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INTRODUCTION

Let M, M>1 be a given number and let z
be fixed,

o -1<z°<1

Denote by Tu(zo) the class of functions of the form

(1) £(z) = a2 + aazz 0L
in the unit disk K that have there the following integral

Tepresentation
1

(2) £(z) = f G(z,t)drl(t)
=1

w
here is a probability measure on [(-1,1] and G(z,t) 1is

8iven by the formula
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(3) G(Z,t) -

2%
2t B¢ k(1< 2tx + 22 + Y2t &b k(1 = 262 + 2°) - 4(fH?

and
shsl ; Hz - Ztho + zi
= ,,zo = r:d
@ - 2tz + z))

Note that T (z,) = T(z,) is identical to the class
introduced by B, Pizat [4] while in the limit case z, —~0
one obtains the class Tn(O) discussed ealier by Z., Lewandow=
ski and 8. Wajler [3].

In this note we prove that functions of the class TM(zo)
are typically-real in K, (i.e. Imr 2z Im £(z)>0, 2z # z and
£(z) 418 real for 2 = %) satisfy the so called Montel condi-
tions

£(0) = O, £(s,) = 2
and are uniformly bounded by M, ([f(z)|<M.

Moreover, we find the variability region of £ within the

class Tn(’o) and sharp estimates for initial Taylor cieffi-
olents of £,

2, MAIN RESULTS

We start with properties of the function G(z,t)

IEMMA, The function G(z,t), ¢ €[-1,1] maps K onto
disc [w|<M 8lit alongiﬁzg segments that lay on the real

axis éeg that include points M, =M, respectively.
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FProotf. Put
Mz(1 = 2tz + 22)
0 o
(Ma - ZtHzo + zg)(1 -2tz + 2

(4) a = a(z,t) = Z

Then
2aM

2at + 1 + VQzat + 1;27- 4g

15 st) 18 real.

(5) G(z,t) =

2

Setting z = 619 we note that a(e

\ Moreover, if

a2(e1® t)50

(6) [2a(et® e3¢t + 1) - 4
then G4el®,t) 1s real.
1t

10 13t + 1] - 4a2e?® ,t3<0

(?) (2ace

then G(e1® ,¢) =12,

It proves the lemma,

Let M stgnd for all probability measures rx on the
interval [-1,1].

We have
WA =2tz 4 22D -

— >0 te[-1, 1]
7] i ’
T 2tMz  + z

(8) G’(0,t) =

Hence, since G(z,t) is_univalent and it maps K onto

a domain symmetric w.r.t. the real axis we conclude that

-

In z - Imn £(2) >0, zeK, z £7%Z

It proves that all functions of the class Ty(z,) are typi-
cally-real,
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It easy to see, that Tm(zo) is a convex and compact
family of analytic functions, It follows from a result of
Brickman, MaéGregor, Wilken [1] that all extreme points £ of
TM(zo) are of the form

£(z) = G(z,t), te[-1,1].

However, T“(zo) is not th? convex hull of the class of all
typically-real univalent and bounded functions in K. If it
were iy would imply that coefficients of typically-real univa-
lent functions in K are majorized by corresponding Taylor
coefficients of G(z,t). But it would contradict to a result
of O, Tammi [5] . »

THEOREM 1. The variability region of £(z) within the
glass Ty(z,) 1s a convex set bounded by the curve w(t) =

= G(z,t), t €(-1,1] and the segment [G(z,-1), G(z,1)].

Proof, Inview of the well-known result of Carathéo-
dory [2] it is su{ficient to determine the convex hull of the
curve w(t) = G(z,t). We are going to prove that this curve
is a part of a closed convex curve. .

For we piat

S:;—-ﬁz
(9)
1=1(t'M’S)=;2££ + k(3§ - 2t)

L1

and we have

(10 W = G(z,8) = G(&,b) = 2




On a Subclass ... 123

or

(11) W o= WM - M,

Let w=u+ 1v; 1
{ ua-vaauzug-llzv7-n2
(12) l
L 2uv = M2u7 +-H2v§

£ + i? « Thus (11) takes the form

By elimination of t one gets ultimately the equation

3 2 2
yz u” o+ 1+ Zg = ::z‘.,)v3 + (1+ 2 - xzo)uav +

0
(13) + 3z°uv2 - y(ll2 + zf,)u2 - y(llz + zs)u2 - y(llz + zﬁ)v2 +

2

+ Mayssou - M1 + Zg

- xzo)v =0

Noting that G(§ ,-) = G(§,+90) = O and taking into
consideration (3 ) we conclude that the equation (13) repre-
sents a continuous closed closed curve that.passes through
the origin.

Now, consider an arbitrary straight line given by

l‘ u=u;+ oLt
{14) . _ t €[-00, +0o]
]. V=V, + Pt
The system of equations (13) and (14) has at most 3 solutions
for t. 1If the straight line (14) has more than two points in
Common with the curve (12) then their number must be even. Sin-
Ce 1t is impossible, we conclude that any straight line inter-
Sects the curve (13) at most at two points. Hence the curve

(13) 18 convex and Theorem 1 follows.
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THEOREM 2. Let £(2z) = a;z + 8,2° + ... €Ty(z ). Then

e - |z )2 > P+ 2] )2
= a
= (2D T e |z f
1+ 2z, )2
- 200 - D - 28) —2 ¢
(M + zo)
(a5(t,), 0<t, <1
1-2 )

<% £
20 - D - 2 )—-L.; t,>1

for 0<z <1,

a5 <
12 ( YOl o 8y )" £, <=1 Sl
-2 Me1)(M -2 _— -
CAArTI
2 (1 - z )2
< 2M2(M - 1M - Zo) -(——-—z-)-g-

for -1<z°<0,

where

[ =)
61 - 262y + 2)
(M° - 2tMz_ + zd)‘
2 Mz 2 G- o
(1 + zo)( + zo)

ORE -3 2
2z° Z(ﬁz + zo) - M1 + zo)

ay(t) = 20°CK = 1D = 22)

These estimates are sharp.

—— S

Proof. Ve are looking for extremal values of linear
functionals over a convex and compact set, so it is sufficient
to consider corresponding problems for extreme points. Since

these points are of the form (3), the theorem follows immedia-
tely.
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STRESZCZENIE

W pracy rozwaza sie pewng klase¢ funkcji typowo-rzecsywis-
tych i ograniczonych w kole jednostkowym, majgcych unormowanie

Montela £(0) = O, 2(z) = 2 2, € (=1,1), danyoh wzorem

o!
8trukturalnym

1
£(2) = J ERILYHO
-1
¥ kxlasie tej wyznaczono obszar zmiennosci <f£(s) oras

dokiadne oszacowania od géry 4 od dotu dla [e4], [ap].
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Peapue

B padoTe paccMaTpuBaeTCA HEKOTODHi#t NOAKNBCC TUNUYHO-BE=-
TNEeCTBEHHHX ¥ OPraHUYEHHHX QYHKLUWA B EXANHUYHOM KPyre UMEOUUX
HOpMUPOBAHME NOHTENR f(O)-Oﬁ f20)=20, 20€(-1,1) wu ZsHuX
cTpykTypHO# dopuynol f(2)= G(zt)du(t)

B 3ToM Knacce onpezxe;eno o6nacTh uaueHewus f(2), a Tak-
Xe TOYHHE ONEHKH C BEepXy ¥ CHW3Y IR /81/’ /82/.




