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1. INTRODUCTION AND STATEMENT OF RESULTS

Let f£(z) be an entire function of exponential type T .
The following integral inequalities (for references, see {1,
PP. 211, 98]) are well known,

THEOREL A. If £(z) 4is an entire function of exponen-

tial type 7 Dbelonzing to I?P (1<p<) on the real axis,
then

g oo
(1.1) |20 [P ax <7P /]r(:)l Pax
- 0o - 0o

and

o o0 ; ;
(1.2) /(lf(x + 1y)|Pax <e? 71l flf(x)lpdx, ~00 < y<%o .
- 0o -— 00 ¢
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I (x/2) = 0 (hp(O) = 1lim sup log £ (re™® is tho
he( %/2) = [Lin sup 1055
indicator function of £(z)) and £(z) ¥ O for Im z>0,
then the inequality analogous to (1.1) has becn obtained by
Rahman [5]. No inequality analogous to (1.2) is known, but
if p = 2, it has been proved by Rahman [6] that for y<O,

- 00 0o
(1.3) /lf(x + 1y)]2dx<221!3|-*—i flf(x)\adx .

;a’:a 2 -t

An inequality analogous to (1.1) for functions of exponen-

tial type not vanishing in Im z>k (k<O0) has been obtained
by Govil and Rahman [2]. In this paper we consider the class
of entire functions of exponential type 7 satisfying
£(z) = w(z), where w(z) = ei’rzm} and prove the follo-
wing

THEOREM 1. Let £(z) be an entire function of exponen-

tial type 7 Dbelonging to P @ <P <o0) on the real axis,
It £(z) = w(z), then we have

o oo

f
(1.4) f[f'(x)lpdxscp‘rp j [£¢x)| Pax
- a0 -0
apd
: . 1 7
(1.5) /[f'(x)lpdx>(1 - PP 7P /\f(x)|de !
—% J
- 00
where
.y
orr

fl‘l + o1%| P aq

0
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THEOREM 2, If £(z) 1is an entire function of exponential

type 7 Ddelonging to 1?2 on the real axis and satisfying
£(z) = w(z), then

-2ry 2
(1.6) flf(x+iy)[2dx4°——2*—1 (!f(x)lzdx, -00 LI <00

J

—00

THEOREM 3, ILet £(z) be an entire function of exponen-

tial type 7 (2>1) and periodic on the real axis with

poriod 2% . If £(z) = w(z), then

: T T
(1.7 [[f'(x)ladx 4—?— /|f(x)|2dx
5 2
and
x
(1.8 }l/!f(x+ i,v)ladxge__erz_*‘_l f'f(x)lzdx, —oly <00
¥ L2

Ve also prove

THEOREM 4, Let £(z) be an entire function of exponen-

tial e 7 (>1) and periodic on the real axis with
period 2X. If £(z) = eT%#(-z), then

8 2 [
(1.9 jlf'(x)lzdx 4.";— Jlf(x)[zd.x
- - i
and
(1.10) ﬁf(x + iy)|2dx< flf(x)| dx, —o<y<oo

-
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2. LENMAS

LEMMA 1, If £(z) is rogular and of exponcntial type in

the upper half plane, he(X/2)<c and |2(X)|<H, -o<x<0
then |

-

2.1 | 2(x + 13)| €M%V, -~ocv<x<o0, 0Ky<o®

This Lemma is due to Pélya and Szegd [4, p. 36], Boas
[1, p. 82].

LEMMA 2, If £(z) is an entire function of exponential

type T Dbelonging to I? (1<p<oo) on the real axis, then

(2.2) jlirt(x) + 2°(x) + (- 17 2(x) + £°(x)}|Pax

-0 oo

g@7)? f[f(x)lpdx, oef0,2%).
-09
This Lemma is due to Rahman [5, inequality (3.18), p. 30Q|

3. PROOFS OF THEOREMS

Proof of Theorem 1, Since £(z) 4is an entire func-
tion of exponential type T , belonging to ® <p<oo)
on real axis, there exists a constant M{Boas {1, mn. 6.?.1]}
such that [£(x)| <M, =-®<x<00, Further since £(z) = oX(z)
we have ho(W/2)<0. Now if £,(z) denotes the function
e'iT.z/af(z), then £,(z) 1is of exponential type 7/2 and
belongs to LP(1 &p<oo), Hence applying Lemma 2 to f1(z),

we get
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’ ix i
!i 57-_- £400) + £7(x) + % {= 1 5 £,(x) + £7(x)}|Pax
-— e oo
<SP flf,](x)‘pdx, (p>1)
—o0
which gives

o0

Jl..‘."(x)e"j"rx/2 + o2 {- 170 17X/ 2¢(x) 4

—0Q
O

. e-i'TX/2f'(x)}|de < 7P f‘f(x)lpdx (21

-0

Consequently

O!

“f (x) + 1% f- 1T2(x) + £° <x)}|de<=cP f\r(x)lpcb.

= 1.
Integrating both sides with respect to & from O to 2,

we get
2x ;o

(3.1) f SR [2°¢x) + e**{- 172(x) + £°(x)}|Pax
0 %

g2x TP jlf(x)lpdx (p>21).

Note that £°(x) can be zero only at a countable number of
points. Besides, we can clearly invert the order of integra-
tion on the left side of (3.1). Therefore

oo

doe J [£(x) + 1% {~172(x) + £°(x)}| Pax =

°o

2x
(3.2) f do If'(x)lpl1 v ol ZATL0O + £700) [Pgy
0

£7(x) I

—oo
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2%
> of e p
2 /'f'(x)‘pdx l,] e i'rf(_\z + 2 (" a0 =
i
_.ec°I= o
“ /lr’(x)P’ dx / |1+ 6% BELIP qa,
: A(x)
where B(x) = = 1 72(x) + £°(x) and A(x) = £°(x).

Purther since £(z) & w(z), we have for real x

[a)| = |20
o’ ()l
|~ 17 £(x) + £7(x)|
[ B(x)],

i.e, 'B(x) l =1, Thus for a fixed real x and every p>0

(3.3) f [14 et BLELP 4o J |1+ 2| Pac, >0

Combining inequality (3.1) acd equalities (3.2), (3.3), we
get

(=)

j |1 + eid‘ Pax (‘f'(x)lpd.xszzlt TP f\f(x)\pdx, (p>1)
J

0 ~%0

which is (1.4).

To prove (1.5), note that «)(z) is an entire function
of exponential type 7 satisfying o (z) = el'rz {(D)).
Hence using (1.4), we get

bind oo
llw'(x)lp dxscp'tp /Iw(,x)lp ax,
- -0

which i1s equivalent to
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9l =e ke M 1

(3.8) ( jflr. 17£(x) + £°(x)|Pax)P s-rcgt \r(x)|de)3,

— 0 -

(p>1),
Therefore by Minkowski’s inequality

1
1= 17200 + 220} + 1= 2700} [Paxs?

1 1
<( fu- 172(x) + 220} Pax)P + ( f|r (x)| Pax)P,

which gives

1
G.5) T ((f(x)(de)P <( /l- 1720x) + £°(x)|Pan)® +

1
+ (flf'(x)lpdx)p 4

—.w

On combining (3.4) and (3.5), we get

1 d v &~
(1 - ch [ £x)| Pax)P < {|r'<x>|de)P .

7
- 6Q

from which (1.5) follows,

Proof of Theorem 2, Since f(z)(—.L2 on the real

axis, we have by Paley-Wiener Theorem [3, pp. 499-501]

=
(3.6) £(z) = feizt(f(t)dt, tfeLz(O,T).
0
Now ~
" .
(3.7) W(z) = o172 f =128 o0t Pt) at

0

83
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-

1:(?‘-1:)
= J cr(t) dt

3ince f£(z) = w(z), hence

J(f(x + 1y)|%ax = leJ(:l: + u)\?-ax + zﬁf(xﬁly)\ dxs=

—_

. :Jrf (T [oc6)|%at +x /"2“ [ee)| Pat

é'x(.""’ + 1) fkf(t)lzdt
OQ

27T
= (e ’ + 1 Ilr(x)' de’

which is (1.6),.

Proof of Theorem 3. Since f£(z) 1is an entire func-
tion of exponential type ¥ and is periodic on the real axis
with period 2% , we have (see Boas [1, p. 109])

: n
(3.8) £2z) = 3 a6tk n&T
k=-n
and since £(z) ¥ «(z), we have h,(X/2)4£0. Hence we get

n
(3.9) £(z) = 5 a ¥ n<T,
k=0
Further
' . n n
€3.10) Ww(z) = e+ 7% 5 E‘e”ikz " a-iei(‘t'-k)z
k=0 k=0

Therefore
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X
(12" c0|2ax = ( £(x)| %ax + 1 f[m'(x)ladx “
J 5 z
- -l -X
n n

x> kzla.kl2 +or > (T- k)zlak|2
k=0 k=0

(by (3.9) and (3.10))

r 4
n - =i,
<AT2 3 o \? = -E- J\f(x)\ad.x,
-X

k=0
vhich is (1.7).
To prove (1.8), we have

x

flf(x + iy)[ dx = l lf(x + i;y)l dx + f]w(x+iy)|2dx =

-I

=7 Z e-2b ‘a ‘ + Z -2(?-1!)3\&1:‘
k=0

-2T 2
€ X1+t Z_\ak| =
x k=0

-2 T
A E T il f[f.(x)ladx,
2
-x
which is (1.8),

Proof of Theorem 4, Here £(z) = e>C ?£(-z). Hence
ve get hf( X/2)<0. And so here also, the representation
(3.8) of £(z) will reduce to the representation (3.9).

T‘t_len the proof follows on the lines similar to that of Theorem

=

de
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STRESZCZENTE

W pracy udowodniono nieréwnosé (1)
+ o0 +00
1) j’f'(x)lpdxécp'rp' J(If(x)lpd.x
- 00 -00
dla funkcji calkowiteyj feLP, P21 typu wykladniczego T

oraz przy warunku, zZe f£(z) = eiY—zf(E), nieréwnosé (2)

. - 27Ty 1
T j|f’(x)12dx<2. . e, (lf<x)|2dx- y<0.
™) e

Ponadto oirzymano nieréwnosé przeciwng do (1) z zamiang p

na (1 - cg)p oraz kilka innych analogicznych nieréwnosci do
1) 1 (2).



HexoTopwe WHTETpP8ibHHE HEepeBEHCTBA MIA Henanwx GyHKuu#...s7
Pe3awoMme

B padoTe MOK333HO HEPEBEHCTBO (I)flr’(x)l dx<cp‘tpr|f(x)| dx
118 nenoi @yﬂxuwnfeLp p>1 3xcnoaeuuuansuoro TMH& T ,a
TAKKe, MpU ycnonwnsz) e"z ( i HepaBeHCTBO (2)
(2) _ﬂf(x)] e St _)]f(x)l dx, y<0.

Kpoue Toro nonyqeno HEpABEHCTBO MPOTMBNANOHOE k(1)
C 38ueHo# Cp Ha (1- cpé P) a rTexxe HECKONBKO APYTUX 8HANOTH-
yeckux HepaBeHCTB K (1) u (2) .
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