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INTRODUCTION

Suppose that o , 'P are fixed complex numbers,
£(z) =2 + .. 8nd g(z) = z + ... are functions analytic in
the unit disk A and £°(z) B2 40 for z in A. We
shall be concerned here with a function h(z) defined by the
formulas

(1.1) n(s) ;-f[f‘(w]“[si_*’lr at
J .

Our aim is to establish some sufficient conditions for univa-
lence of h(z). To do this we need some results which we
Quote below,

L. Ahlfors showed [1] that if ¢ 1s a complex number and
|le[€%k<1 for a given k, then any function b(z) analytic
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in /\ which satisfies the condition

(1.2) |1 - ()2) 2268 L opp2le-E=1 ,cp
b‘(z) ; K +1

is univalent in /\ and it has a K-quasiconformal extension
to the whole plane,
Following Ch, Pommerenke [{5] we denote by ord(f),

3 . 2 pie
(1.3) ord(f) = sup |- % + 1-151"¢ '(5) .
el 2 £(S)

the order of the lincarly invariant family generated by a lo-

cally univalent function £(z).
It is known that ord(f)>1 with equality to hold if and only
if _f(z) is univalent and it maps /\ onto a convex domain

[5]. Moreover, ord(£)<2 for a univalent f,
MATIN RESULTS

We start with the following

THEOREM 1. Suppose that: (1) £(2) is analytic and lo-
cally univalent in A such that ord(f) = A<oo, (i1) g(2)

is apalytic and univalent in A, (111) o, P are complex

numbers subject to the conditions

| |< 2 2 Joc| + 4l[als. 1.

Then h(z) defined by (1.1) is univalent in A .

Moreover, if 2 ot|A + &4 IPI <1, then h(z) has a quasicon-

forl‘g_a_} extention to t_llg qul_lg p']:an_g.

s — -
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Proof. We are going to make use of the condition
(1.2). It will follow_from the method of proof that best choice
for ¢ 1is ¢ = = 2,

We have

'R 2 ’r
(1= z?) BB, o 152]<2 |« o111 =121% £,
(z) [F 532 £°(z)

-2l+ Ipl @1 - 12[%)

zg’(z) _ 1]
glz)

for zeA. ;

Since [o|<1 we have [otf <§-. Univalence of g(z) d4mplies

(1 - [zlz)lzﬂzﬁ,‘l - 1l<4 (|z|<1) which we combine with
(334 .

(¥) to obtain

(1 - 12?) 248 _aqpi®|<2(x]a 4 4]
Is h’(2) )

By the result of Ahlfors the function h(z) is univalent in
/\ if the following conditions are fulfilled

2 focla + #[p|< 1 and MPEE

If 2 |x|A + 4| ral = 1, then by applying (1.2) to the func~
tion h (2) = h(rz), zeA, re(0,1) one gets

Ol(z)
l(1 = 212 L - 2o<,|z|2‘<a loc|ACn |z} - 1) + 1<1
i n’(2) '
for z in A.

This shows uvnivalence qf hr(z) in A which implies univa-
lence of h(z) in A. '
Note that 1f 2 |x|A + 4 'F’l = 1, then h(z) :ay not have

4 quasiconformal extension to the whole plane,
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COROLIARY 1. If £(z) and  g(z) are both analytic and
univalent in A, if || + \Fsl < ;I' then h(z) 1is univa-
lent in A.

Proof., This follows from Th, 1., in view of the well-
~known inequality ord(f)<2 <for univalent functions.

U3
COROLLARY 2, If P = 0 our result reduces to a theo-
rem of J., Pfaltzgraff [4].

. If o = 0_ we obtain a generalization of a result due to
W.M, Causey [2]. He showed that L B[E%l]f’ dt is univalent
~ for complex P . lFl = -{—E—E—"— a=°o,102 ese o Our Corollary
extends this results to complex F s ‘P‘ < ;1-_ = 0,25.

THEOREM 2, If £(z), g(z) are functions close - to ~
convex in A and 0<ol+ P <1, _oc,P)O- real, then h(z)

‘i_a also close - to - convex }_1}_ A.

o

Proof., Itis well - known, that if g(z), £(z) are

close - to - convex, then

(2.1) £°(z) = (f'(z) p(z)
(2.2) E32) . ¢'(2)
z

where (?(z) is univalent and convex in A, G(z) is close-
- to - convex while p(z) 1s analytic and such that Re p(z)>O.

Moreover, for some convex fonction & and P(z) of positive

real part

G'(z) = $"(2) P(2),

Thus we have
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h’(z) = f'“(z)(ﬁgﬁl? = (?'“(z)q)' P(z))(po‘(z)PP(z)) =

w’'(z) D(z)

where
w(z) = ¢ ()P P2),D(z) = p*(2) PP (a).

It is easy to see that w(z) 1is a function univalent and
convex provided & , P are real and such that K + S'B <1,
and that Re D(z)>0 provided |o¢| + IP|$‘I: Ultimately
h(zl) is a close = to - convex function if o , P are real
and subject to the condition O0< o + P €1,

_ The previous considerations gave us a set of values of
o, P ~ for which the integral (1.1) is a univalent function
in A. g
We now want to find a set of values of ol , P for which
that integral is not univalent. To do this we give some examp=-
les. First we recall a result due to W. Royster which we state

as,

LEMA [6]. The function F(z) = exp[v log(1 - z)] is
univalent in A if and only 1f v satisfies one of the

conditigp_q
(2.4) [v+ 1)1, [v-1]<1.
Ve now prove

THEOREM 3. Let the functions £(z), g(z) defined by

EE.B. fimulas

£(z) = exp[,ulogﬁ - z)]
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g(z) = z-exp(1 - 1)log(1 - z)]

be univalent in A

If complex numbers ol, P satisfy the conditions

(1) fot] >1 - \lefa_ . and pA1+t

a  RI>1-lecs pa-nl aa wd1- pG-b

or
(111) IPI>_V;= oz |exs pa - 1)\>1;

then h(z) given by

z
n(z) = fr'“(t)(ﬁg-lﬁ at
0

does not belong to S.

Proof. If £(z), s(i) are as stated, then
n(z) = A, exp {[ou P pa-n . 1]10801 = )} + 4y

In view of the Lemma h(z) is ‘univalent if and only if the

point Yy = o/( rl- 1) + rJ(i - 1) +1 lies in one of the
disks (2.4).

Hence, h(z) 4is not univalent if and only if rA satisfies
(2.4) and Y Dbelongs to the set N,

N={v: [ve1]>1}n{v: v -1{>1}

Since F i Ree :{: ?(1 = 1) the conditions (2.4) ere

equivalent to



On Dnivalence of a Certain Integral 75
it p - 1| < Vool
V-1420+ p1 - 0] < |l

Our statement will be proved if we find such relationships
between ol , rb that the intersection of N and at least
one of the disks (2,4) is non - empty.

This leads to (1), (41), (111).

: z
COROLLARY 3, [6] . If P = 0, tnenfo (£°(+))" at is
not univalent for any complex o¢ such that ‘cl.|>§ and
x £ 1.

COROLLARY 4, If ot = O, then/ [E.(_E_]P dt 1is not uni=
valent for any complex F such that |P| >—€- 2 0,709.

- )P
REVARK. W.M, C h d that at 14
ausey [3 ] showe —/g [E—E’-] 8
not univalent for real fr P >0,5.

Corollary 4 partly extends this result for complex P

Ipl>7 -

&

REFERENCES

[1] Anlfors, L.V., Sufficient conditions for quasi-conformal
extension, Discontinous groups and Riemann surfaces, Ann.
of Math., 79(1974), 23-29,

[2] Causey, W.M., The u.nivalence_of an integral, Proc. Amer.
Math., Soc., 3(1971), 500-502,

[3] 7o » The close = to = convexity and univalence of an

integral, Math. Z., 99(1967), 207-212.



76 Janusz Godula

[ﬁl Pfaltzgraff, J.A., Univalence of the integral of f'(zf§
Bull. London Math, Soc., 7(1975), 254-256.

[5] Pommerenke, Ch,, Linear-invariante Familien analytischer
Funktionen I, Math, Ann., 155(1964), 108-154.

[6] Royster, W.C., On the univalence of a certain integral,
Michigan Math. J., 12(4)(1965), 385-387.

STRESZCZENIE

Niech £, g oznaczajg funkcje analityczne w kole jedno-
_stkowym D i takie, Ze f'(z)g(z)z'1 # 0, Celem pracy jest
ustalenie warunkéw koniecznych ludb dostatecznych na state o ,
P oraz funkcje f, g przy ktérych funkcja h okreslona
wzorem (1,1) jest jednolistna w D,

Pe3pue

Mycts f,g oGo3HauanT aHanuTudeckue PyHxuuuw B kpyre O ,
u Texve uro £(2 )9(z)z"#0 . llens 3Toit paGoTH - 3TO ONpene-
NeRve HEOOXOAMMHX WNM ZOCT8TOYHWX ycnosufi Hack,f u Ha f,9
npU KOTOpHX (QyHkuus Aaus dopwmynoit (1,7) ozuonucrHas B O .



