence of the functional <$ follows 

because of (c) and (4.1,J) (see [5]).

Now we prove (i'). Assume that flx., f^^r, || Xg

x<,,Xg€ILj. In view of (4.1.8) we have

1 -
- ^(Xg) I = | j — + t(Xg - X1))dt =

0

(x, + t(Xg - x,),Xg - x1)dt J
0

1
< B X1 “ 1 J (K + m Jx1 + t(Xg - x1) H ^Jdt

< (K + m(2 |x1 + fixg fl 1)) jjx, - Xgt 1 C 

(K + 3mr) H x, - Xg J] 1

(we have used the identity <J)(x,h) . 4>'(*,h)). Setting 
'(r)t= K + 3mr, (i') is proved.
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To prove (ii') we observe that in view of (4.1.11), the 

operator F is monotone; hence the functional <$> is convex 

(cf. [53).

The proof is thus complete.

let y denote a real valued functional defined on . 

Assume that there exists G(x)«= grad'M'(x), x , and more 

over, that G is a bounded operator mapping into ,

and r

(4.1.13) (G(y) - G(x),y - x)1>By “ x Hi QfUl 7 - x tt.pt

LEMMA 4.1.2, The functional 'V satisfies the condi­

tions. (i) and_ (ii) (with X = H>,).

Proof. To prove (i) suppose that ( x^ | ,,<rf 

| Xg H-pr, x^iXg^H^. Since G is bounded on we there

fore obtain

1
[^(x^) - V(x2)l = | J + t(Xg - x1))dt | 3

1.0
Y'(x1 + t(x2 - x^jXg - x^)dt J =

(G(x^ + t(x2 - x1), Xg - x^)^dt <

9

J HG(x1 + t<x2 “ x1}) Il llx2 “ *1 lhdt 
0 1

6 |l X1 “ *2 II 1 f L j xn + t(x2 - x1) |( 1dt <

0

HI
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L(2 lx, 1-, + Ixg lp Jx, - X2 B1 JLr flx, - g 1 ,

where L>0 is a constant such that J G(x) H x I -j»

xelL,. Putting ^(r)s= 3Lr we complete the proof of (i).

Now we sketch the proof of (ii); we refer the reader for 

details to the paper [l], Observe that, in view of (4.1.15)» 

the inequality

1
V<7> - M'(x) = J ~V(x + t(y - x))dt =

£(G(x + t(y - x)) - G(x), t(y - x))>,dt + (G(x),y - x)1 S*

1

I >,) t By - x 11dt + (G(x),y - x)>| =

0

= Qfi<Hy-x|l1) + (G(x),y - x)1

holds. Defining xQ;= sx + (1 - s)y, s e(0,1), we have

s Y(x) - sV(xQ) + (1 - s)V(y) - (1 - s)Y(xq) >

> s Bx - x0 + (1 - s)'J1( |y - xQ

and consequently

slK(x) + (1 -s)V(y) - P (s, B y - x ^VCsx + (1- s)y)

(we have used the identities: x - x = (1 - s)$c - y),

7 “ x0 = s(y - x)>. Putting y = x + h, s = 1 - t and using 
the fact that P(1 - t,s) = p(t,s) we obtain (ii), which 

completes the proof.

LEMMA 4.1.5. Assume that cj) satisfies (a), (c), (d) 
and, that afeil. If there exists R>0 such that
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(4.1.14) |( a |J<f<JXh,h) if flhg^R, he IL,

then there is x° e IL, such that

$(x°,h) + (a,h) a 0 for any heR,, 

and (J x° | 1<R.

Proof. Suppose that for a eH (4.1.14) is fulfilled 

Then for he HL,, fib U, = R we have “a J Q h |>, <<%<$)(h,h).

Renee and from the inequality H h |^>OtQhl it follows that 
H a H hB<4>(h,h), i.e. (-a,h)^ | -3 | U h ||<$(h,h). 

Consequently

3>(h,h) + (a,h)>0, lh = R, heH., .

Now for x,h€R, put

4>1(x,h):a <|>(x,h) + (a,h) .

Observe that (£>-, is linear and bounded (in the norm |* I-,) 
with respect to the second variable (the boundedness follows 

from (4.1.1)). In view of the Riesz theorem we then have

4x,(x,h) s (F1(x),h)1, x.heR,

where F>,(x) is an element of EL, (cf. (4.1.9)). Further, 

from (c) and (4.1.3) it follows that F,, is a potential ope­

rator, i.e. there exists a functional <f> >, : —*-R such

that F>,(x) 3 grad<t>1(x), xeR,.

Using the previous result we obtain

(F1 (h),h)1 >0 if | h « R .

Hence it follows that there exists xoeR,, |x°|l1<R, such
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that k

^(x0) ^<tl,(x), xfelL, ,

i.e. F1(x°) a 0 (see t5]» theorem 9.8). Finally 

$(x°,h) + (a,h) a 0, helLp

which completes the proof.

THEOREM 4.1.4. Assume that <$> satisfies (a) - (d) and 

that afeH. Then there exists a solution of the equation

(4.1.15) 4>(x,h) + (a,h) a 0 for any htH^ .
I

Moreover, if G is a potential and, bounded operator, 

satisfying (4.1.13), then for any A >0 there exists a uni­

que element x £ H^ such that

(4.1.16) j^$(x^,h) + (a,h)] + (G(xx),h)1 = 0

for any h

and there exists the limit x°i= lim , which is a solu­

tion of (4.1.15).

Proof. First observe that in view of (4.1.2) the 

assumption (4.1.14) of Lemma 4.1.3 is valid for any sfeH. 

Hence it follows from Lemma 4.1.3 that for any tH there 
exists a solution of the equation (4.1.15).

„ For x.htH^ put

4>,(x,h) a $(x,h) + (£,h).

We have ^(x,h) a (F1(x),h)1 and ?1(x) = grad<t>1(x) (see 

the proof of Lemma 4.1.3). Note that satisfies the con­
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ditions (i') and (ii') (with <$> replaced by cfc^) <(ii') 

follows from (4.1.5)). Further, in view of Lemma 4.1.3, .there 

exists x° € such that

<Ji, (x°) « <U, (x), xeiLj .

Hence it follows from Theorem 3.1 that the function A —*-x, 
A >0 defined by the inequality:

t<H|(xx) + ^(x A )<l<fy(x) + V(x), : GlLj,

x s= lim x_ and 
X-*0 A

(i.e. by (4.1.16) with G(x) = gradM^x)) has the limit

(?) = inf <t>(x),
X fe Hl

i.e. F^(x°) = 0. Hence x° is a solution of the equation 

(4.1.15), which proves the theorem.

4.2. Let £LcjRn, neIN, denote an open set, bounded

and simply connected, with the boundary S«= smooth.
•2Set H.= M:=x {ufeC^ » u|a = °}»

(x,y):=
Jx( ^)y( ^)d^, 

ii

x.ytH ,

U,v € M,

where ,..., £n) € •

Observe that U is dense in H (in the norm R • I ) and
that

(4.2.1) [jx|1>ot|x|, X6II, cc>0

( || x J] i= V^x,?, |x i= ^(x,xL,). It follows from the
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theoiy of Friedrichs that there exists (MCH^CH) - the

completion of M in the norm I • 1^ (see (.4], № 124). It is 

obvious that the inequality (4.2.1) is valid for any xeH^.

Let a^ j Enxja. —i = 1,...,n, be continuous

functions with the continuous partial derivatives of the first
3 norder a^kai ® i i "fc — 1|...fn| t (t«|y...|t^)  ̂IR •

We assume that

(4.2.2) aik “ aki’ i,k = 1

(4.2.3) | 51 aik8irk^4 Z siIZ rk] m>°.

i,k«1 li=1 JLk=1 J
n

(4.2.4) 51 aik8i8k>°*
i,k=1

n
(4.2.5) ai(s1,...,sn, ^)si>0(|si|2 - 5l‘fik(^)HsJ"lci(^)l

k=1 ’

for i s 1,...,n and

where s^r^R, i = 1,...,n, ot>0, pik

i>^ 3 1 f • • • fXI»

We consider the following boundary vslue problem: 

n 3
(4.2.6) y* a^(u , •.. ,u ) + a(^ ) = 0, »

u( ^) = 0 for £6S,

where ut &—*-«, u . «= -3* , i=1,...,n and

a€*\a- 1
For u,heM set

(4.2.7) <f>(u,h) - 8i(U ’ * * * •'



185On a Minimization of Functionals ...
.LEMMA 4.2.1. Fhe functional $ defined by (4.2.7) sa. 

tisfies the conditions (a) - (d). - '

Proof. The inequality (4.1.1) follows from (4.2.7) 

with the aid of Holder's inequality. To prove (4.1.2) observe 

that by Holder's inequality and (4.2.5) we have

= Jz
n h1='1

Xlci<S>la$ -° •

Q(h,h) »•• •ih a , )h

-2

.here btt ||JlkCVl>2aV* —

(cf. t5l). Hence ~ b “ + OO if

Ihl +CO.

The condition (c) and the existence of <$>' follow from 

the continuity of ai and a^k, i,k = 1,...,n. Moreover,

nIzJ i,k=1
JCL

<j)'(u,h,f) s '“<n’S>hhfStdS’ 

u,h,f 6H

(cf. [3]). Hence it follows from (4.2.2) that (4.1.3) holds. 

The inequalities (4.1.4) and (4.1.5) follow because of (4.2.3) 

and (4.2.4) respectively (see [3], p. 138). This completes the 

proof of the lemma.

It follows from Lemma 4.2.1 that we can apply 4.1 to the 
2* >

functional <p (defined by (4.2.7)). Therefore, <p can be 

extended to all of X H^ in a unique way so that the exten-
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sion (which we shall denote also by <J> ) satisfies (a) - (d) 

(with M replaced by IL,) and there exists F : IL, -—»-IL, 

such that <J>(u,h) = (F(u),h).,, u,h€lL,, Moreover, F(u) = 

b grad^(u), ue^, where <t> : &, •—»-E satisfies (iz) 

and (ii'> (with X = IL,).

DEFINITION 4.2.1. We say that a function u°4IL, is a 

generalized solution of the problem (4.2.6) if

4>^(u°,h)is 4>(u°,h) + (a,h) = 0 for any helL,

REMARK 4.2.2. Note that if u°fe M is a solution of 

(4.2.6), then u° is a generalized solution and vice versa, 

if u°€Cjk is a generalized, solution of (4.2.6), then u° 

is a solution of this problem (see [.2], Théorème 4.5.1).

In view of Theorem 4.1.4 we have

THEOREM 4.2.3. Let the assumptions (4.2.2) - (4.2.5) be 

fulfilled. Then there exists a generalized solution of the 

problem (4.2.6).

Moreover, if G is a potential and bounded operator, sa­

tisfying (4.1.13), then for any ^,>0 there exists a unique 

element x € IL, such that '

l(ji,(xA,h) + (G(x^),h)1 = 0, he.^

and there exists the limit lim x, which is a generalized1 - - ' • • ' - -V' W >~Q A «• -----  -- —W
solution of the problem (4.2.6).
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STRESZCZENIE

Pierwsza część pracy poświęcona jest problemowi osiągania 

kresu dolnego przez rzeczywisty funkcjonał , określony na 

rzeczywistej przestrzeni Banacha X i spełniający założenia 

(i') oraz (ii'). Udowodniono twierdzenia o minimum warunkowym 

i bezwarunkowym oraz skonstruowano pewien ciąg zbieżny do 

punktu, w którym 0 osiąga swój kres dolny. Opierając się 

o uzyskane wyniki, w drugiej części pracy wykazano twierdzenie 

o istnieniu rozwiązania uogólnionego pewnego równania różni­

czkowego cząstkowego quasi-liniowego.
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Резюме

Первая часть работы посвящена проблеме достижимости 
йижней грани вещественного функционала ф , определенного на 

вещественном банаховом пространстве X и удовлетворяющего уело 

виям //’/ и /и’/. Доказаны теоремы об условном и безусловном 

минимуме и построена некоторая последовательность сходящаяся 

к точке, в которой ф достигает своей нижней грани. Основыва­

ясь на полученных результатах, во второй части работы установ 

лено теорему о существовании обобщенного решения некоторого 

квази-линейного уравнения с частными производными.

О


